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THE LOAD CARRYING CAPACITIES OF 
CIRCULAR PLATES 


By H. G. Hopkins and W. Pracer 
Graduate Division of Applied Mathematics, Brown University 


( Received 25th June, 1953) 


SUMMARY 


Tuis paper is concerned with the load carrying capacities of circular plates made of a perfectly 
plastic material that obeys the yield condition of Tresca and the associated flow rule. Various 
conditions of rotationally symmetric loading and support are discussed. 


1. INTRODUCTION 


Tne concept of limit analysis was introduced by structural engineers in connec- 
tion with problems concerning beams and frames (see, for instance, Kist 1920 ; 
Van DEN Broek 1948; BAKER 1949). Only recently has the general theory of 
limit analysis been developed (HiLL 1951; Drucker, PraGer and GreENBERG 
1952 ; PRAGER 1952) as a chapter of the mathematical theory of perfectly plastic 
solids. This development has led not only to new methods for the limit analysis 
of beams and frames (see, for instance, Symonps and NEAL 1951) but also to the 
application of limit analysis to other fields (HEYMAN 1951; Weiss, Pracer and 
Hopce 1952; Onat and Pracer 1953; PELL and Pracer 1951). 

As Hi (1951) has pointed out, the principles of limit analysis are most con- 
veniently formulated for a perfectly plastic material that is rigid whenever the 
stress is below the yield limit. Fig. 1 shows the relation between the bending 
moment M and the curvature « of a beam made of such a plastic-rigid material : 
the beam bends only where the absolute value of the bending moment equals the 
“limit moment” MM, (> 0); wherever ” 
|M| < My, the beam remains straight. 


As a rule, the limit moment is reached only 
at isolated cross sections, and bending is 
therefore concentrated at these “ yield 
hinges.” Since the beam segments between 


yield hinges must remain straight, deforma- 
tion of a statically indeterminate beam be- 


comes possible only when yield hinges have 
formed in a number sufficient to transform 


the beam into a mechanism. The “ flow 
limit’ at which the plastic-rigid beam begins 
to deform is therefore distinct from the 


Fig. 1. 
* elastic limit ’’ at which the limit moment is first reached at some cross section. 
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The general problem of limit analysis is the determination of the flow limit 
for a given structure under given types of loading ; the load intensity at the flow 
limit is called the “ load carrying capacity ” of the structure. This paper is con- 
cerned with the determination of the load carrying capacity of thin circular 
plates made of a plastic-rigid material that obeys Tresca’s yield condition and the 
associated flow rule. The discussion is restricted to rotationally symmetric types 
of loading and edge support: both simply supported and built-in plates are 
considered, and the load is supposed to be uniformly distributed over either a 
central circular region or an annular region that extends up to the edge. For 
conciseness, the detailed analysis is presented only in certain typical cases, 
and otherwise only the final results are given. 

The problems studied in this paper are, of course, only particular cases of the 
general problem of determining the load carrying capacity of a plate of arbitrary 
shape under an arbitrary type of loading. However, it is felt that from the study 
of such particular cases experience can be gained that will suggest ways of attacking 
the general problem. 


2. Eevation or Equitipraium. Yre ip Conprtrion anp FLow RuLE 


Let r, ¢, = be cylindrical coordinates, the z axis being vertical and pointing 
downwards, and let the considered plate be bounded by the planes z th 
and the cylinder r= R. In this Section, the intensity p of the distributed 
transverse load is assumed to be an arbitrary function of r only ; the specialization 
to piecewise continuous loads p will be made later. The plate is either simply 
supported or built-in along its entire edge. 

On account of the rotational symmetry of loading and support, the shearing 
stresses 7,4 and ry. vanish indentically. Furthermore, if the plate thickness 2h 
is small compared to the radius R, then, on the whole, the vertical stress o, and 


the shearing stress r_ may be regarded as small when compared to the bending 


stresses o, and a,. The state of stress at a generic point of the plate therefore is 


essentially two-dimensional, and o, and oy are the relevant principal stresses. 
These stresses give rise to the principal bending moments 
*h 
o%4 zdz, 
Jn-h 


and the shearing stress +r gives rise to the shear force 

*h 

. , a. (2) 

Jnh 
The twisting moment M4 and the shear force Q, resulting from the stresses r,4 
and ry, respectively, vanish indentically on account of the rotational symmetry. 
Note that the choice of the positive = direction and the usual sign conventions 
for stresses lead to the following sign conventions for the moments (1) and the 
shear force (2): the bending moments are positive if they produce tension in the 
bottom layer of the plate ; the shear force transmitted across a cylinder r = const., 
from the side of larger values of r to the side of smaller r values, is positive if 
it is directed downwards. 


The reader should note that, inasmuch as the analysis of this paper refers 
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only to the initiation of motion of the plate, bending action always predominates 
over membrane action. Shearing deformation of the plate is completely neglected. 
Of course, if the ratio of plate thickness to plate radius is relatively small, then, in 
order for the plastic deformation once initiated to continue, presumably some 
increase in applied load would soon be required, this effect being due to membrane 
action. However, this problem is beyond our present scope. 

The theory of thin plates is approximate in so far as the three-dimensional 
conditions of equilibrium for the local stresses are replaced by two-dimensional 
conditions of equilibrium for the stress resultants, i.e., the bending and twisting 
moments and the shear forces. For the case of rotational symmetry considered 
here, there are two such equations of equilibrium : 


d 
(rQ) + rp 0. (3) 


} 


d 


d) 


(rM) } " (4) 


Except for the case of a concentrated load at the centre, which will be discussed 
later, the shear force Q, must vanish for r = 0. Equation (8) therefore leads to 


er 


rQ. r p dr, (5) 


and substitution of this expression into (4) yields 


. 


(rM)— Mg r p dr. (6) 
dy 


. 


The equations of equilibrium are independent of the mechanical properties 
of the plate material. The perfectly plastic material considered in this paper is 
supposed to obey Tresca’s yield con- 


. ¢ 
dition. For the case of plane stress, ¢ ; 
(Mg /n ) 


this yield condition is indicated in 


Fig. 2: combinations of the principal ‘8 

stresses o. and o4 that produce plastic | 
r 

flow are represented by points on the | 

hexagon ABCDEF. The points F and 


B, for instance, correspond to uniaxial 


tension in the radial or circumferential 
direction, respectively, the yield stress 
in uniaxial tension being o, (> 0). All 


points on the yield hexagon in Fig. 2 


represent states of stress for which the 


maximum shearing stress has the > « 
e 
constant value o, /2. (M./h’) 


It will be convenient to speak of the Fig. 2. 
set of plastic states represented by 
interior points of the segment AB as the plastic regime AB, and so on ; similarly, 
the plastic state represented by the vertex A of the yield hexagon will be called 


the plastic regime A, and so on. 
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The flew rule associated with a yield condition is concerned with the ratios 
between the principal strain-rates e., e,, ¢.. For states of stress represented by 
nr &% I ‘ 
points other than the vertices of the hexagon, the flow rule associated with 
Tresca’s yield condition predicts that the flow mechanism is pure shear (see, 
J ¢ 
for instance, PRaGER 1952). In particular, 


~— 1 for regime AB, (7) 


—1:1: 0 for regime BC. (8) 


At the vertices of the hexagon, the flow rule admits any linear combination (with 
positive coefficients) of the flow mechanisms corresponding to the adjacent sides 
of the hexagor. Thus, with 0 < A < 1, 


— 1 for regime A, (9) 
A) for regime B, (10) 
2 A for regime C. (11) 


If an element of the plastic-rigid plate is to bend, the yield condition must be 
fulfilled in each horizontal layer. If, moreover, the bending of the plate transforms 
the material normal of the initially plane middle surface into the normal of the 
bent middle surface, the ratio e, : eg remains constant along each normal. Both 
conditions are satisfied if, along a given normal, the state of stress is represented 
by a fixed point of the yield hexagon for positive values of z and by the diametrically 
opposite point for negative values of z. This assumption involves a discontinuity 
of stress at the middle surface, but this is clearly permissible within the framework 
of the plastic-rigid theory. The principal bending moments resulting from this 
type of distribution of the stresses o, and og along a normal are 


M, G, h?, Mg = %% h?, (1 


where o, and og are now used to indicate constant values of these stresses for 
positive values of z. It follows from (12) that the hexagon in Fig. 2 also represents 
the yield condition for the bending moments of the plate, provided that the 
coordinate axes in Fig. 2 are relabelled M_/h? and Mg h?. In his work on the 
load carrying capacities of reinforced concrete plates JoHANSEN (1943) has used 
a yield condition that would be represented in Fig. 2 by the square with the 
diagonal AD. For a discussion of the relation of JoHANsSEN’s work to the general 
theory of limit design, the reader is referred to PRaGER (1952). 

The flow rule for the plate (see PRaGER 1952) is concerned with the ratio between 
the principal rates of curvature 


d? w 1 dw 
; “f k= — 
dr? r dr 


‘ (18) 


where w denotes the rate of deflection (in the positive z direction). The values 
of x, : «4 corresponding to the sides and vertices of the yield hexagon are readily 
obtained from the strain-rate ratios (7) to (11). With 


My = % h’, (14) 
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the following relations are obtained for the plastic regimes relevant to the 
subsequent analysis (0 <A <1; kg > 0): 


M, = Mg = Mo; «,: «4 =(1 —A):A for regime £ 
0< M, < Mo, My = Mg; «,: xg = 0: for regime 


M, = 0, My = Mg; «, : Kg - As} for regime 


— M,< M,<0, Mg = M, + M,; « for regime 


M, = — Mg, My = 0; x, : Kg = 1:(1 — A) for regime C. (19) 


There is the possibility, however, that a part of the plate is not yielding though 
the remainder of the plate deforms plastically. Since elastic deformations are 
neglected in the present analysis, such a part of the plate must remain plane. 
In view of the rotational symmetry, such a part can therefore have, at most, a 
uniform vertical velocity. 


3. CrrRcLes SEPARATING DIFFERENT PLastic REGIMES HINGE CIircLes 


At first sight, Tresca’s yield condition would not seem to hold out any hope 
for mathematical simplicity because of the necessity of distinguishing various 
regimes each of which is governed by a separate set of relations. For each of these 
regimes, however, very simple relations are obtained : for the regimes corresponding 
to the vertices of the hexagon M, and Mj, are completely specified while there is 
some latitude regarding the ratio x, : «xg; for the regimes corresponding to the 
sides, on the other hand, the ratio x, : xg is completely specified while there is 
some latitude regarding M_ and M4. If the entire plate were in the same regime, 
the determination of the bending moments and the rates of deflection at the flow 
limit would not constitute a difficult problem. As a rule, however, the plate 
is divided into a central circular region and surrounding annular regions, and each 
of these regions is in a different regime. Accordingly, it is necessary to discuss 
the relations between the various mechanical quantities on the two sides of a 
circle separating two regimes. First, equilibrium requires MW, and Q_ to be con- 
tinuous across such a circle, but 174 may be discontinuous. Second, the cohesion 


of the plate requires w to be continuous across such a circle, but x, and «4 may 


be discontinuous. 

A circle across which xg = —(1/r) dw/dr and hence dw/dr is discontinuous 
is called a hinge circle. For the case of circular symmetry considered here, this 
concept of the hinge circle replaces the concept of the yield hinge familiar from 
the plastic analysis of beams and frames. A hinge circle may be considered as 
the limiting case of a very narrow annulus across which dw/dr varies rapidly 
though in a continuous manner. As the width of this annulus tends towards zero, 
the ratio x, : «xg in the annulus becomes infinite. Accordingly, the regime at a 
hinge circle must be one of the following : A, C, D, F, CD or FA. It follows that 
dw/dr must be continuous except, at most, at circles where |_| = M,. 

The mathematical problem may now be formulated. The intensity of the 
distributed transverse load p = p (r) is prescribed to within an arbitrary constant 
factor f. It is required to determine the largest value of f for which functions M, (r), 
Mg (7), and w(r) can be found satisfying the following conditions throughout 
O<rcR: 
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M, is continuous and has piecewise continuous first derivatives; Mg is 
piecewise continuous ; w is continuous and has piecewise continuous first 
and second derivatives ; 


M, and My, satisfy the equation of equilibrium (6) in which p must be 
replaced by fp; at the centre of the plate, M, = Mg; 

the point M_, Mz, lies inside or on the yield hexagon of Fig. 2; in the first 
case, dw/dr must vanish ; in the second case, «x, : xg = r (d*w/dr*)/(dw/dr) 
must be related to the state of stress M_, Mg by the flow rule, equations 
(15)—(19) ; 


(4) dw/dr can be discontinuous only where |M_| = M, ; 


(5) at a simply supported edge, M, = 0 and w = 0; at a built-in edge, w = 0 
and either dw/dr = 0 or |.) = M, (in which case the edge is a hinge 
circle). 

According to the general theory of limit design (HILL 1951 ; Pracer and HopGEe 
1951) the value of f determined in this manner represents the factor with which 
the given load must be multiplied to bring the plate to the flow limit. 


4. So.ution or Speciric PROBLEMS 


In this Section, four problems are discussed involving two types of loading 
(circular or annular) and two types of edge support (simply supported or built-in). 
The complete analysis is presented only for circular loading ; for annular loading 
only the final results are given. 

For the types of loading considered here, the plate cannot reach the flow limit 
without becoming plastic at the centre, and the bending moments M, = Mg 
at the centre will be positive. Thus, M,= My = M, at the centre, and the 
plastic regime near the centre must be AF, A, or AB. It is easy to prove that 
the regime AF cannot apply if p is positive as it is assumed to be. Indeed, if the 
regime AF did apply, then M, = My, and Mg < M,; for positive p this is not 
compatible with the equation of equilibrium (6). Similarly, it can be shown that 
the regime A cannot apply if p is different from zero near the centre as it must 
be in the case of circular loading considered here. It follows that, near the centre, 
the plate with circular loading must be in the regime AB. According to the flow 
rule, equation (16), this means that x, = — d*w/dr® vanishes indentically in this 
central region. The rate of deflection w in this region therefore corresponds to 
the transition from the plane plate to an obtuse cone. 

As r increases, the point representing the state of stress in Fig. 2 moves from 
A towards B. This means that M_ decreases with increasing r. For a simply 
supported plate, M, = 0 at the edge. The state of stress at the edge is therefore 
represented by the point B, and the entire plate is in the regime AB. For a built-in 
plate, on the other hand, the regime AB applies only up to a certain radius p < R. 
For r > p the plate is in the regime BC. According to the flow rule, equation (18), 
the rates of curvature in this part of the plate satisfy the relation «x, + xg = 0. 
In view of the definition (18) of the rates of curvature this means that 


d*w 1 dw 


= 0. 20 
dr? r dr (20) 
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Since w must vanish for r = R, the differential equation (20) implies that the rate 
of deflection is proportional to log (R/r). Thus, dw/dr does not vanish at the 
built-in edge which must therefore be a hinge circle. Accordingly, M, = — My, 
at the edge. The state of stress at the edge is therefore represented by the point 
C in Fig. 2. 

(a) Circular loading, simply supported edge. Here p(r) = p = const. for 
0 <r< _aand p(r) =0 fora <r< R. Since the entire plate is in the regime 


AB, My = My. With this value of My and with the initial condition that M, = M, 
for r = 0, the equation of equilibrium for the load fp at the flow limit furnishes 


M, — 4 fpr® cr< (21) 
M. = 


r 


3 
M, — } fpa*® + 4/fp “ fora < 
r 


Since M, = 0 for r = R, equation (22) yields the load factor 


p= —OMoR 


pa? (3R - 2a) 


The rate of deflection associated with the bending moments (21), (22) is 


W = Wy (1 — 4, (24) 


where wy, (> 0) denotes the rate of deflection at the centre of the plate. Since 
the plate material is inviscid, the rate of deflection is determined only to within 
the factor wp. 


60 


Annulor Loading: 
Desi edge 
/ imply supported edge 


& i 


ad Loading: 


Built-in edge — 
Simply supported edge 


ie) 
0.0 0.2 04 0.6 


A —=2> 


Fig. 3. Variation of total load P at flow limit with size of loaded circular or annular region. 
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Let P = nfpa* denote the total load at the flow limit. According to (23), 


67M 
et 7) (25) 
This variation of P with a/R is shown by curve (a) in Fig. 3. In particular, 
P = 6nM, (26) 

for the uniformly loaded plate (a = R), and 


P = 2nM, (27) 


for the plate subjected to a concentrated load at the centre. The results (25) to 
(27) are particularly interesting because they show that, for the considered types 
of loading, the dependence of the total load at the flow limit on the plate radius 
enters only through the ratio a/R. 

This result is sufficiently startling to warrant the following discussion. Consider 
the case of a concentrated load P at the centre. The rate at which mechanical 
energy is dissipated in the plastic flow of regime AB is M, Kg (M,/r) |dw dr} per 
unit area of the plate’s middle surface. The total rate of energy dissipation in the 
plate is therefore given by 


“R M 


or 


mw 
: “7 2rr dr 27M, Wo: (28) 


This rate of energy dissipation must equal the rate at which the load P does work 
on the velocity (24). When this rate of work, Pw, is set equal to the right-hand 
side of (28), the result (27) is obtained once more. A study of the left-hand side of 
(28) reveals how several factors combine to render the integral independent of the 
plate radius R. Equations (25) and (26) may be discussed in a similar manner. 

It should be noted that the application of the present theory to the case of a 
concentrated load at the centre is not quite legitimate, because it has been assumed 
that the shearing stress 7,. is small when compared to the bending stresses o, and 
o4 which, in the plastic portion of the plate, equal the yield stress o, in absolute 
value. This assumption is justified if the load is distributed over a central circular 
area of a diameter which is large when compared to the plate thickness. Thus, 
(27) should be considered as a limiting case of (25), the radius a of the loaded area 
being much larger than the plate thickness, and the radius R of the plate being 
much larger than a. 

(b) Circular loading, built-in edge : case p <a. As has been explained at the 
beginning of Section 4, in a built-in plate regime AB applies only up to a certain 
radius p < R. If p < a, (21) applies for 0 < r < p. Since the state of stress for 
r = p must be represented by the point B in Fig. 2, M_ as given by (21) must vanish 
for r =p. Thus, 

6M, 


29 
ip (29) 


For r > p either regime B or regime BC must apply. It is readily shown that the 
equation of equilibrium rules out regime B. Accordingly, regime BC applies for 
r> p and 

M, = M, +M, for p<qr<¢ R. (30) 
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When this is substituted into the equation of equilibrium, there results a differential 
equation for M_ in which p (r) = fp for p <r <aand p(r)=0fora<r<R. 
This differential equation must be integrated with the initial condition that M, = 0 
for r = p. Thus, 


a 


M, log eh } fp (r? — p?) forp <r<a, 
P 


M_= 
M, log — 4 fpa* log os } fp (a* — p*) fora < 
p a 


. 


It has already been shown that M, = — M, at the built-in edge r = R. When 
fp is substituted from (29), (32) therefore yields the relation 
a R 


R 2 
1+log— =8 = log — +3 
p 


aes + = —1). (33) 


p 

Since R and a are known, (33) is a transcendental equation for p. In particular, 
p = aifa = R/v/e =0-606R, and p < a, as has been assumed here, if a > 0-606R. 
Once p has been found from (83), the load factor is determined from (29). The 
part of curve (b) in Fig. 3 that corresponds to a/R > 0-606 shows the resulting 
relation between the total load P = x fpa® and a/R. Curve (a) of Fig. 4 shows 
p v. a/R according to (33). 


| 


Annular Loading——— 


| 


1 
| 
| 


06 0.8 1.0 


Ah —-— 
Fig. 4. Variation of position of boundary between plastic regimes AB and BC with size of 
loaded circular or annular region for built-in edge. 


Before these results can be accepted, however, it must be shown that the bending 
moments (21), (31), (32) are associated with a velocity distribution w(r) that 
fulfils the requirements established above: the function w (r) satisfies d*w/dr? = 0 
for 0 <r <p and (20) for p <r < R; dw/dr is continuous except where 
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M. M,, and u 0 for r R. The function w (r) satisfying these conditions 


is found to be 


Wy i! (-) / (1 + log 4} for O « 


We (log *) at ' log “) 


for p < 


0.6 


— /R- /R ——e 
Variation of normal velocity with size of loaded circular region for built-in edge. 


Fig. 5 shows w/w, v. r/R for various values of a/R; the dotted line separates 


the logarithmic branches from the straight line branches of w/w. 


(c) Circular loading, built-in edge : case p > a. Here, (21) holds for 0 <r < a, 
and (22) fora <r <p. Forr p the bending moment Was computed from (22 


must vanish. Thus, 


M, = 4 fpa* | l ; -_ (35) 
p 
In the same manner as under (b) it is found that 
4 fpa*) log for psrcR. (36) 
v 


As before, the condition that W_ M,, for r = R furnishes a transcendental 


equation for p : 


a R on 
1 4- (1 + log 0. (37) 


p 


This yields p > a, as has been assumed here, for a < 0-606 R. Wher p has been 
determined from (37), the load factor f is found from (35). The part of curve (b) 
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in Fig. 8 that corresponds to a/R < 0-606 shows the resulting relation between 
the total load p = xfpa*® and a/R. 

Again, it is necessary to investigate whether the bending moments (21), (22), 
(36) are associated with a velocity distribution w (r) that satisfies all requirements. 
It is found that this is so, and that (34) still applies though, of course, p is now 
defined by (37). 

(d) Uniformly loaded built-in plate. The results for this special case are obtained 
from the formulas in (b) by setting a/R = 1. Equation (33) simplifies to 

5 + log yas”. (38) 
p p 


yielding p/R =< 0-730. The load factor f is then obtained from (29) : 


’ A) 
f=11-26 fo 
pk 


The total load at the flow limit is 
P = 35-4 Mg. (40) 


Comparison of (26) and (40) reveals that the total load at the flow limit is increased 
by about 88 per cent. by changing from the simply supported edge to a built-in 
edge. 

The simplification achieved by the use of Tresca’s yield condition is worth 
noting. In an earlier paper (PELL and Pracer 1951) the simply supported circular 
plate under uniformly distributed loading was discussed under the assumption 
that the plate material obeys the yield condition and flow rule of v. Mises. The 
mathemathical work was so much more complex in this case that an exact evalua- 
tion of the load carrying capacity proved too difficult. The best result that could 
then be achieved bounded this capacity to within + 5-3 per cent. about 6-33 7 M,, 
and it is of considerable interest that this value does not differ greatly from the 
exact value (26) obtained above for the yield condition of Tresca and the 
associated flow rule. A general theorem which affords a means of comparing the 
load carrying capacity according to the Mises and Tresca yield conditions has 
been given by Hitt (1952). 

(e). Concentrated central load on built-in plate. In the sense discussed under 
(a), the results obtained in (c) may be extrapolated to the case of a concentrated 
central load P. With P = xfpa*, (85) may be written as 


2Pa 


: 41 
3sP — 67M, 66) 


Similarly, the condition that (36) must furnish M_ - M, for r= R may be 


written in the form 
2nM, 


— : 42 
20M, — f a 


p = Rexp 


Equations (41) and (42) show that, with a > 0, 


p ~0, P +27M,. 
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Thus, the central load P at the flow limit of a circular plate is independent of the 
radius R. Indeed, since P has the same value 27M, for the simply-supported 
and the built-in plates, it may now be safely conjectured that this value applies 
also to plates which are clamped elastically along their edges. 

The result (43) can be obtained independently by energy considerations similar 
to those presented in connection with (27). 

(f). Annular loading. Here, p(r) = 0 for 0 <r <a, and p(r) = p = const. 
fora <r < R. For conciseness, the details of the analysis of a simply supported 
or built-in circular plate under annular loading will be omitted. The total load P 
at the flow limit can be read off Fig. 3, where the curve (c) corresponds to a simply- 
supported plate, and curve (d) to a built-in plate, under annular loading. The 
radius p of the circular boundary between the regimes AB and BC can be read 
off curve (b) in Fig. 4. 

On the whole, the analysis for annular loading closely resembles that for circular 
loading. The following distinctive feature deserves mention, however. Because 
the region 0 < r < a is free from load, the regime A is no longer restricted to the 
centre of the plate. Indeed, with p(r) = 0 and Mg M,, integration of the 
equation of equilibrium under the initial condition that M.= M, for r=0 
shows that MM, = M,. Thus, the plate is in regime A for 0 <r <a. The flow 
rule (15) then requires only that «, - d*w/dr® and Kg — (l/r) dw/dr are 
non-negative, but does not furnish a differential equation for w as in the case of 
circular loading. Though this indeterminacy in the rate of deflection w (r) may 
be surprising at first, it is actually quite typical of the mechanical behaviour of a 
perfectly plastic structural member under homogeneous stress. A_ perfectly 
plastic cylindrical rod in uniaxial tension at the elastic limit, for instance, need 
not deform uniformly even though the state of stress is homogeneous. In the 
present case, the fact that M, and Mg, equal M, over a finite region creates a 


similar condition of homogeneous stressing. To remove the resulting indeterminacy 
in the rate of deflection w (r), the work-hardening of the plate material would have 
to be considered. 


ACKNOWLEDGMENT 


The authors are indebted to the authorities of the Ballistic Research Laboratories, 
Aberdeen Proving Ground, for the permission to publish this paper which reports 
research work performed under Contract DA-19-020-ORD-798. 


REFERENCES 


Baker, J. F. J. Inst. Civ. Engrs., 32, 188. 
Drucker, D. C., 

Praacer, W. and 

Greensenc, H. J. 1952 Qu. Appl. Math., 9, 381. 
Heyman, J. 1951 J. Appl. Mech., 18, 157. 
Hii, R. 1951 Phil. Mag., 42, 868. 

1952 Phil. Mag., 43, 353. 

JOHANSEN, K. W. 1943 Brudlinieteorier (J. Gjellerup, Copenhagen). 
Kist, N.C, 1920 Eisenbau, 11, 425. 
Onat, E. T. and 

Pracer, W. 1953 J. Mech. Phys. Solids, 1, 77. 


The load carrying capacities of circular plates 


Pei, W. H. and 
Pracer, W. 1951 Proc. 1st U.S. Nat. Cong. Appl. Mech. (Chicago), 547. 
Pracer, W. 1952 8th Inter. Cong. Th. and Appl. Mech. (Istanbul), Sectional 
Address. 
Pracer, W. and 
Hopnce. P. G. Theory of Perfectly Plastic Solids (John Wiley and Sons 
Inc., New York). 
Symonps, P. S. and 
Nea, B. G. J. Franklin Inst., 252, 383 
VAN DEN Broek, J. A Theory of Limit Design (John Wiley and Sons Inc. New York). 
Wiriss, H. J... Pracer, W. 
and Hovce, P. G. J. Appl. Mech., 19, 397. 


Journal of the Mechanics and Physics of Solids, 1953, Vol. 2, pp. 14 to 26. Pergamon ress Ltd., London. 
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SUMMARY 


Wepce-snare indenting tools have been used for producing plane-strain indentations in three 
cold-worked metals : mild steel, copper and aluminium. It was found that if the block of metal 
indented was larger than a certain critical size, the measured hardnesses were independent of 
size. These critical dimensions are given. The shear yield stress deduced from indentation tests 
has been compared with that obtained from torsion tests. Fair agreement was found. Precautions 
were taken to avoid errors that might arise from non-uniformity and anisotropy, and the effects 
of friction were taken into account, the friction coefficient being maintained at a small known 
value by suitable lubrication. The displaced metal formed a lip whose shape differed slightly 
from the theoretical shape for the ideal plastic-rigid material. 


INTRODUCTION 


Tue indentation test provides a convenient measure of the hardness of metals, 
and it is natural to enquire how the results of such tests can be related to the 
material strength as determined by tension and torsion tests. It is unfortunate 
that the ball and pyramid indenters in current use in engineering practice present 
plastic flow problems that are mathematically diflicult. The large amount of 
empirical work that has been done on these hardness testing methods has been 
summarized recently by Tanor (1951). However, an indentation made by a 
wedge can be treated as a two-dimensional problem, provided the length is many 
times greater than the width, so that end effects are negligible. 

Unwiy, a pioneer of scientific testing of materials, suggested that the wedge 
indentation test could be used to provide a hardness index. His experiments 
(UNwIn 1899) were carried out on specimens that were too small in relation to the 
indentation size, and his results show how important this matter is. A very different 
approach to the indentation problem was made by HiL., Lee and Turprer (1947), 
who analysed the flow around a frictionless wedge as it penetrated into a plastic- 
rigid material (i.e. a material for which Young’s modulus is indefinitely large). 
They found that the surface of the displaced material remained straight, and that, 
in consequence of this, the geometry of the flow was very simple. 

Cold-worked materials were used for the experiments to be described, for the 
reason that their behaviour approximates to that of a non-hardening or “ ideal ”’ 
plastic-rigid material ; that is, a material which flows at a constant stress after 


yielding. With these materials, results can be analysed by established methods 


(extended where necessary), and critical sizes of specimens can be precisely defined. 
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2. EXPERIMENTAL Basis oF THE METHOD 


It was decided not to constrain the sides of the specimen because of the doubtful 
efficiency of such constraints due to their elasticity and because of possible friction 
at the ends of the wedge. It was, therefore, a necessary preliminary to find the 
critical impression width w in relation to all three dimensions of the block (Fig. 1). 
This was done by arranging that the dimen- ph 
sion which was being examined was kept 
small, while the other two dimensions were 


made very large. The impression size was 
then found at which the measured hardness 
ceased to be constant due to some new mode 
of flow governed by this small dimension. 


WwEOGE —— 


SPECIMEN 


LOWER 
PLATEN 


Dimensions of specimens used Fig. 2. 
for wedge indentation tests. Diagram of wedge indenting tool. 


A 15-ton Buckton testing machine fitted up for compression tests was used for 
making the indentations. The hardened steel wedge was attached to a ball-ended 
column 138 inches long to ensure that no lateral force was applied to the wedge. 
Care was taken that the wedge axes were maintained parallel to the axes of the 
block by making small adjustments to the stops controlling the position of the wedge 
and specimen (Fig. 2). It would have been more convenient to use a rigidly 
guided indenting tool, but guides and their associated friction effects were purposely 
avoided. The impression width w was measured by means of a travelling microscope 
at three points along the length of the impression, and an average was taken. 
It was found that the edges of the impression were always clearly defined. 

First, the critical ratio w/b was determined for various wedge angles, using 
specimens 1 inch square and length / = 3 inches. For all the tests described in 


this paper calcium oleate was used as a lubricant, and the impression was filled 
with lubricant before applying each new load. About 13 loading cycles were 
found to be sufficient, the load being increased in equal increments. For each 


wedge a graph of impression width against applied load was plotted and in all 
cases this gave a straight-line relation over a certain range of load. All the present 
work depends on this simple experimental result. Hardness can now be defined 
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as the gradient of the graph of load per unit width b plotted against impression 
width w (Fig. 3). 


IMPRESSION WIDTH RATIO w/b 


APPLIED LOAD, tons 


Fig. 3. Load-impression width curves. The arrow indicates the limit of the straight-line relation 


It was found that this straight line when produced back did not pass through 
the origin. To explain this, it is suggested that the current increment of penetration 
creates bare unlubricated surfaces which support a proportionately greater load 
than the previously made part of the impression which is fully lubricated. With 


small equal load increments, and with lubrication between each application of 


load, this excess force requires a small constant additional load to be applied to 
the wedge at each stage of the penetration. Therefore, by taking the gradient 
of the straight line, and having no regard for this small additional force, we obtain 
the stress acting on the fully lubricated surface. A small radius on the edge of 
the wedge may also introduce a small constant additional force, but this is likewise 
of no account. The edge radius was found to remain constant and of the order 
0-002 inches when indentations were being made in steel. 

At a certain value of impression width w, the relation between width and load 
ceases to be linear due to conditions at the ends of the impression coming into 
prominence (Fig. 3). Unwin continued his tests much beyond this critical stage 
and showed that by plotting logarithms of penetration and load the resulting 
line was straight and of gradient 1-2. The writer has confirmed this, but it is of 
no fundamental significance. The limiting w/b ratios for a linear load-width 
relation are shown in Fig. 4. The parameter h = }$ w cosec @ has been used for 
plotting ; the significance of h can be seen in Fig. 7a. 
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3. FurTHER CritTicAL DIMENSIONS OF THE SPECIMEN 


When the length / of the specimen (Fig. 1) is not sufficiently large, a certain 
value of impression width w is eventually reached when the forces applied by the 
wedge become great enough to initiate a new mode of deformation in which the 
length (measured in the upper surface of the specimen) increases. Similarly when 
the depth d is unduly small, a new field of flow underneath the wedge tip comes 
into existence, and the length of the specimen again increases. These cases have 
been discussed by Hr. (1950a and 1953) for a non-hardening plastic-rigid material. 
However, when the material strain-hardens, the stresses in the material around 
the wedge exceed the yield stress of the unstrained material remote from the 
wedge, so it may be expected that the critical impression size is reduced below 
the theoretical value. This was found to be so. 


O:3 


x~ STEEL 
© — COPPER 
© — ALUMINIUM 


| 


— THEORETICAL VALUES 


re) 90 
WEDGE SEMI-ANGLE 0° 


Fig. 4. Critical ratios of impression width to each dimension of the specimen. 


The specimens used measured 0-2 inches in the critical direction and 1 inch 
or more in the other two directions. The specimens of small depth were greased 
underneath to reduce friction. Applied load and impression width were plotted 
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in the manner already described and the point at which the first perceptible 
deviation from the straight line occurred gave the critical proportions (Fig. 4). 
Measurements taken with a micrometer showed that in any particular case 
the length / started to increase at the same instant as the apparent hardness 
started to decrease, to within the experimental margin of error. It can be seen 
that the values for the three materials depart from the theoretical values (which 
are those given by H1tLt) by amounts roughly in proportion to their rates of strain- 
hardening (quoted later). In these tests no account was taken of non-unformity 
or anisotropy of the materials. 


4. Precimixnary Tests on MATERIALS 


It is usual to find that cold-worked materials are neither uniform nor isotropic, 
so it is necessary to investigate 


these matters in order to per- 
; 


form the tests mtelligently and 


to assess the validity of the 
results. 
A mild-steel bar 9 feet long | 


and 1 14 inches section was | 


selected. It had been “ bright- 
drawn,”’ i.e. the hot-rolled bar 
had been given a small reduction | 
in area by drawing through a 
die when cold. All tests were | 
carried out on one half of this 
bar, after the ends had been dis- 
carded, From the ends of this 
portion sections were prepared 
and about a hundred Vickers | 
Diamond Hardness readings 
were taken on each. The con- 
tour diagrams prepared from 
these readings were found to be 


similar, so one only need be 


shown (Fig. 5). It appeared 


that there was a hard stratum weoce iwOENTATIONS WERE MADE 

of material running along the ON THIS SIDE OF THE BaR 

bar, and to avoid this the wedge Fig. 5. Hardness contours over section of steel bar, from 
Vickers Pyramid hardness readings. The dotted line shows 
where the torsion specimens were taken from the bar. 


indentations were made on the 
side indicated, and torsion speci- 
mens were cut with their axes 
longitudinal as shown. Further Vickers readings taken along the length of the bar 
did not sliow any significant variation. A slab of electrolytic copper was used, 
of section 5 = 1} inches, 3 feet long, cold-rolled from a 44 x 2} inches section. 
The aluminium (nominally pure) had been reduced by cold-rolling from a section 
8 x 2 inches to 8} 14 inches, though its previous hot-working history was not 
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known. One section was prepared from each of these slabs, and about 250 Vickers 
Diamond readings were taken on each. The result may be summarized by saying 
that the copper section showed irregular hard and soft areas of Vickers hardness 
numbers 101 to 106 and the aluminium section showed similar areas, hardness 
numbers 37 to 39. It was decided, on this evidence, not to select any special 
parts of these sections for the specimens, though half an inch of material at the 
ends of the sections was rejected, as this seemed softer than average. There 
were no significant hardness variations along the slabs. 

The state of anisotropy of these materials was investigated by carrying out 
compression tests on specimens whose axes were respectively parallel to the 
three principal axes of the slab or bar. The specimens, whose ends were lubricated, 
were } inch diameter by 1 inch long, and the diametral expansions were measured 
with a micrometer. When one logarithmic strain was plotted against another 
for each specimen, up to diametral strains of about 0-1, approximately straight 
curves were obtained, so the results can be conveniently shown in a Table. These 
values are uncertain to the extent of + 0-05. The axes are defined in Fig. 6, z 
being the longer dimension of the cross-section of the slab or bar. 


SPECIMEN ANIS : 
DIAMETRAL STRAIN RATIO: 


STEEL 
COPPER 
ALUMINIUM 


It was thought reasonable to 
assume that the steel was iso- 
tropic, and to carry out indenta- 
tion tests in one arbitrarily 
chosen direction only. However, 
for the copper and aluminium, 
indentations were made with all 
six possible orientations of the 
wedge axes relative to the slab 
axes. The convention used for 


describing these orientations is 
explained in Fig. 6. 

The aluminium crystals meas- zy 
ured about 1 millimetre across : Fig. 6. Definition of axes in copper and aluminium 


the steel and copper grains were slabs, and convention for specifying relation of wedge 
much smaller than this axes to slab axes. The wedge orientation is quoted 
2, ®qg where x, and rg represent xz, y or z. 


5. Torsion Testinc TECHNIQUE 


Solid specimens were used, of diameter 0-3 inches along the gauge length, which 
was 1} inches except for the through-thickness specimens which had a gauge 
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length of 4 inch. A description of the torsion testing machine may be found in 
a paper by Moraison (1940). The specimen was held in grips which applied the 
torque through hardened steel balls bearing on hardened pads. These grips offered 
no resistance to longitudinal expansion of the specimen, except for a small friction 
force. The twist over the gauge length was indicated by pointers clamped to the 


specimen by knife-edges, moving over a scale graduated in degrees. In view of 


the creep properties of the materials, it was necessary to arrange that there was 


some sort of similarity between the time of application of the load to the wedge 


indenter, and the rate of straining in the torsion test. All indentation loads were 


applied for 2 minutes, while the torsion specimen was subjected to a fairly large 


strain increment (about 0-2) and the torque reading then taken after waiting 


2 minutes. Napali's construction was used to derive the true stress. 


It is well known that torsion and compression tests do not agree very closely 


at large strains when Mises-Hencky stress functions and their strain equivalents 


are plotted. The torsion test was chosen for comparison with the indentation 


tests because of the parallelism which exists between their modes of straining. 


In the case of a plane-strain indentation, a large part of the total strain which an 


element undergoes takes place at a surface which in a real material corresponds 


to the plastic-rigid boundary, where the velocity falls rapidly to zero. (This 


is demonstrated in the next section). Consequently the direction of the principal 


shear strain-increment remains unaltered, while the element of material rotates, 


as it does in the torsion test. 


6. Stress anp Srrain Revatep To MeEaAsuRED QUANTITIES 


If we write down the equation of vertical equilibrium of the wedge (Fig. 7a) 


and put + = wo where » is the coefficient of friction and + and o the tangential 


and normal stresses (assumed uniform), we find 


p (1 + peot 6). 


~ 


Fig. 7. Stress and strain in the distorted region. 
(a) Stresses at the wedge surface. (b) Strain at the plastic-rigid boundary. 


Due to friction at the wedge surface, a typical slip-line rotates from its position 


when there is no friction, by amount w. By constructing the Mohr stress diagram 


for an element of material in contact with the wedge (Fig. 8), 


t k; sin 2 w 


o, = 0 +k;(1 — cos 2 w), 
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where k, is the mean yield stress in shear in the 
deformed material around the wedge (the sub- 
script standing for indentation) and o, is the 
greater principal compressive stress. From 
Hencky’s theorem, 


o, = 2k;,(1 + 6+ w — ¢) 


where ¢ is the angle of the raised lip. When 
p is small we can write 


w =p p/2k,, oa, 


and hence 
es “ Fig. 8. Mohr stress diayram for 
—- (1) material in contact with wedge. 


Pp 


2(1+6—¢6) 1+ ypcoté 


To examine the state of strain in the material just inside some extreme slip- 
line OST (Fig. 7b) let the velocity parallel to this line at any chosen point be u. 
Then by Gerrtncer’s equations (HiLL 1950b, p. 136) u has the same value at all 
points on this boundary. If geometrical similarity is maintained as the penetration 
increases, the speed qg of the boundary perpendicular to itself is 


-RS 
q= J) COs 7 
RO 
where V is the speed of penetration and » is the angle between the normal and the 
line RS. The shear strain in an element that has just cross the boundary is 


yY = uy/q. 
2 


For the type of deformation caused by a smooth wedge, 7/4 and 
u = 1/2 V sin 6. Hence the mean strain on the boundary can be computed for 
an ideal plastic-rigid material. When this value was compared with the average 
strain over the whole area of flow (determined below) it was found that for small 
wedge angles the ratio between these two strains was nearly unity, falling to 0-9 
for an included wedge angle of 120°. This means that an element of material under- 
goes only a small further strain after the large initial straining at the plastic-rigid 
boundary, and therefore the gradient of yield stress in any direction normal to 
this boundary must be small for the materials of small strain-hardening considered 
here. For this reason it is legitimate to apply Hencky’s theorem in the deformed 
region. 

The coefficient of friction ~ was measured by the method described by Hitx 
(1950c) using hardened steel compression platens whose surface finish was the 
same as that of the wedges (about + 3 micro-inches). The values found were : steel 
0-031, copper 0-020, aluminium 0-026. The same lubricant was of course used. 
In applying these values, it was assumed that they did not vary with pressure. 

In order to compare the shear stress from the indentation tests with that from 
the torsion test it is necessary to estimate the mean plastic strain in the derformed 
material. The shear stresses thus found ought to be equal if the hydrostatic 
component of stress has no effect. The force acting on half the wedge (Fig. 7a) 
is phsin @ per unit length. The penetration below the original surface is 
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h cos 6 — H sin ¢ where H is the length of the raised lip. Hence the work done 
is 
4 sin 6 (cos @ — . sin ¢). 

But the work required for the plastic distortion is 4 k, ¥ where 7 is a mean shear 
strain, thus defined, and A is the distorted area. However, the experimental 
results suggest that it is not reasonable to use the area appropriate to the ideal 
plastic-rigid case (where H =h). The area of flow is certainly much greater 
than this with a work-hardening material and an approximation must be made 
which, although it may seem crude, brings us nearer to the true state of affairs. 
Suppose that this area is that of a triangle with hypotenuse H, a sector of radius 
(H + h)/2 v2, and another triangle with hypotenuse h. It follows that 


sin 6(cos @ — a sin ¢) 
h 


2. 


Br A+ S80 ay 


A small amount of work must be dissipated in friction at the wedge surface, but 


(2) 


this is ignored. 
It follows from the geometry of the impression (Fig. 7a) that, if the deformation 
takes place at constant volume, 


2 
(*) sin ¢ cos ¢ + 2 = sin 6 sin d — sin 6 cos 6 = 0. 
h 


Experimental values of ¢ were inserted into this equation, and the values of H /h 
thus obtained were compared with the observed values. Reasonable agreement 
was found, which showed that there was, indeed, no significant change in volume. 


7. Resutts or Torsion Tests 


Specimens were taken from each of the three principal directions of the copper 
and aluminium slabs, each test being duplicated. The stress-strain curves for the 
cold-worked materials tested were almost straight after a strain of about 0-05 
so the results are given in tabular form. The units of the torsion shear stress 
k, in Table 1 are tons per square inch. 


8. Resutts or INDENTar10N TESTS 


The angle of the wedge was measured with a vernier protractor (reliable to within 
8 minutes of arc) to give the semi-angle 6. For the tests on steel, the bar was cut 
into blocks 2 inches long which were ground on all sides, and the indentations 
were made transversely (see Fig. 5). The specimens of copper and aluminium 
were about 1-3 inches long in the direction of the impression and 1 inch square 
section. Thus in all cases the critical specimen dimensions were greatly exceeded. 
After indenting, the specimen was cut away to leave a section of the impression 
about 0-05 inches thick suitable for determing the profile by means of a toolmaker’s 
projector, this section being in the middle of the plane-strain section of the 
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TABLE 1. 


Direction of 
specimen axis 


Natural shear strain 


0-5 


0-7 


l- 


STEEL 


COPPER 


ALUMINIUM 


a 


Average : 


10-05 
10°30 
9-90 
9-90 
9-95 
9-90 


10-00 


3:38 
3°42 
3-42 
3°41 
3°32 
3°37 


3°39 


20°6 
20°3 
20°3 
20-6 


10-45 
10°15 
10-15 
10-33 
3-57 
3-63 
3°49 
3-54 
3-41 
3-50 


3°52 


21-0 
20:8 
21-0 
21:1 


21-0 


10°65 
10°85 
10-30 
10°55 
10°25 


10°20 


10°47 


3-65 
3-71 
3°54 
3-62 
3-46 
3°55 


3-59 


10°90 
10-95 
10-50 
10-75 
10°35 
10°35 


10-63 


3-68 
3-72 
3-61 
3-68 
3-49 
3-58 


3°63 


10°50 
10°50 


10°75 


3-68 
3-74 
3-68 
3-76 
3°48 


3°56 


3-65 


impression. The parts of the raised lip adjacent to both the wedge and the 
undeformed metal (i.e. around points A and B in Fig. 9b) were slightly rounded, 
but there was always a well-defined straight portion which enabled the angle 
¢ to be measured from a tracing taken from the projector image. Values of H (Fig. 
7a) were measured by producing this straight portion to meet the surface of the 
wedge and the original surface of the specimen. The magnification factor was 
about 50. Two images were traced from each impression and average values were 
taken to reduce experimental error. Indentations for each wedge angle in steel 
and for each direction in aluminium were duplicated (Table 2). The wedges were 
reground between the tests on each material. A small correction obtained from a 
dead-weight calibration of the testing machine has been applied to the observed 
loads. 


9. COMPARISON OF SHEAR STRESSES DEDUCED FROM INDENTATION AND TorsION 
TESsTs 


By substituting values from Table 2 into equation (1) the shear stress k, for each 
indentation was found. These shear stresses were then averaged for each wedge 
angle (Table 3). To find the mean strain y in the deformed material of the indenta- 
tion, mean values of the stresses and of ¢ and H/h were used in equation (2). 
Hence the corresponding stress k, in torsion could be found from Table 1. 
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TABLE 2. 


Nominal included Orien- p, tons 


ungle of wedge tation per sq. in. 


19-70 


30°35 


49-80 


60°25 


69-60 


COPPER 


60°25 


eee eet 


30-30 7 10-65 
10-15 
10-60 
10-25 
11-60 
11-80 
10-00 
10-00 
11-30 
10-70 
11-15 
11-50 


ALUMINIUM 


ee ee ee ee ee ee 
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TABLE 3. 


. : ‘ Shea Sse 
Nominal wedge Mean strain anae or a 
tons Sq. In. 
angle 
ky 


COPPER 


ALUMINIUM 


It can be seen that the greatest discrepancy is about 6 per cent and that the tor- 
sion stress tends to be lower than the indentation stress. Many small errors may 
contribute to this difference and in view of the non-uniformity of these materials, 
caution is urged in making any deductions. However, a few possible sources of 
error may be enumerated. Swirt (1948) pointed out that when a torsion specimen 
is prevented from expanding axially, the stress at large strains may be lower, 
but in the tests described above the axial force sustained by the specimen was 
certainly very small. The arithmetical mean of the hardnesses and torsion 
strengths of these anisotropic materials has been used without justification, 
except that it seemed reasonable to do this. There is a fundamental difficulty 
in specifying the effective rate of strain in a solid torsion specimen as the rate 
of strain varies from zero at the centre to its nominal value at the outside. There 
is a further difficulty in relating this strain-rate in a rigorous manner to the time 
of application of load to the wedge. The torsion tests showed that torque readings 
taken 1 minute and 2 minutes after applying the strain increment differed by 
roughly 1 per cent for copper and 2 per cent for aluminium. 

It is thought that elastic deformation of the wedge and specimen can have no 
appreciable effect on these results. 


10. Errect oF StrrAIn-HARDENING ON IMPRESSION SHAPE 


When the lip angles ¢ were averaged for each wedge and plotted (Fig. 9a) they 
were found in all cases to be less than the angles for the ideal plastic-rigid material. 
The graph shows that this effect is greatest for the material (steel) that has the 
greatest rate of strain-hardening (see Table 1). From this evidence alone it appears 
to be safe to infer that this reduction of the angle is a function of the rate of strain- 
hardening, since no other property of these materials seems to be relevant. It 
will be observed that friction at the wedge surface can only bring about an increase 
of the lip length of fraction w (see Fig. 7a). 
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The proportionate reduction of the lip angle is greater for large wedge angles, 
but it is difficult to construct an explanation for this without introducing ad hoc 
assumptions. However, let us suppose that the position of the slip-line segment 
OD (Fig. 9b) remains unchanged when the ideal plastic-rigid material is endowed 
with a small degree of strain-hardening. Now in the ideal case it can be calculated, 


iS | 
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| @-ALUMINIUM 
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LIP ANGLE @° 
al 


60 
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Fig. 9. Profile of impression. (a) Experimental values of lip angle. The curve shows the theor- 
etical values for an ideal non-hardening material. (b) The possible effect of strain-hardening. 


by the method described above, that the strain in the material which has just 
crossed the line OD increases steadily with the wedge angle, e.g. 1-0 for @ = /4 
and 2-0 for 6 = 7/2. The strain along EC is much smaller in these cases, so it is 
unimportant in this discussion. It is necessary therefore, when the strain-hardening 
is not zero, that there should be an additional area of flow ODECB so that the 
shear stress may be equal to the initial yield value along OB. This can only have 
the effect of increasing the length AB of the raised lip. 
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SUMMARY 


In the method of plastic design of engineering structures it is necessary to be able to calculate 
the loads that cause collapse, and to estimate the amount of permanent deformation caused 
by safe loads. If work-hardening is negligible, the collapse loads are theoretically independent 
of any initial residual stresses, but the amount of deformation is not. The present paper describes 
some relevant experimental data obtained from overstraining autofrettaged steel tubes by 
combined torsion and internal pressure. In particular, the observed collapse loads agree closely 
with values calculated for the yield point of a tube of hypothetical plastic-rigid material. 


1. OBsEcTs OF THE INVESTIGATION 


Tue method of plastic design of engineering structures depends on the possibility 
of determining the combinations of loads under which collapse begins (see, for 
example, Baker 1949). In the so-called limit theorems recently applied to this 
problem (GREENBERG and PraGer 1951 ; Symonps and Nea 1951), the collapse 
loads are calculated, in effect, as those under which deformation would first begin 
if the structure were made of hypothetical material with an infinitely great rigidity 
modulus (Hitt 1951, 1952). We shall refer to the instant of initial deformation in 
such a plastic-rigid material as the yield point. In the real structure one would 
normally expect that strains only of an elastic order of magnitude would be pro- 
duced during monotonic loading very nearly up to the yield point of the similar 
plastic-rigid structure ; further small increases in load would, in the absence of 
work-hardening* and passive constraints, produce comparatively large distortions. 
These expectations are confirmed by experiments on, for example, pure torsion 
or bending of bars, and on combined bending and twisting of hollow and solid 
cylinders (S1epe. 1953 ; Hitt and SiteBer 1953). Further confirmation is afforded 
by analytic solutions to plastic-elastic problems, e.g. autofrettage of thick tubes 
(Hitt 1950, pp. 114-125; torsion and tension of solid cylinders (GayYDON 1952) ; 
combined bending and twisting of thin tubes (Hitt and Sreper 1951). In these 
solutions, as a consequence of neglecting dimensional changes, the yield point 
loads are approached asymptotically with increasing strain. In very special circum- 
stances, such as the torsion of a hollow circular cylinder, the load on a non-hardening 


© The ideas and practical methods of plastic design are at present only well developed for materials such as mild 
steel which do not harden appreciably in the relevant range of strain. 
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plastic-elastic body actually attains the yield point of the similar plastic-rigid 
body in a finite strain and subsequently retains this value ; in such circumstances 
the internal state of stress also remains invariable, as would naturally be expected 
(Paacer and Hopce 1951, pp. 217-9). If dimensional changes were to be taken 
into account in these solutions, the representative load-distortion relation would 
pass through a momentary maximum, the collapse value (somewhat below the 
plastic-rigid yield point), and then steadily decrease. In some structures unaccept- 
ably large displacements can occur during a strain of elastic order, well before the 
actual collapse load is reached (see, for example, Symonps and Neat 1952). 

It is clear, then, that the precise significance of the plastic-rigid yield point for 
plastic design depends on the particular structure or continuum. Moreover, while 
the yield point loads are unaffected by initial internal stresses or, more generally, 
by the loading path up to the final load-ratios (H1Lt 1951), the shape of the actual 
load-distortion relation depends sensitively on these factors. Very little com- 
parative data is, however, available at present (cf. Hitt and Sreper 1951 and 
Onat and Surecp 1953; also Gaypon, op.cit., and Pracer and Hopce, op.cit., 
pp. 86-91). 

In the present paper we examine some of these matters in relation to closed tubes 
subjected to combined torsion and internal pressure. This particular loading 
system was originally selected to provide data for designing a tubular torque-bar 
for experiments on the effect of hydrostatic pressure on torsional properties 
(CrRossLAND 1953). To see whether a worthwhile improvement could be effected 
in the elastic range of such a torque-bar under combined torsion and internal 
pressure, the tubes were autofrettaged beforehand. The subsequent combined 
stress tests on these autofrettaged tubes were carried beyond the elastic limit 
and up to the fully plastic state. It is these tests that are reported here for their 
intrinsic interest, both in illustrating the approach to the collapse loads and in 
providing evidence in support of the theoretical prediction that this load does 
not depend on the initial residual stresses and can be calculated as the plastic-rigid 
yield point when the material is non-hardening. 


2. Tue Exastic Liwir 


Consider a long uniform circular tube with closed ends, internal radius a and 
external radius b. Let & be the yield stress in pure shear. Then the elastic limits 
of the tube under internal pressure alone, and under torsion alone, are respectively 


Po =k(1 4 ty = gnkb® (1 al (1) 


b* 


If the tube is autofrettaged to pressure p,, the radius ¢ of the plastic-elastic 
interface is given by 


(2) 


a ce 

Pp, =k (log at 1 ~— wa) 
This is exact if the material is incompressible, and an excellent approximation 
for ordinary values of Poisson's ratio, no matter what the yield criterion (cf. Hitt 
1950, p. 119). If the pressure is now reduced from p, to p, the tube always unloads 
elastically if p, < 2p , and the distribution of the residual maximum shear stress 
is given by 
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(1 . Pa P =) 
o =<) -< 
a9 Po a 

2k Po p a 

* 

Po ’ 
where o,, og are the radial and hoop stresses. The residual axial stress is approxi- 
mately } (oc, +- og), since o, has very nearly this value during autofrettage and the 
change in o, is exactly equal to the change in } (o, + og) during unloading. 
Suppose, now, that a torque ¢ is superimposed. The shear stress is + 


so long as the further changes of strain are elastic, which is so provided that 


("75") + (7) < 


throughout the tube; here and henceforward we assume the Maxwe..i-MIses 


It is not difficult to show that vielding first occurs at either the 
Thus, from 


kert bt, 


vield criterion. 
bore, the former plastic-elastic interface, or the external surface. 
(3), the elastic range of the autofrettaged tube under combined torsion and 
pressure is to be obtained by varying p and ¢ so that the inequalities 


f . 2 i\? , , 
(1 _ Pa ) 4 ‘: <1 (no yielding on r = a) 
Po No 


(1 = Pe ! < (no yielding on r = c) 
Po 


( 2. 4 , (no yielding on r = b) 
Po 


are simultaneously satisfied. 


° ~ 
° aie / Po 


Fig. 1. Theoretical elastic limits for autofrettaged cylinders under combined torsion and pressure. 
In the experiments to be described, b/a has the nominal value 1-5. For this 


wall-ratio we show in Fig. 1 the calculated relations between p and t at the elastic 


limit for c/a = 1 (no autofrettage), c/a = 1-25, and c/a = 1-5 (maximum auto- 
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frettage). In the present case, yielding occurs first either at the external surface 
(represented by LM in Fig. 1) or at the former plastic-elastic interface (represented 
by MN); for sufficiently thick tubes yielding occurs first at the bore for a certain 
range of small pressures. It will be seen from Fig. 1 that a moderate amount of 
autofrettage is beneficial in that a torsional elastic range not much less than 
t, can be obtained for tubes under any internal pressure up to almost pp. 

A calculation of the deformation for load combinations exceeding the elastic 
limit has not been undertaken. It may, however, be noted that the collapse load 
under torsion alone is reached after a shear strain at the external surface equal 
to b/a x k/G, where G is the modulus of rigidity, while the collapse load under 
pressure alone is reached after an external circumferential strain of approximately 
(1 — $v)/(1 + v) x &/G@ where v is Poisson’s ratio. The external surface strains 
to collapse under combined pressure and torsion are therefore presumably also of 
order k/G for tubes of moderate thickness. 


We now proceed directly to a calculation of the plastic-rigid yield point. 


8. Tue Yre.tp Pornt anp Ensurnc Srrarn Ratios 


At a sufficient distance from the ends of the tube the stress and strain-rate 
in the fully plastic state are functions only of the radius r. It follows that the 
rz and r@ components of shear stress vanish by virtue of the equations of equili- 
brium and the fact that they are zero on the external surfaces. The remaining 
equation of equilibrium reduces to 


(4) 


We assume the Mises plastic potential (i.e. the Lévy-Mises relations between 
stress ratios and strain-rate ratios). It may be verified a posteriori that the axial 
strain-rate vanishes and that o, = $(¢, + og), so satisfying the closed-end con- 
dition. It follows from the Mises yield condition that 


t(og —o,? +7? =F (5) 


where + denotes the 6z shear stress component. Further, there is no warping of 
a transverse section and the r@ and rz components of shear strain-rate vanish. 
Hence the radial and circumferential components of velocity must be bb /r and ¢ rz, 
respectively, where ¢ is the twist per unit length. The remaining Lévy-MisEs 
equation is then 


“/A(o9 — 0) = are "5. (6) 


Combining (5) and (6) : 


a Rd (: PEs rs — P$ (1 +29 y. 


2k 4b? b? k 2bb\ 4b? b? (7) 


On integrating (4) and the second of (7) through the tube, we find the following 
expressions for the internal pressure P and torque T at the yield point : 
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P _ sinh (An) — sinh A 


-_ , 


(8) 


a 
~, 


n o/(1 + A?) — +o(1 + A? n?) 
a . eS 


where n = b'/a* and 4A = b /b? ¢ = (circumferential strain-rate)/(shear strain- 
rate) on the outer surface. P, is the yield point pressure in the absence of torque 
(A = wo) and T, is the yield point torque in the absence of pressure (A = 0) : 


P, = % log”, T, = 47k (b® — a). (9) 
a 


The relation between P and T is shown in Table 1 for the case b/a = 1-5. For 
this value of b/a, P,/p, = 1-460 and T,/t, = 1-169. 

The fourth column reveals that the (P/P,, T/T,) curve differs very little from 
a quadrant of a circle-(which corresponds to a very thin tube) ; the radius vector 
exceeds unity by not more than 14%, the greatest value occurring near A = 0-6. 
When b/a = 2, the greatest radius vector exceeds unity by about 4% and occurs 
near A = 0-4. It may be shown that, as n increases, the (P/P,, T/T,)relation 
approaches two sides of a square, and that, in the limit, 


T/T, = V(1 +») —A, 
T/T,=1, 0<P/P,<1, 


TABLE 1 


T 4 | 5 
To 0 0 To/ Po 


| © 

0-935 , 2-625 

0-818 ‘ 1-382 

0-708 ‘ 0-971 

0-610 Ol! 0-750 

0-527 0-610 0-611 
0-464 1-009 0-517 0-620 
0 1 0 0-648 


From the last column of Table 1 the strain-ratio may conveniently be found by 
interpolation when the load-ratio is assigned. The entries corresponding to A = 0 
and A = o may be shown from (8) to be respectively 


| 
ag and . +1 
n—1 2n 
The reason for the comparatively small difference between these extremes may be 
understood as follows. The rate of work of the applied loads is W = Pv + Tl¢ 


where v is the interna! volume of a length | of the tube. By the maximum work 
principle, which is valid when the yield function and plastic potential are indentical 
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(Hitt 1951), dW 0 for infinitesimal variations of P and T along the (P, T) 
curve, v and ¢ being regarded as prescribed. Thus 


v/l¢ = — dT/dP. 


The axial strain-rate happens to be zero for the Mises yield function and potential, 


and then v/l¢ = 27aa/¢ = 27bb/¢ since the tube material is incompressible. 
Therefore, 
1 dT 


7 nb dP’ 


(10) 


which may, indeed, be derived direct from (8). When the (P, 7) curve differs 


little from the circle 
P\2 bs 2 
i ow i. 
(a) +(x) 


if follows from (9) and (10) that 


=/F T  «a—! (11) 
To/ Po xb® Py ~ nilogn 

When b/a = 1-5, the right-hand side is equal to 0-578, approximately midway 
between the above extremes. 


4. Marertat, Heat TREATMENT AND SPECIMENS 


The material used was steel, part of a batch given by the English Steel Corpora- 
tion to the University of Bristol. The steel had been rolled to a 2}in. diameter 
bar from a single ingot. Samples of steel from the rolled bar showed little variation 
from the following composition : 


Cc Ni Cr Mo Mn Si S P 
030% 255% 058% 059% 065% 015% 0.012% 0.018% 


The bar was cut into lengths of 13} ins., which were individually heat-treated 
by oil quenching from 850°C and tempering at 660°C, 

From each of three lengths of 6} ins., five specimens were taken, giving fifteen 
in all. Three of these were solid torsion specimens, one from each length, having 
a diameter of 0-500 ins. in a 2 in. gauge length and a transition radius of 1}ins. 
The enlarged ends, of 0-875 in. diameter, were ground to fit torsion couplings 
which ensure that a pure torque is applied. The tubular specimens (Fig. 2) had 
an approximate bore diameter of 9/32 ins. over a gauge length of 1-625 ins., and 
a transition radius of 1} ins. The nominal wall-ratio b/a was 1-5, but the actual 
values were slightly less (Table 2). Set screws in the ends supported the high- 
pressure Poulter seals. At one end a longer enlarged portion accommodated a 
collar taking the high-pressure pipe connection. 

The tubes were particularly difficult to produce as the bore was small and rather 
long, while the toughness of the material made it difficult to prevent the drill 
from wandering. A method was finally developed which enabled the axes of the 
bore and external surface to be made coincident to a high degree of accuracy 
(sections of a tube chosen at random showed no variation in wall thickness greater 
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than 0.0005 in.). After machining, all specimens were stress-relieved by heat 
treatment at 600°C. for one hour (in a high vacuum furnace described by More1son 
1939). 


5. APPARATUS AND TESTING TECHNIQUE 


The general arrangement of the combined torsion and internal pressure machine 
is shown in Fig. 2. The specimen is arranged in tandem with a calibrated torque 
bar, the free end of which is attached to the fixed head of the torsion machine 
through a self-aligning torsion coupling. One end of the specimen is keyed to 
the torque bar; the other is 
connected to the moving 
head of the torsion machine 
through another self- 
aligning coupling. These 
couplings consist of an inner 
member keyed to the 


specimen or torque bar 
: | DERIVED SHEAR | 

respectively, and an outer | STRESS 
member fixed to the . 3 

j i r heads 20l_} 
moving or stationary heads. ~ — 
The torque is transmitted SHEAR STRAIN 
through two steel balls in Fig. 2. Derived shear stress-strain curve from torsion tests. 


the outer member; these 

are symmetrically disposed about the centre line and bear on two hardened steel 
inserts in the inner member. With this form of coupling only a pure torque about 
the axis of the specimen can be transmitted. 

The specimen is connected to a high-pressure hand-operated intensifier by a 
long tube arranged parallel to the axis of the torsion machine. The intensifier 
consists of a high-pressure cylinder fitted with inlet and outlet ball valves into 
which can be pushed a ram. Pressures up to 6 tons/sq.in. are obtained by re- 
ciprocating the ram with a hand-operated lever mechanism; pressures up to 
30 tons/sq.in. are obtained by pushing the ram into the cylinder with a 10 ton 
hydraulic jack. A special seal prevents leakage round the ram, and an oil that 
does not freeze at these pressures is used in the high-pressure system. 

The pressure could be observed on a Bourdon-type gauge, but for greater 
accuracy a thick cylinder fitted with a diametral extensometer was used. This 
cylinder and extensometer were calibrated against two dead-weight testers, 
one at Messrs. Budenberg Gauge Co. and the other at Messrs. I.C.I. (Winnington), 
with very good agreement. 

To minimize the effects of possible eccentricity or non-uniform material properties, 
an average diametral dilatation was obtained from a double extensometer on two 
perpendicular diameters (Fig. 3). This is a considerably modified version of one 
used by Cook (1934). A change 6 in the diameter BF causes the knife-edge to 
rotate through Y5/XZ radians, where the distances X, Y, Z are as indicated 
in the Figure. This rotation is obtained from the relative movement of two mirrors, 
one attached to the knife-edge and the other to the arm AGE. The torsional twist 
is determined by observing the relative movement of two other mirrors attached 
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to clips fixed at each end of the gauge length. The torque is derived from the 
optically-measured twist in the torque bar. 

In the pure torsion tests the load was raised in smaller increments as the point 
of yielding was approached. After yield, waits of three minutes were made to 
allow each reading to become reasonably steady. 


— > WP TUBE 


/ 
{{ TORSION GRIPS. 


t—~ SPECIMEN TORQUE BAR 


a | 


MOVING HEAD 


HP TUBE 
_ HP COUPLING 


LENS RING 


HP PLAIN SEAL 


INS 


Fig. 3. Apparatus for tests on thick cylinders subjected to internal pressure and torsion. 


All the tubes except No. 7 were autofrettaged to an extent such that c/a = 1-25. 
The pressure was applied in small increments ; since each additional compression 
caused the oil temperature to rise slightly, readings were not taken until five 
minutes had elapsed. The pressure was increased until the external diametral 
strain was c?/a® « its value at the elastic limit, which was calculated from data 
derived from the pure torsion test. After autofrettage the tubes were subjected 
to a low-temperature heat treatment at 250°C in an oil bath for three hours. 

The procedure in the combined stress experiments was as follows. Each tube 
was first twisted elastically with no pressure tube fitted, and then with the tube 
connected but no pressure applied; in this way the proportion of the torque 
carried by the tube was determined and a correction applied in the subsequent 
experiments. The pressure was next raised to the desired value and thereafter 
kept constant. Then the torque was applied incrementally and monotonically 
until a strain was reached where the effects of strain hardening became apparent. 


MATERIAL PROPERTIES 


The results of the torsion tests on the three solid specimens are shown in Fig. 4, 
where 27 7R* is plotted as the ordinate (JT = torque, R = radius). There is 
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evidently no significant variation in properties along the length of the bar. The 
mean shear stress-strain curve has been derived by Napali's method and is also 
shown. No drop in stress at the yield point could be detected ; the shear stress 
remain sat the steady value k = 27 tons 
sq.in. up to a shear strain of about 0-03. 
The mean rigidity modulus G is 5220 


tons /sq.in. 

Tension tests gave a mean Young's 
modulus of 13340 tons/sq.in.; the 
derived Poisson’s ratio is thus v = 0-280. 
The upper yield point in tension is about 
51-7 tons /sq.in. and the lower yield point 
49-8 tons/sq.in. The ratio of the latter 
value to k is 1-84, which may be com- 
pared with the value 1-73 that would be 
implied by the Mises yield criterion 
assumed in Section 3. Much better agree- 


, : ae i : Fig. 4. Double diametral extensometer. 
ment with this criterion is, however, 


implied by the combined stress tests. 

With these values of k, G and v the pressure-expansion relation during autofrett- 
age can be calculated. In terms of the radius c of the plastic zone the pressure is 
given by equation (2), and the external circumferential strain by 


(12) 


°) 


' 
© EXPERIMENTAL FOR TUBE No!lO 
—— THEORETICAL CURVE FOR 
| | have k -27 TONS/SO.INS_ 
a ELASTIC LIMIT | | 
§ k-27 TONS/SO INS | 


| 
i a 


0002 , 0006 0008 ooI0 OOo 
CIRCUMFERENTIAL STRAIN 


NTERNAL PRESSURE TONS/SOIN 


Fig. 5. Comparison of experimental and theoretical pressure v. expansion relations in autofrettage 


to a close approximation (Hit 1950, p. 120). In Fig. 5 the experimental pressure- 


expansion relation for tube No. 10 (b/a 1-484, b 0-220in.) is compared with 


the calculated one for the above values of k, G and v. Theoretically the tube should 
be completely plastic after a circumferential strain of amount 3-5 10-%, while, 
according to Fig. 2 and a rough estimate of the maximum shear strain at the 
bore (HL. 1950, p. 123), the tube begins to harden after a circumferential strain 
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of about 9 x 10°°. The agreement with the theoretical maximum pressure is 
thus entirely satisfactory. 

The agreement while the tube is partially plastic is less good, however. It is 
believed that this is due to the testing technique. After the pressure had been 
raised to some desired value it was necessary to release the pressure in the inten- 
sifier. During this release there was a measurable fall in pressure while the ball 
valve on the delivery side of the intensifier was closing, and subsequently a further 
fall as the temperature returned to normal. The pressure finally read was therefore 
lower than the maximum pressure actually reached, and the plastic strain greater 
than predicted. A similar discrepancy occurred during the autofrettaging of the 
tubes used in the main tests. 


6. Resuuts or Comprnep Stress EXPERIMENTS 


Taste 2 


(Pe P.? a 7? T 2) 
. v o. 7) _ 
Experimental Theory 


P T 


in. tons/sq.in. tons-in 


0-370 0 1-000 1-000 1 0 

0-368 0-411 0-902 0-991 1-001 0-125 
0-320 0-543 0-848 1-007 1-008 0-176 
0-323 0-705 0-735 1018 1ol4 0-277 
0-213 0-812 0-588 1-002 1015 0-420 
0-158 0-926 0-422 1017 1-005 0-679 
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All tubes except No. 7 were autofrettaged to c/a 
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Fig. 6. Torque v. shear strain curves for tubes under various pressures. 


The torque-twist relations for tubes under various constant internal pressures 
P are shown in Fig. 6, and the pressures themselves in Table 2. All of these tubes, 
with the exception of No. 7, were previously autofrettaged to an extent such that 
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c/a = 1-25. The elastic limits, calculated as in Section 2, are indicated by arrows 
in the Figure. For tube No. 10 the final pressure was greater than the autofrettage 
pressure, while for tube No. 7, which was not autofrettaged, the pressure slightly 
exceeded p, (equation (1)); in both cases the elastic limit was exceeded as soon 
as the first increment of torque was applied. The rigidity moduli deduced from 
the slopes of the linear portions agree within 1% of the value measured with 
a solid specimen. 

It will be observed that the torque reaches a steady value which is maintained 
for an appreciable range of strain before the effects of work hardening and changes 
in geometry become noticeable. More refined technique would no doubt show, 
in accordance with the discussion in Section 1, that a strictly steady value is not 
actually attained. However, within the present experimental error, we may take 
the ordinate T of the horizontal part of the torque-twist curve as the proper 
quantity to compare with the theoretical yield point of a plastic-rigid material. 


The experimental values of T for the various pressures P are shown in Table 2. 
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Fig. 7. Circumferential strain v. shear strain relations. 


Then follow columns for P/P, and T/T,, where P, and 7, are calculated from 
equations (9) with k = 27 tons/sq.in. and the actual values of a and b for each 
tube. Subsequent columns compare the theoretical and experimental values of 
V(P?/P.? + T?/T) for each of the actual non-dimensional load-ratios 
(P/P,)/(T/T,). 

The general agreement is excellent and virtually within experimental error. 
We conclude, first, that the behaviour of this material is substantially in accord 
with the Mises yield function and potential ; second, that the relation between 
the applied loads at collapse is not dependent on the initial residual stresses (in 
this case those remaining after autofrettage); third, that the collapse values 
can be calculated to sufficient accuracy as those at the yield point of a plastic-rigid 
material. Although the outcome seems reasonably certain, it would evidently 
be desirable to examine whether the conclusions hold also for other distributions 
of residual stresses and for other subsequent loading-paths ; i.e. by initially over- 
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straining the tubes under arbitrary combinations of pressure and torsion, and then 
loading with different combinations of these. It is hoped to continue the investiga- 
tions further on these lines, and also to obtain more data on the rapidity of 
approach to the collapse values. 

In Fig. 7 the relations between the external circumferential and shear strains 
are shown (the somewhat erratic curve No. 7 is attributed to an abnormal eccen- 
tricity in this tube discovered after the test). Theoretically (work-hardening 
and dimensional changes apart), the slope of each curve should approach asymp- 
totically to a constant value. This should be comparable with the quantity 4A 
defined in (8) and given in the last column of Table 2. This was obtained by inter- 
polation of the last column in Table 1, with slight adjustments to allow for the 
difference of the actual values of 6/a from 1-5. Lines with slopes $A are drawn 
on Fig. 7 in arbitrary positions of best fit to the experimental points. The overall 
agreement is satisfactory and there is no obvious indication that it could be 


improved by choosing a slightly different plastic potential. An indication that the 


Mises potential might be slightly in error for this steel was, however, provided 
by some measurements of the permanent axial extension which appeared to be 
increasing at a small non-zero rate throughout the latter stages of the tests. 
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SUMMARY 


CaLcuLaTions of the drawing stress based on the H1L_-Tuprer theory of sheet-drawing are re- 
ported. In the range of reductions considered, the plastically deforming region extends over a 
finite length of the axis. The results are summarized in terms of a single empirical f ‘mula 
which expresses the drawing stress as a function of die semi-angle, coefficient of friction, reduction 
and back-tension. 


1. INTRODUCTION 


In a recent paper GREEN and HILL (1952) have considered the problem of sheet- 
drawing through smooth and rough wedge-shaped dies without back-tension. 
Their calculations are based on the slip-line field theory of Hitt and Tupper (1948) 
and the limit load theorems of Hii (1951) for a plastic-rigid material. For a 
smooth die, they consider reductions of thickness ranging from the bulge-limit 
to cases where the plastically-deforming region extends over a finite portion of 
the axis of symmetry : with rough dies, their calculations are limited to the range 
in which this region intersects the axis in a single point. In this latter case HiLi 
(1953) has given formulae for the influence of back-tension. The present calcula- 
tions, based on the slip-line field theory of Hitt and Tupper, extend this range 
to reductions for which the plastically deforming region extends over a finite 
portion of the axis, and where the velocity discontinuity along the arrowed slip- 
lines terminates at the die exit (Fig. 1). 


2. Tue Surp-Line Frie.tp 


In the present calculations it is assumed that the coefficient of friction pu is 
constant on the die face. If the mean tensile stress ¢ in the drawn sheet is regarded 
as known, the details of the slip-line field may be found as follows. The hydrostatic 
pressure p, on OA is given by py = k — t, where k is the yield stress in pure shear. 
It can be shown by an application of Hencky’s theorem that if @ is the inclination 
of OB to the die face and « is the semi-angle of the die, 


cos 2 


e po/k + 2(n/4 + a — 8) + sin 26” 


i.e. Do/k +2(/4 +) = + cos 20 + 20 — sin 28. 
i 
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: 1 , , 

From a graph of @ against — cos 26 + 2@ — sin 2@ for a given p, the value of @ 
fA 

corresponding to a given « and p, is read off. Iteration in 


6 = $ cos" [u {po/k + 2(2/4 4 6) + sin 26}] 


quickly leads to an accurate determination of @. The angles at which the slip- 
lines meet the die face in the remainder of the field are found from a slight modifica- 
tion of these equations. The distribution of die pressure is readily found from these 
angles and an application of Hencky’s theorem, and the back tension is obtained 
from the die pressure by integration along the die face. 

The stip-line fields have been constructed graphically using a 5° net for coefficients 
of friction 0-05, 0-10 and 1-15 with die semi-angles 5°, 10° and 15° for each value 
of ». The method used is that described by Hi. (1950, p. 141) in which the ares 
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Fig. 2. Distribution of normal die pressure with « 


of the slip-lines are replaced by chords having an inclination which is the mean 
of the terminal slopes. Values of py were taken for each pair of values of « and yu 
to provide reasonable coverage between the upper limit at which the drawn sheet 
is just at the yield point, and the lower where the back-tension is zero. A typical 
set of results is shown in Fig. 2 for given « and » and varying drawing stress. 
The drawing stress may be regarded as a function of the die semi-angle, the 
coeflicient of friction, the reduction and the back-tension. Since graphical or 
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tabular presentation of the data would require a prohibitive amount of space, 
the results have been fitted by an empirical formula. 


8. EmprricAL ForMULA 


It will be assumed that distribution along the die of the normal die pressure is 
composed of a constant part and a linearly increasing part. The typical results 
given in Fig. 2 show that the departure from linearity in the region in which 
the die pressure is not constant is very small. In order to construct an empirical 
formula it is therefore necessary only to find the magnitude g of the constant 
pressure and the length of die 2 over which it acts, and the rate of increase of the 
rising pressure. This is conveniently expressed by the slope y of the inclined por- 
tion of the graph plotted as in Fig. 2. 

If pp = — nk, it is found that the normal pressure g and the slope y are given 
empirically by 


q=kexpyp(l + 2a — n), 

y = 4(1 — tana + 3/2), 
and the length x is expressed analytically by 

aw = 2h(1 + pg/ky", 


where h is the semi-thickness of the drawn sheet. If s is the total contact length 
on the die face, the axial component of the die load acting on one face of the die 
is found to be 


} ky (s —2)?\ 


Q = (sin « + pcos a) waa j 


(1) 


The back-tension o can be shown to be 
o = {k(1 +n) —Q/h}(1 — 1), (2) 


where r, the reduction is defined by r = (H —h)/H being the semi-thickness 
of the undrawn sheet. In order to express the drawing stress as a function of the 
die semi-angle, the coefficient of friction, the reduction and the back-tension, 
this expression must be inverted. This can be effected by using a suitable power 
series expansion, and in terms of 


A = p» cot a, 
r = (1+ Ajexpy{r + 2wy(r —21 —rsina)}, 
vy =ky(1 + A) {r —21 —rsina}*/(1 —1r) sing, 


the drawing stress is given by 


o + 2kr(1 +a) + 


l-—r+fr 


. = 


The back-pull factor, defined by 
1 dQ 
"Ee 


is found to be 
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~pmapabe (4) 


In the special case of a smooth die with r At , the expression for t 
1 + 2sina 

reduces tot = o + 2kr(1 + a), which is analytically correct. The values computed 

from formula (3) agree very closely with the relevant values given by Green 

and Hiuu in their Table 1 for a smooth die, and the values given by Hit and 

Tupper for rough dies at specific reductions. The error involved in (3) is thought 

not to exceed + 0-0054 in the range 0 < « < 15°, 0 <p < 0-15. 


4. Discussion 


The back-pull factor given by (4) is a function of », r and « From a more 
accurate determination based on (1) and (2), it can be shown to be a function 
also of the back-tension. It will be recalled that Hii (1953) has remarked that 
the die load is not strictly proportional to the back-pull in the range that he 
considered. Again, however, the departure from linearity is not marked, and 
formula (4) is in error by a negligible amount. 

Consideration of typical cases shows that MacLe.ian’s (1948) formula 


b 1 —(1 ry tA 


based on Sacus’ theory of homogeneous deformation is a good approximation from 
below to the value derived here. For example, when r = 0-3, » = 0-10, and 
x = 10°, both the exact value of b and the value obtained from (4) are 0-431 for 
all possible values of the back-tension. MacLe.ian’s formula gives the value 
0-428. 
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SUMMARY 


Tue problem of finding an equilibrium distribution of stress not exceeding the yield point in the 
assumed rigid regions of a deforming body is considered. Theorems, based on the limit-load 
theorems of HILL, are given for determining whether such a stress distribution exists. A method 
is given for constructing a stress solution in the rigid region, and illustrated by consideration of the 
yielding of notched bars in plane strain and plane stress, and extrusion under plane strain 
conditions. 


1. INTRODUCTION 


THREE groups of differential equations describe the mechanics of deformation 
of a non-hardening plastic-rigid material, namely the stress equilibrium equations, 
the stress-strain relations and the equations relating strain and displacement. 
In general an infinity of stress states will satisfy the stress boundary conditions, 
the equilibrium equations and the yield criterion alone, and an infinite number of 
displacement modes will be compatible with a continuous distortion satisfying 
the displacement boundary conditions. As in the classical theory of elasticity, 
use has to be made of the stress-strain relations to determine whether given stress 
and displacement states correspond. In contradistinction to elasticity theory, 
however, there is no unique solution for the material under consideration. This 
lack of uniqueness will be considered later. With a few exceptions, the majority 
of solutions so far obtained have been to problems in plane stress or plane strain. 
The solutions normally presented consist of a deformation mode valid for the entire 
body considered, and a compatible stress solution for the region containing the 
plastically deforming material. The acceptability of such a solution depends on 
whether it is possible to find a stress solution, satisfying the boundary conditions 
and equilibrium equations for the region assumed to be rigid, that does not violate 
the yield conditions (see HILL, 1950a, pp. 161-163). These “ partial” solutions 
will be called incomplete solutions, and ones for which the stress solution has been 
extended to the whole body concerned, complete solutions. The present paper 
contains a method for completing partial solutions, and discusses the significance 
of the complete solutions. 


2. Limit THEOREMS 


Before proceeding to a general formulation of the problem, it is helpful to con- 
sider the meaning of the incomplete solutions in the light of the limit theorems 
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for yield-point loads. These are the loads at which a body subjected to some 
given loading sequence first deforms. The theorems relevant to a plastic-rigid 
material are due to Hitt (1951). Since they are required specifically later, they 
will be enunciated here in a restricted form. 

Consider a plastic-rigid body subjected to loads in given ratios. 

(i) Lower bound, The yield-point loads determined from a distribution of stress 
that satisfies the equilibrium equations and stress boundary conditions and which 
nowhere violates the yield criterion, are not greater than the actual yield-point 
loads. 

(ii) Upper bound. The yield-point loads, determined by equating the external 
work to the internal work done in a deformation mode satisfying the displacement 
boundary conditions by that stress distribution needed to enforce it at each point, 
are not less than the actual yield-point loads. The stress distribution need not be 
in equilibrium and is only defined where the strain-rate is non-zero. 

Steady state probl ms can of course be considered under this formalism by 
treating them as instantaneous yvield-point problems. The partial stress field 
obtained in an incomplete solution does not meet the requirements of the lower 
bound theorem since it is not demonstrated that an equilibrium stress distribution 
satisfying the boundary conditions and not 
exceeding the yield point exists in the assumed 
rigid region. The velocity or displacement 
solution, however, is precisely that required 
by the second theorem. Hence incomplete 
solutions are strictly only upper bound 
solutions. 

Suppose, however, that the partial stress 
distribution in the incomplete solution can be 
extended to the entire body, satisfying the 
equilibrium equations, the yield criterion and 
the boundary conditions. It is now acceptable 
as a lower bound solution. But the yield- 
point loads determined from the upper and 
lower bound solutions are the same since the 
solutions are compatible in the region in which 
deformation is occurring. Hence the actual 
vield point loads will have been found. A 
further theorem due to Hitt (1951) states 
that where deformation is actually occurring 
in any mode, the stress found is the actual state. The particular deformation mode 


obtained is not necessarily the actual one however. 


3. ForRMULATION OF THE PROBLEM 


In this section, the problem involved in extending a partial stress solution will 
be examined. Consider a body bounded by the surface 2 (Fig. 1). Suppose a 


partial stress distribution in equilibrium with the load L is known in the region I. 


Over the remainder of the surface (which may extend to infinity) it is assumed that 
either the surface forces or the areas supporting forces in statical equilibrium 
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with the applied loads are known. Thus in Fig. 1, it is assumed that the surface 
CD supports the load L applied at AB, and that the remainder of the surface 
2 is stress-free. If a valid deformation mode has been found such that all the 
deformation occurs in I’, the following problem arises : given the forces acting at 
each point of portions S,, of the surface of a body, and the loads applied over the 
remaining area S,, find a stress distribution satisfying these boundary conditions 
and the equilibrium equations which does not violate the yield criterion. (It is 
assumed that the forces acting at each point of S, are not known). 

The two-dimensional problem may be stated in rather different terms. If a 
function @ is defined by 

ae >? ® D ey 


q : 
or oY 


where o,, ¢, and +r, are the stress components, it is required to find a twice 
differentiable function whose second derivatives satisfy certain relations at the 
boundaries, and an inequality (expressing the yield criterion) everywhere. Geometri- 
cally this may be interpreted as finding a surface in 2, y, ® space with restrictions 
on the curvature round some locus in the 2, y plane (i.e. the boundaries) and such 
that some function of the curvature satisfies a 
given inequality. It is clear that a unique 
solution is not to be expected. This lack of 
uniqueness is a serious drawback to expanding 
@ in a power series form since the coefficients 
cannot be determined uniquely by inserting 
the boundary conditions. In any event, this 
approach is open to the criticism that no 
statement as to the possible existence of a 
complete solution can be made unless one of 
the functions ® provides a solution for which 
the yield criterion is nowhere exceeded. More- 
over, even disregarding the inequality expressing 
the yield conditions, it is not usually found 
possible to find a function @ satisfying the 
boundary conditions. It seems that these 
weaknesses are inherent in any method which 
incorporates the boundary conditions as given 
in the problem. As will become clear later, this 
difficulty may be avoided by using an inverse 
method of approach in which boundaries related to the partial stress solution are 


Fig. 2. 


used. 


4. GENERAL METHOD 


Since the incorporation of an inequality as a limiting condition is difficult to 
handle mathematically, it is easier to work with fully plastic stress states than 
with ones that merely do not violate the yield criterion. 

Consider first the problem of a body with a stress free surface £ apart from 
areas over which prescribed loads and statical equilibrium loads are applied 
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(Fig. 2). Let I be a (known) fully plastic region in equilibrium with the load L 
and containing a compatible deformation mode. A fully plastic continuation of 
the stress solution in I’ will define a stress free surface C. (Methods for doing this 
are discussed later). 2 and C may either terminate at a supporting surface as in 
Fig. 1, or extend to infinity as, for example, in the notched bar problems discussed 
later. 

Theorem 1. If C lies wholly within or upon 2, a complete solution exists, and 
the actual yield-point load has been found. 

The stress solution obtained in C constitutes a valid lower bound for Z since the 
region intervening can be regarded as stress free. But the upper bound must 
coincide with this lower bound since it is obtained from a compatible deformation 
mode, and hence the exact yield-point load has been found. If C lies outside [ 
wholly or in part, the deformation mode contained in I’ must be extended in C 
until deformation can occur in a region lying outside Y. This mode must be com- 
patible with the stress solution in C. 

Theorem 2. If C lies outside 2 wholly or in part so as to include a region in 
which deformation can occur, a complete solution does not exist and the yield- 
point load has been exceeded. 

The deformation mode, extending to include a region between C and Z in which 
deformation can occur, gives an upper bound to the yield-point load for C which 
has the same value as that determined from the partial stress solution. This 
is so since the extended deformation solution is compatible with the stress solution 
in C. An upper bound for 2 can be obtained from that part of this deformation 
mode which it contains. Since deformation occurs in the region lying outside J, 
this upper bound is less than that for C. But the upper bound for C corresponded 
to the load obtained from the partial stress solution. Hence a complete solution 
does not exist for that load applied to 2. 

It is obvious that it is not essential to continue the partial stress solution as a 
fully plastic state. Examples are given later in which use is made of partially non- 
plastic stress distributions. 

If the surface 2 is not stress free (e.g. the material in an extrusion chamber 
does not have such a surface), these theorems are not directly applicable to the 
whole problem. The following theorem is valid for fixed rigid constraints at which 
no relative motion occurs. 

Theorem 3. If an incomplete solution exists to the actual problem, and a com- 
plete solution can be shown to exist where all stress boundary conditions except 
those at the specified constraints are satisfied, then a complete solution exists 
for the actual boundary conditions. 

To prove the theorem, use is made of a lemma which is an immediate derivation 
from Hix.’s (1948) maximum work principle. 

Lemma : Consider a stress distribution satisfying the stress boundary conditions, 
the equilibrium equations and the yield criterion, and a compatible deformation 
mode satisfying the displacement boundary conditions. This distribution of stress 
does not do less work in the given displacements than a distribution of stress 
that satisfies only the equilibrium equations and the yield criterion. 


The application of this lemma to the problem under consideration shows that a 


vield point load derived from the external work done under the modified boundary 
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conditions in the specified displacements can be used as a lower bound for the 
actual problem. This lower bound will coincide with the upper bound obtained 
from the deformation mode, since the bounds are derived from a complete solution. 
Further, since no work is done at the constraints, this upper bound is valid for 
both problems. Hence the yield point load for the actual problem has been found, 
and the theorem is established. This theorem can be used for moving rough 
constraints at which no relative motion occurs, or for smooth ones where there is 
relative motion, if the conditions of the theorem can be attained by imposing 
suitable velocities on the constraints and the material without modifying the 
problem. 

If the contour C lies partly inside and partly outside 2, a modified form of 
Theorem 2 must be employed. Suppose the deformation mode can be extended 
in C such that it is compatible with the stress solution and such that those portions 
of 2 lying outside it remain rigid, with deformation possible in portions of C 
lying outside 2. An analogous argument to the proof of Theorem 2 shows that a 
complete solution does not exist. 

To illustrate the use of these 


theorems, consider the plane 
strain systems shown in Fig. 3. 
In (a), (b) and (c) the platens are 
smooth, while the frictional 
conditions in (d) are unspecified. 
Incomplete solutions consist of 


a compressive stress 2k in ABP, 
k being the yield stress in pure 
shear, with a velocity discon- 
tinuity along AB. The dotted 
lines in (a), (b) and (c) show the 
fully plastic surfaces obtained 
from continuing the partial stress solutions as a uniaxial compression of amount 
2k. Use of Theorem 1 shows that the yield point stress of (a) is 2k and that a 
complete solution exists. To apply Theorem 2 to (b) and (c), the velocity discon- 
tinuity CD is used. It follows that the average applied stress 2k exceeds the yield 
point loading. For (d), the use of a stress distribution consisting of a simple 
compressive stress 2k throughout in conjunction with Theorem 3 shows that the 


average yield point stress is 2k. 


5. Stress DIScoNTINUITIES 


In the examples to be considered, use is made of curved stress discontinuities, 
and a short discussion is given here. For a consideration of straight discontinuities 
and the relevant literature, see PraGer and HopcGe (1951, p. 154 et seq.). This 
part of the discussion is limited to plane strain conditions, since the extension 
to general deformations is not required for the purpose in hand. Reference will be 
made to the notation used by Hivi (1950a, p. 132 et seq. and p. 157 et seq.). 

If p is the mean compressive stress, Hitt shows that 


|p —_ p' | — 2k sin 26, (1) 
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where p, p’ and @ are as in Fig. 4a. If Ap is the increment in p on crossing the 
discontinuity, and Ad the angle turned through in a counterclockwise direction 
by a slip-line on crossing the discontinuity, the following relations can be derived 


from (1). 
2k sin Ad = 0 on an «@ line, 
(2) 


2k sin Ad = 0 on a 8 line. 


p SLIP -LINES 
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“—. SS : G/ 
o/ 


Fig. 4. 


It will be remarked that when the discontinuity becomes vanishingly weak, the 
normal slip-line field relations are recovered, namely, 

dp + 2k dé = 0 on an a line, 

dp — 2k d¢é = 0 on a B line. 


A D 


P, 


{ 
i’ C » V7} —» 
f 


P, 


Fig. 5. 


If the relations (2) are applied to the discontinuity shown in Fig. 4b, elimination 


of p leads to 
26, = $4 — $n — SiN dng + % — by — SIN Oy + 264, 
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where the angles ¢, are measured from some fixed, arbitrary direction. ¢,,, and 
d,», are the angles turned through in a counterclockwise direction in proceeding 
along A Bba, .1Dda respectively. 

Finally a specific plastic-rigid interface will be examined. Suppose two symme- 
trical slip-lines .1B, DC have been obtained (Fig. 5). Let Bh, CG be a stress free 
surface. The value of the normal stress acting across the principal stress trajectory 
terminating in B and C, and shown dotted, will have some determinate value. 
For convenien ¢, the boundary BC has been resolved into a series of line elements 
over which the pressure is approximately constant. Consider a stress field consisting 
of a hydrostatic stress in the triangular regions illustrated, and an equilibrium 
biaxial stress in the rectangular portions. The values of the stress components 
at any point will have the same values as the normal pressure transmitted across 
BC at the points in which the horizontal and vertical columns containing the 
point terminate. If the number of line elements is made infinite, an equilibrium 
stress field has been found to support the stress transmitted across BC. Provided 
the maximum difference in the 
normal stress does not exceed 2k, 
the yield criterion will not be 
violated, and the stress solution 


| 
‘ 
' 
! 
' 
' 
! 
' 
‘ 
' 
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above BC may be reproduced 
as a mirror image below it. 
Alternatively, in this example, 
the straight line BC can be taken 
as a further discontinuity with 
material in a_ parallel-sided 
column below it stressed 
uniaxially perpendicular to BC, 
In the examples, both this dis- 
continuity and a variant of it 
will be employed. 


6. YIELDING oF V-NOTCHED 
Bars 


As an example of the use of 
the theorems given, consider the 
yielding of symmetrically notched 
bars in tension under plane strain 
conditions. The incomplete 
solution to this problem is due 
to Hitt (1949). In Fig. 6 one 
half of a bar of notch semi- 
angle 7/2 — a is shown with CC’ the transverse axis of symmetry. The slip- 
line OA and the condition of symmetry uniquely determines the fully plastic 
region OAB (in the absence of stress discontinuities). 4B determines the stress 
free surface AFGHK (see HiL. 1950a, p. 147), and the solution can be continued 
until BJ is reached where the slip-lines of one family run together. This con- 
figuration is termed a limit line by Pracer and HopcGe (1951, p. 149). It is possible 
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to continue the solution beyond BJ by inserting a stress discontinuity ahead of it, 
and an example is given later. For the case illustrated there are several alternative 
methods of procedure. 

(i) If the specimen sides are considered to diverge indefinitely, (a situation 
more relevant to the analogous example of indentation), the principal stress 
trajectory APA’ can be constructed. If this is regarded as a stress discontinuity, 
it can be shown that a normal uniaxial stress not exceeding the yield stress is 
transmitted across it for all possible notches. Consider the principal stress trajectory 
divided into a series of line elements over which the normal stress is approximately 
constant. The force on each element could be supported by a tensile column in 
the direction of the outward normal at the element, which, as has been stated, 
would not be stressed beyond the yield point. Since the trajectory is concave to 
the notch, an equilibrium distribution of stress could be constructed consisting 
of a radial fan of tensile columns with unstressed material lying between them. 
In the limit as the length of each line element becomes vanishingly small, the 
number of columns becomes infinite. This distribution satisfies Theorem 1. 

(ii) If the fully plastic solution is continued as far as F’ where the surface is 


parallel to the axis of the specimen, a discontinuity line FQ” can be constructed 


as shown, with the material below it stressed uniaxially parallel to the axis and 
satisfying the yield conditions. Again this distribution satisfies Theorem 1. 

(iii) An alternative solution can be constructed by quoting the lemma given 
in Section 5. The discontinuity GRG’ corresponds to this solution and the stress 
field can be extended to infinity either by alternating the solution in CGG'C’ and 
its mirror image, or by using a uniaxial tensile column terminating in GG’ as 
stated in the lemma. 

(iv) The load per unit area determined from the partial stress solution is found 
to be 2k (1 -+- «), where 7/2 a is the semi-angle of the notch. This stress could 
be just supported by a plane strain tensile column of 1 + « times the width at 
the root. The discontinuities HSH’ and HH’ can be constructed quite simply 
such that the material below HH’ is stressed to the yield point in tension parallel 
to the axis of the bar, with the material in HS//’ under biaxial stress, with one 
principal direction HH’, and satisfying the yield criterion. If the width of the 
bar is not less than FF’, a complete solution exists and the yield point load per 
unit area is 2h (1 + a). 

The methods detailed above can be used to examine bars with other notch 
shapes. The precise details of the field will be determined by the notch geometry 
The case of a V-notched bar with zero included angle is treated briefly since it 
employs the curved discontinuity line discussed in Section 5. The slip-line field 
shown in Fig. 7 with OA as the notch semi-width can be constructed quite straight- 
forwardly* with the stress free surface shown, until the slip-lines of one family) 
begin to intersect at P. The discontinuity PP’ can be constructed reasonably 
simply using the relations given in Section 5. The strength of the discontinuity 
is determined by the requirement that the slip-line field immediately to the right 
of the discontinuity is consistent with the slip-line PQ. The discontinuity RP’ Q 
is determined from the requirement that the stress below it should be a uniaxial 
tension parallel to the axis ; it is found that the yield point is not exceeded in this 


I am indebted to my colleague Mr. A. C. Raprer for drawing to my attention the ease and rapidity with 
which slip-line fields can be constructed using draughting machine 
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region. The minimum width of bar for which this solution is valid is the width 
at Q. It is found to be 8-67 times the width at the root. Thus a bar with a width 
not less than 8-67 times the width at the root will support the yield point load 
per unit area of 2h (1 + «). Hit (1950b) has considered the problem of the 
minimum width of bar that will support this load. His solution, based on a rigid 
rotation of the corners of the bar gives a width of 8-6 times the root width. Since 
it is an incomplete solution, it follows that the actual critical width lies in the 
bracket 8-6 to 8-67. 


Fig. 7. 


The problem of the symmetrical indentation of a bar by flat rigid dies has 
also been solved by HiLu (1947). He finds that the critical ratio of width to 
indenter breadth which separates the deformation modes in which the ends of the 


bar separate from those in which material is forced out at the surface is 8-75. 
This ratio should be the same as that of OR to OA in Fig. 7, namely 8-74. These 
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results are felt to be striking verification of the arguments used by HILt in arriving 
at his results. 

As an illustration of the use of Theorem 3, it is proposed to examine a particular 
case of direct extrusion. The incomplete solution shown in Fig. 8 consisting of 
the slip-line field OACD is again due to Hitt (1948b). Both the die face and the 


chamber walls are assumed 


to be frictionless. The 
deformation mode consists 
of velocity discontinuities 
along .1CD and OA with 
AOC undergoing a continuous 
deformation, There is a 
constant relative velocity at 
the walls and hence the con- 
ditions of Theorem 3 can be attained. A stress distribution which satisfies the 
stress boundary conditions for the extruded material is shown in the figure. O.AB 
is stressed to the vield point in uniaxial compression parallel to OB, and the 
material to the right of OB is unstressed. Since the conditions of Theorem 8 
are attainable, it is necessary only to find a continuation of the field OACD in 
the chamber which satisfies the equilibrium equations and the yield criterion 
but not the boundary conditions. The slip line field shown satisfies these require- 
ments. The slip-line CE is determined by AC and the axis of symmetry. CE 
and CD determine the field CEFD. Uf the straight line EF is continued to G, 
the remainder of the field ts determined. The stress boundary conditions on GD 
are not satisfied. Thus a complete solution for the relaxed boundary conditions 
exists, and hence according to Theorem 3 a complete solution with the same yield 
pone load exists to the actual 
problem. 

Finally an example in the yielding 
of a notched bar under plane stress 
conditions is considered The 
solution to this problem has been 

n bv Hus (1952a) for a 
material obeving the von Mises 
criterion The reader is 
referred to that paper for the 


possible deformation modes and 
the details of the characteristn 
networks Fig. © illustrates the 


results The angle Sw tan . \ 2 


and ¢ is given by 2 tan 6 + tan 2(a + 28 ¢) 0. The stress field of the 
incomplete solution is bounded by the characteristic BCD. When « 70° 82’. 
the field shrinks to a pair of coincident characteristics across the neck OA. 
Consider a solution in which the tensile load is ultimately supported by a simpk 
tensile column parallel to the tension axis continue the slip-line field to BEH. 


The discontinuities BEH, HG are determined as follows. Let EF GH be stressed 


to the vield point with principal axes in the directions FG, GH. This determines 
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the principal stress component in the direction FG. The tensile stress to the right 
of GH has this same value, the transverse component being discontinuous across 
GH. The location of H is determined from the requirement of statical equilibrium 
of the forces acting on OA and GH. The discontinuity BE is determined by the 
known stress in 4 BE and the known horizontal stress component in BEF (which 
is equal to the tensile stress to the right of GH). It can be shown that the yield 
point is not exceeded in BEF for all possible notches. When « 70° 32’, B 
coincides with O. For smaller angles, the stress across OA remains the same as 
the value when 70° 32’. Hence the solution for z 70° 32’ is the same 
as that for « 70° 32’, the material between the two boundaries being considered 
as stress free. Thus a complete solution exists to the plane stress problem for all 
possible V-notches. An analogous solution is valid under plane strain conditions, 
but the solution is limited to « 26° 38’. Thus a solution of this type cannot 


be used to treat the case of indentation by a flat rigid punch. R. T. Suretp* has 


pointed out that this problem can be solved by using a curved discontinuity 


of the type BE but without the requirement that the load is ultimately supported 
by a simple COTNPPessiv column. 


7. Discussion 


It is clear from the discussion and the examples given that there is an infinity 
of both stress and velocity solutions to a yield point problem in a plastic-rigid, 
non-hardening material. If the stress distribution in the rigid region is obtained 
without reference to a continuous displacement (as it has been here), it clearly 
cannot be regarded as the limit to the solution for a real material whose rigidity 
constants have become infinite. Nevertheless, the yield point loads as conceived 
here are the actual yield point loads for an elastic material with infinite moduli. 
For the significance of these loads in relation to the load-distortion curve for an 
actual plastic-« lastic material, the reader is referred to the remarks of Hii (1951, 
1952b). What relation the deformation modes obtained in the complete solutions 


bear to those for a plastic-elastic material is a subject for further research. 
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BUCKLING OF STRUTS UNDER DYNAMIC LOADING 


‘asm position the 
prapbsiy ixial load is applied 
leulations based on a theors 

wave and lateral bending 

of the equations of motion 
» lateral vement does 

sheuletin. machine 

il d time graph which 

¢ been drawn which tse a 
ting for the same period 
show that a briefly applied 
md Sippane (1050) 


s thom the ife stati 


INTRODU 


our of a strut under a dynamic axial load has been treated by numerous 

rs The first of these were Koninec and Taups 1034 who considered, 
theoretically, a pin ended strut, initially curved in the form of a half sine wave, 
and subjected to a constant axial load P for a specified period. They showed that 
if P > P,, the Euler load, the strut will deflect exponentially while the load 


is applied, and be left in a state of free oscillation after the load has been removed, 


the amplitude of the free oscillation being the maximum deflexion. When P - Ps. 


he maximum  deflexion occurs after removal of the load only if 


L the 
first circular frequency. When the form of the initial curvature contains higher 


t. 7 / Wy (1 P P,)'. t; being the time of application of the load, and w 


harmonics, these are excited by the axial load, so that when the load is removed 
the strut vibrates in as many harmonics as were originally present in the initial 
curvature. In a second paper Tavs (1934) considered the same problem when 
the end fixings were not pinned. In this case the mode shape varies with the 
axial load, so that if the initial curvature is chosen so that only the first mode is 
excited by a given load, when that load is released the resulting free vibration 
will contain higher modes. 

Merer (1945), using an analysis similar to that of Koninc and Tavs, con- 
sidered the longitudinal impact of two equal bars. The axial load and time of 


54 
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impact were calculated from a stress wave analysis, so that the impact time was 
21 y (p &) and the stress | V ¥/ (Ep), giving an axial load of 10-8 P, with the 
values used (E denotes Young's modulus, p the bar density, / its length, V' the 
relative velocity between the bars). Under these conditions the energy of lateral 
bending was shown to be negligible, a result which was confirmed qualitatively 
by Davipson and Meier (1946) who experime nted with a long bar which fell 
on to a soft spring 

LAVRENTIEV and IsHiinsky (1949), and O1 (1949), independently considered 
the relative rates with which the modes are propagated in an initially curved 
bar of arbitrary form under a suddenly applied and constant axial load. They 


showed that the lateral deflexion takes the form 


eo 


Sf, (t) sin nwa, 


" 1 


t being time, 2 the distance measured along the bar, and 7 its length. Then for 
values of nN \ P P, . ££ a proportional to exp where 
n . ’ 


m. nw, (P P, n*). If n is varied, %, iS maximum when P/2P,, 


suggesting that the most rapidly propagated mode is that whose critical load is 
nearest to half the applied load. In support of this result, Lavrentiev and 
Isuiinsky showed photographs of a strut and a tube which had been subjected 
to explosion pressures and had buckled into a number of waves. 

Pian and Sippaw (1950) carried out a very full investigation of the behaviour 
of a strut under eccentric axial loading of an impact type, but varying arbitrarily, 
in a known manner, during the impact period. To deal with this variation 
theoretically, the load was considered as a series of steps, each of which could be 
treated by the method of the previous investigators. The results were compared 
with experiments on a 5ft. strut having 1 A 1110, & being the radius of gyration. 
Loading was by means of a mass swung as a pendulum, striking one pinned end 
via a spring, the other pinned end being fixed. Loads up to 7-3 P, were applied, 
the amplitudes of modes containing one and three half waves being in good agree- 
ment with theory. Some theoretical attention was also given to the case of an 
initially curved strut under an axial load whose variation with time was given 
by a single half sine wave, the best method of solution being by numerical 
integration. In conclusion it was suggested that a load much greater than the 
Euler load could be applied to a strut if the period of application were much less 
than the first natural period of the strut. 

Similar phenomena have been investigated by Horr (1949, 1950, 1951) and 
by Horr, Narpo and Erickson (1951) who considered an initially curved strut 
whose pinned ends were made to approach each other with constant velocity. 
The purpose of this work was to discover the effect of inertia in an ordinary labora- 
tory strut test, so that the rates of loading were small. 


(ii) Scope of present work 


The present investigation has been concerned with a pin ended, initially curved, 


strut having one end fixed in position, and the other end struck by a mass, via 


a spring of arbitrary stiffness. Simple calculations using the theory of Koninc 


and Tavs (1934) suggest that, in practical cases, stress waves and lateral bending 
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are never simultaneously important. Thus the axial load in the strut may be 
regarded as constant along its length. 

When calculating the axial load it is necessary to allow for the shortening of 
the strut due to its lateral motion, and, since the shortening is proportional to the 
square of the lateral movement, the problem is non-linear. Complete solutions 
of the resulting equations have been calculated on the electronic machine Edsac. 
The results have been checked by experiment, and suggest that in practical cases 
the shortening effect does not much affect the load. The load time graph is, then, 
a half sine wave, since the coupling effect is negligible. 

With the sine wave loading, it 
is still difficult to find the strut 


detflexion, since Mathieu functions 


STIFFNESS K 


are required and are not fully 


tabulated. The analysis of 
Koninc and Tavs (1984) has 


therefore been used to provide ; 
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load in the strut being taken as 
the peak \ alue of the half sine Initially curved pin-ended strut struck at one 
." end by mass .V. 

wave The curves are therefore : 
very conservative and suggest 
that the allowable impact load is only slightly less than the allowable static load, 
in the worst cases. When the Impact load is applied for a period of the same 
order or less than the first lateral period of the bar, the allowable impact load is 
greater than the static one, agreeing with the conclusion of PIAN and Srppatui 


(1950), 


2. Tueory oF THE INITIALLY CURVED Srrutr Struck BY A Mass 


(i) We consider an initially curved pin ended strut and a mass M travelling along the line 
joining the pins, RQ in Fig. 1. The pin R is fixed in position, while Q is free to slide along RQ 
and carries a spring of stiffness A which is struck by the mass. The equation of lateral motion 
of the strut has been given by Horr (1951): 


(1) 


rv is distance measured from R, u the total lateral shift at any point and = the initial tateral shift. 
both measured from the w axis. P is the axial thrust in the strut whose sectional area is A, 
flexural rigidity B and density p. ¢ is time 

In deriving the equations of longitudinal motion, we consider the relative magnitudes of 
u, v and z where v is the shift from the curved position (z), in direction Rv, of a point on the 
strut. dv /dz is of order ¢, and du /dr of order el h, ¢ being the strain in the material, 1 the length 
of the strut, and h the distance from centroid to outer fibre. dz/dv is of the same order as dv /dr 
(about 0-002), both being smaller than du dz since //h is large (about 100). The longitudinal 
strain in the strut is then 


For longitudinal equilibrium, 
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dP 


-— = pA— (3) 
or 


We now follow previous investigators and neglect pA)? v/)? in (3), and from the resulting solution 
of (1), (2) and (8), we calculate pA)? v/)t? to see whether its neglect is justified. From (2) we see 
that, neglecting ()z/)2)*, dv /dz is always negative, so that |v| is a maximum at Q (Fig. 1) where 
v = v,, say. Thus in considering the magnitude of the term pA)*®o/)12 we need consider only v, 
which can be calculated from the equation of equilibrium for M, 


P= — Ms” = K(v, + 8), (4) 


dashes denoting differentiation with respect to time, and s the shift of the mass, K the stiffness 
of the spring. We then calculate d? v, /dt? from (4), giving 


m |d* p , 
mars "+ Pi} - 
where p = P/Pp, T Ww, t, w,” = pAE/MIl, p= 1 (1 + AE Kl}, and m pAl is the strut 


@ 
mass. If the initial curvature is z = 2c, sin n7v/l, then since the strut is pin ended, 
1 
fe) . 
u= 2 f, (t) sin nz7z/l, 
1 


from (1), and using (6) with (2) and (4), we get 


_ af sire 
+p=- <a n a7? | nm )s 


yey? 
where G = as , and Fy = f,/c, (8) 


k being the radius of gyration of the strut section. Then, if there is no coupling between the 
lateral movements of the strut and the spring mass combination, the right hand side of (7) is 
zero, and using this result with (3) and (5) we get 1(dp/dx); = — ump/M. Note that this gives 
the maximum )p/)z since (5) gives the maximum v’’. Then the total variation of p with 2, Ap, 
is limited by the relation 
A pum 
= < , (9) 
Pp M 
in the absence of coupling. If coupling occurs, so that from (7) d* p/dT? + p is of order p, then 
from (3) and (5) d)p/da and hence Ap/p are small only if m/M is small. 


(ii) Values of pm/M 


To get some idea of the values likely to be encountered in practice, we begin by neglecting 
coupling, so that from (7), the axial load is a half sine wave applied for time 7/w,. Next, we use 
the method of Koninc and Taus (1934) and consider a constant load, given by g = P/Py, 
P being the amplitude of the sine wave. The “ load”’ q, if applied for time 7/w, will then give 
greater deflexions than the sinusoidal loading. If the strut has initial curvature z = c, sin 7z/I, 
and g > 1, the maximum deflexion will be the amplitude a, of the oscillations which remain 
after the load has been removed. We use (1) to get a,, so that 


- — {[cosh (mj 4/q — 1) — 1]? + q — 1) sinh? aj4/q — 1}, (10) 
cy qg- 


and j = w,/w, is given by 
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Ifg < 1, we use cos and sin in place of cosh and sinh and also use |g 1|, unless j > 1/(1 — q)i 
when the maximum deflexion is 


a,/ey 2q/(1 — q). (12) 


If a, s to be such that the bending stress r in the strut reaches some limiting value, say 10 
tons ‘sq. in., and we take E $550 tons /sq. in., and ¢,/l 0-002, then since r/E nr ha, P, 


a,/c, = 0-0643 I/k, (13) 


taking } 0-578 as for a rectangular section. To get an upper limit for q we take the direct 
stress P 10 tons /sq. in. so that 


q 2-23 (1/100k)*. (14) 


Then eliminating j, q, @,/¢,, from (11), (13), (14) and (10) or (12), we get a relation between M/ym 
nd lk, plotted in Fig. 2, and giving the condition for bending and direct stresses in the bar 
both equal to the limiting value. In fact, the bending stress will be smaller, owing to the 

il shape of the load-time graph being sinusoidal rather than rectangular. Hence we should 
xpect greater values of M_ ym to be required, at any particular //k, than those given in Fig. 2. 
Fig. 2 also shows the relationship for a naturally straight strut, in which z = 0. In this case, 
the strut is held by stops in the form of a half sine wave, until the axial load P, produced by the 
triking mass, is the Euler load. The stops are then removed, and the motion continues freely. 


etl 


ve assume a constant impact load, as before, there is no motion ifg <1; ifq > 1, the equi- 
nt of (10) is 
ay d (q sinh? 7) Vv q t 1}3, (15) 
the initial lateral deflexion being 


tio dsin rxr/l. d/l is taken as 0-002. 


This case was considered because it is 


easier to manufacture a straight strut | 

than one bent in a half sine wave. . 2 n(t— — 
Fig. 2 shows that in practical cases, ; 
V/um > 20, so that the maximum iain oe “ee 
variation of axial load p with z, given a 

(9), is 5 per cent. This result is 

lerived from the fact that longitudinal 

strut vibrations are always more rapid 

lateral ones For appreciable 
movements to occur, the , 0/ GIVEN 8Y:- 
of the axial load must be S50 oo t 

order as the lateral 

frequenc : that although stress 

ives would cause the load to build 


NATURALLY CURVED STRUT 
ip in a series of steps, each step | 


| 


ould be small compared with the 


bering that (9) was derived 


assumption of no coupling 


en strut and spring mass 
mbination, we now consider the 
effect of this coupling = ; ; ' , . 
Fig. 2. Curves giving conditions at which direct 
stress P/A and bending stress due to impact 
iii) Complete equations of motion for buckling are both 10 tons/sq. in. 
sinusoidal initial curvature 


When the bar is initially curved in the form of a half sine wave, and z c, sin wa/l, (1) 


~ 


becomes 


d® F,/dT* + j* Fy (1 — p) ., (16) 
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where F, = f;/c,. Fy is thus the ratio of the total central deflexion to its initial value c 
and (4) can be combined to give 


p=y — GF,’, 
where y = » AEs/IP, + G. We then simplify (7) with the aid of (17), so that 
d* y/dT? + y — GF,? = 0. (18) 


The conditions at T = 0 are that F, =1, F,’ dF, /dT =0,y =G, y Q = Mu,V Pp. 
V is the striking velocity of the mass, and Q gives the maximum value of P Pp which would be 
obtained if the strut were held straight. 

When the bar is naturally straight, z 0 and (1) becomes 


d® F, /dT* + j? F, (1 — p) = 0. (19) 


(17) and (18) are unaltered in form, but y is replaced by y, pAEw /IlPp, w being the shift of 

the mass from the position in which the strut is straight. G is replaced by G, = pd*/4k?, and 

Mw, V 

—— b’, is the mass 
Py, 
E 


the initial conditions are Fy B. F, : 


velocity when the strut load reaches the Euler load, and its relation to the striking velocity 
V is given by 


S = QF +1. (20) 


(iv) Values of the independent variables 


The independent variables are then G (the non-dimensional initial curvature), j (the frequency 
ratio), and Q (the effective applied load). We have to find Q so that the maximum deflexion 
shall not exceed the value given by (13). 

In fixing G and j, the limiting values shown in Table I were employed. 


TaBLeE I. LIMITATIONS ON INDEPENDENT VARIABLES FOR EDSAC SOLUTIONS 


Lk ¢/l=d/l M/m 
200 - 0-002 < 50 


The choice of M /m is somewhat arbitrary. Using the values of Table I with (8) and (11), we obtain 


G = 97-4 x 10° M/mj? (i) 
‘ (21) 
10-6 yl? /k?, (ii) 


j Mm equation (11) can be given any value by suitable choice of » and M/m. 


(v) Edsac ressits 


The equations (16) to (19) were solved on the electronic machine Edsac at the Mathematical 
Laboratory Cambridge, the programming being done by Mr. S. Gitu. Four simultaneous first 
order equations were used in place of (16) to (19), and the Runge-Kutta method could then be 
applied. 

Most of the work was done with the equations for a naturally straight strut since the results 
could be compared with experiment. A typical results sheet from the machine teleprinter is 
shown in Table II. 


TABLE 


NATURALLY 
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STRAIGHT BAR G 0 


‘00122, 


F, 


dF, /dT 


dy /dT 


00000 
O1040 
08169 
27518 


66602 


2:36232 
3-52442 
537466 
8-17421 
1211714 


17 06522 
22-10496 
25 26499 
24-°23542 
18-08584 


704705 


0-00000 
15478 
60799 
‘BRETRS 
‘GOR83 


48666 
732100 
40686 
77165 


2-58238 


26-17324 

52781 
6 96064 
1811148 
42:31781 


ITTTS 


‘i 


00122 
37863 
7O1I2 
95585 


13270 


22465 
22821 
14358 
97498 
73106 


ws te 


~ 


— =~ © 


142554 
107759 
0-71027 
0-34482 
0-00670 


0-34206 


2-00000 


76147 
45272 
oOs6l4 
67643 


24021 
20449 
63836 
04049 
38730 


65183 
SO7T98 
846790 
TOTS 


716077 


63659 


1-00000 
137738 
1-69969 
195387 
2:12931 


2:10834 
189346 
155193 


107025 
0-48146 
0-06849 
O-37175 
0-40576 


0-41911 


4000000 


3-999980 


3999092 


4000001 


The interval of T used by the machine for integration was 0-04 while the printing interval was 


0-2 


which, for a naturally straight strut is given from (18) and (19) 


2U,zl 7 Py A? 1 


(YM, 


Taste Ill. Peak 


LOADS 


26, ( F, 2 


FOR NO 


AND IMPACT 


Q,” 


j 2 


(WY, 


TIMES FROM Epsac 


COUPLING (SINE 


WAVE 


26, (F,? 


RESULTS COMPARED 


LOAD) 


1) 


With 


The accuracy of the method is shown by the constancy of U the total energy of the system, 


VALUES 


G, 


from 


Max 
deflex 
ion 
a 


i 
I 


d or 


Arbitrary 


00-0308 


0-00122 


< 000122 


q 0-00122 


"0-005 
' 

0010 
; ool 


0-020 


0-00004 
0-00304 


19 
1 


92 


413 


0-10 

0-001 
0-004 
Oo! 


O-O13 
0-006 
0-057 


0-099 


0-012 
0-061 


0-024 
0-004 
0-061 
0-303 


0-189 
0-024 
0-705 


0-827 


0-053 


0-022 


0-0405 
00-0105 
0-08 44 
0-342 


O-245 
0-O783 
0-767 


0-955 


Buckling of struts under dynamic loading 


Note that the machine continues the 
calculation when the load is negative, 
while in actual fact the striking mass 
will spring clear. The final strut 
amplitude a, /d is calculated from the 
displacement and velocity at zero load. 
The values of Table II are plotted in 
Fig. 3 which shows that the load-time 
graph is nearly sinusoidal, indicating 
a small degree of coupling between the 
lateral movements and the spring 
motion. 

Table III gives the peak load p 4, 
from points like A (Fig. 3), in a 
variety of cases. Also given are 
bp (1 4 Q,?)3 P4, and a T;. 
(1 + Q,?)) would be the peak load 
without coupling. T;, Tp + tan" 
(1/@,) is the impact time, where Tp 
is the time from p = 1 to point B 
(Fig. 3). Fj,, 
of F, during the time of loading. 

It will be seen that the non- 
dimensional peak load py is in 
all cases quite close to (1 + Q,*)}, 
and that the difference 5p corresponds 
quite well with G, F,,,?/p,4. This 
latter is obtained from the coupling 


is the maximum value 


term in equations (17) and (18), and 
until it becomes almost unity the 
loading is approximately sinusoidal. 
This rather surprising result is due to 
the fact that most of the strut 
movement takes place during the latter 
part of the loading period. The result 
is further reflected in the difference 
7 T,, which becomes large at 
smaller values of G, F,,,7/p4, except 
in cases 9 and 10 where the small 
value of »— T; is fortuitous as 
illustrated in Fig. 4. In these latter 
cases the loading is only very approxi- 
mately sinusoidal, owing to the large 
value of G, = 0-00304, corresponding 
to M/m = 499 from (21(i)). In case 
10, there is a second impact between 
the mass and the strut after separation 
at point B (Fig. 4). This phenomena 
is further analysed in the Appendix. 


(vi) Criterion of coupling 


It would be convenient to have a 
simple criterion of coupling, from 
which to decide whether the loading 
is sinusoidal in any particular case. The 
results of Table III suggest that 
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Fig. 3. Non-dimensional values of strut central displace- 
mént F, and axial load p. “ Curvature" G, = 0-00122. 
“Load” Q, = 20. Frequency ratio j =2. Strut 
naturally straight. See also Table II. There is no 
motion until the strut load reaches the Euler load. 
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Fig. 4. Strut central deflexion F, and load p in 
cases of high coupling. Initially straight strut. 
j = 4, G, = 0-00304, corresponding to M/m = 499_ 
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G, Pin” P4 < 02 might give the necessary criterion. This would give a maximum error in peak 
load p , of about | per cent, and a maximum error in impact time of about 10 per cent. In case 1 
(Table L11), G, = 0-0898 which is the maximum obtainable if 1/k < 200, from (21 (ii)). The final 
amplitude a, /d 12-0 is also the maximum allowable from (13), but the coupling is small, 
suggesting that when j < 2 the large value of p required for lateral deflexion makes the coupling 
negligible 

When j > 2, the peak load p, is of order 1, so that our criterion becomes G, P,.* < 0-2, 


and with (21 (i)), and using (13) as an upper limit for F,,,, the criterion is 
M/m < 124/77 (23) 
This suggests that with the values of Table I, coupling can always be neglected. 


It must be emphasized that (23) is a tentative relation, further calculations for large values 


of j and for a naturally curved bar being required 


EXPERIMENTS 


(i) Design of apparatus 


The following had to be borne in mind: 
(a) A rectangular section strut was to be used, with electric strain gauges measuring bending 
stresses, and in case two gauges should be required side by side the minimum strut width was 
1 inch. The length, while being as small as possible, had to be large in comparison with the strain 
gauge, and was decided as 24 ins 
(6) To keep the buckling stress and load moderate, the strut thickness was made 0-2 in. giving 
Lk tid and P, 120 Ibs. with E 10-5 x 10° Ibs./sq. in. The first natural frequency was 


then about 32 ¢.p.s 
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Details of moving end of strut with bearings to give pin ended condition and striking 


mass and springs. 


(ce) It was decided to use j = 2, for comparison with the results of Table III, and as a basis 
for the design of the spring-mass combination to strike the end of the strut. A compromise had 
to be made between a stiff spring with a large mass and consequent low striking velocity, and a 
large mass with a soft spring, the latter having to be long enough to reach the Euler load of the 


strut. 
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The apparatus resulting from these considerations is shown in Fig. 5 which gives a sectional 
elevation and plan at one end of the strut. The axis of the strut, and its minor axis, are both 
horizontal, and each end carries ball bearings allowing free rotation about the minor axis. One 
end of the strut is fixed in position, the other end, shown in Fig. 5, being free to slide towards 
the fixed end on a horizontal table. The conditions of Fig. 1 are thereby realized 

Each end of the strut is bolted to an axle A carrying two ball bearings B. These transmit 
the axial thrust from the cage C which is rigidly clamped at the fixed end. At the moving end a 
knife edge D is held in a groove in the cage C by elastic bands. Impact takes place between the 
knife edge D and the crossbar E which joins two helical springs F in parallel. The springs are 
in turn fixed to a cage weight G suspended on four wires. The wires are arranged in two pairs 
each forming a V having its apex on the axis XX when the weight G is in the position shown 
in Fig. 5. The weight swings as a pendulum in the vertical plane containing the strut axis, the 
planes of the two V's always remaining parallel, and each wire carrying a small ball bearing for 
free rotation. Thus when the weight strikes the end of the strut it is moving along the axis XX 
with a velocity calculable from the drop height. The weight G is made in the cage form so that 
its centre of gravity should be ahead of the knife edge D during impact, giving stability of motion 

To guide the free end of the strut, the horizontal table H was provided, the surfaces on each 
side of the strut being ground in one setting. Ball bearings K, concentric with B on the axle 
A were kept in contact with the table H by the spring loaded wire J pulling downwards on the 
cage C. At one side, raised lips L guided the bearing K, preventing lateral movement of the 
strut. 

The strut was made as flat as possible (within 0-0015 in.), and an initial curvature provided 
by means of the stop M. The stop rested in a pop mark near the middle of the strut to which a 
known deflexion could then be applied by means of the screw N. A taut clastic band was applied 
to the stop M so that it was removed directly the axial load in the strut exceeded the Euler load. 

Hooks P were attached to each side of the cage weight G, so that a static axial load could be 
applied to the strut by an arrangement of wires and pulleys carrying a dead weight, and the hook 
@ enabled the cage weight G to be held back prior to release. 


(ii) Measurements 


Electric strain gauges were fixed to tne centre section of the strut, and arranged so as to give 
the curvature, with no response to axial load. This load was measured by a gauge on the back 
of the crossbar E (Fig. 5). The readings were fed on to a Kelvin and Hughes paper recorder 
giving linear response up to 80 ¢.p.s. which was adequate, the first natural frequency of the strut 
being about 32 c.p.s. The calibration of the instrument varied rather rapidly, and the maximum 
strut movement was therefore measured by a pointer which deflected an oscilloscope spot on 
making contact with the centre section of the strut. The position of the pointer was adjusted 
by trial and error so that contact was just made at each velocity of the striking mass G (Fig. 5). 

A dial gauge gave the initial deflexion due to the stop M (Fig. 5), and also the deflexion for 
“* Southwell plot” static tests. For these latter, the dial gauge had to be electrically loaded so 
that when its plunger was moved in and out by hand, the reading at which contact with the 
strut was just made could be determined. This arrangement prevented the dial gauge spring 
from moving the strut. Dial gauges were also used to give the spring compression during static 
tests. 

A “ plane table " system was employed to give the vertical rise of the striking mass, two large 


machined bars clamped to the main frame, on either side of the strut, forming the table. A flat 
cross bar, resting on both machined bars, carried a dial gauge which was thus constrained to move 
in a horizontal plane. Its plunger, travelling vertically, rested on the hook @ (Fig. 5), the gauge 
reading then giving the vertical movement of the cage weight G. 


(iii) Experiments and Results 


The cage weight was used as a time base in finding the first natural frequency of the strut. 
A rigid stop was fixed to contact the crossbar E (Fig. 5) when the weight G was hanging in its 
lowest position. The weight then swung against the stop as a simple pendulum, giving to the 
paper recorder, via the strain gauge on E, pulses whose frequency could be accurately timed, 
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and compared with vibrations from the gauges on the strut when this was vibrating freely in 
its first mode. 

A static loading test was carried out to determine simultaneously the strut Euler load and 
initial curvature from a * Southwell plot,” and also the stiffness of the coil springs F. 

The * Southwell plot " gave P, between 121 and 126 Ibs. while the measured natural frequency 


31-7 ¢.p.s. corresponds with P, 125-6 
‘ } ct a | (is b 30 


Ibs. and the value Py, 125 Ibs. was 


To get G, = 0-00122 as in Table TI, 
a central strut deflexion of 0-053 was 
required, and since the calculated self 


used in comparison with theory | 
| 


THEORETICAL CURVE 
weight deflexion was O-Ol2 in. (the (TABLE DD y02, CG. 0.00122)___} 
| 


Southwell plot gave 0-010 in.) the total | 
upward movement on the stop M 
(Fig. 5) was 0-065 in. j} was made 2-0 | 
by adjusting the cage weight mass to 
20-6 Ibs., giving M/m 12-6. Various 
values of Q, were obtained by varying 
the drop height of the cage weight, and 
Fig. 6 is the resulting graph of 
maximum strut deflexion against Q, 
compared with the theoretical results 
from Table III. At each drop height, 
an impact with the strut held straight 


4.0 
gave strain gauge readings of strut load. 


These readings were compared with the Fig. 6. Maximum strut deflexion F (non-dimensional) 
corresponding readings when the strut against applied load Q = (1 + (Q.?))3. Q would give 
deflected, and confirmed the results of (P Pp) max without coupling. Initially straight 
Table III in giving a negligible change strut. Experimental points O. 

of peak load Sp due to coupling. 


4. PracticaL APPLICATION 


The results of the foregoing sections can be applied to the design of compression 
members subjected to single impacts such as cranes and railway carriage or air 
frame components. 
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Fig. 7. Full curves give allowable constant strut load q when applied for time /w, to naturally 
curved strut. Dotted lines give allowable static load for same final amplitude. 
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It we accept the conclusions of Section 2, then in practical cases : (i) The effect 
of stress waves is negligible, so that the axial load in the strut is always constant. 
(ii) The effect on strut load of strut shortening due to curvature is negligible if 
M/m < 50. This means negligible coupling so that the load-time graph is a half 
sine wave. Then the curves shown in Fig. 7 may be applied. Each full curve 
shows the constant load which may be applied for time 7/w, at the given value 
of a,/c,. The points obtained from the theory of Table III show that a much 
higher peak load can be applied 


WITH CIRCULAR FREQUENCY 2, 


when the load-time graph is MOTION OF STRUT END. SINUSOIDAL , 


sinusoidal rather than STRUT LOAD » 
rectangular. The static load 


which may be applied is given 
by a,/c, = q (1 —q), and for a 
particular gq, is half the maximum 
dynamic deflexion from (12). But 
the reduction in dynamic load 
to make the two deflexions equal Cast o(TaBLE 
is small. Hence for large a,/c, 
the allowable static and dynamic 
loads are nearly equal. 

It must be understood that 
the above theory can be applied 
only to the single impact case. If = ae 


MOTION OF MASS 


STRUT LOAD p MOTION OF 
STAUT END 


SECOND IMPACT 


the axial load is oscillatory, as 


for example, when a mass bounces 


on a crane rope, the problem is ee Pee 


completely altered. The ee 

possibility of resonance between Fig. 8. Behaviour of otrut and mass immediately 
the periodic onic’ tend end the after zero strut load. See Fig. 4 for previous motion. 
strut then exists. When the axial 

load is a continuous sine wave, the resonant frequencies can be found from the 
theory given by Ernaupt (1935 and 1936), Uripa and Sezawa (1940), LuBKIN and 
SToKer (1943) and McLacuian (1947). This latter theory is not applicable to 
the crane problem, where the load is essentially a transient vibration. It is felt 
that further work with this problem should begin with an experimental 
investigation of the nature of the transient load. 


ACKNOWLEDGMENT 


The work described in this paper was carried out in the Engineering Laboratory, 
Cambridge University, and the author wishes to thank Professor J. F. Baker 
for his encouragement. He wishes to acknowledge also the sponsorship of the 
Aluminium Development Association and the assistance of Mr. S. Gru of the 
Mathematical Laboratory Cambridge, who carried out the programming on the 
electronic calculating machine Edsac. 


J. F. Davipson 
APPENDIX 
Double impact 


To find out whether a double impact will occur, we consider the motion of the end of the strut, 


whose displacement is [ G, F 3. When the load is zero, F’, is a harmonic oscillation Fy (a, /d) 
sin (JT + 4) so that [ will be harmonic and of circular frequency 2j. The values of a,/d and ¢ 
are found from the values of F, and F,’ at point B (Figs. 4 and 8) when the load is zero. The 
motion of the mass after point B is given by a straight line determined by the velocity at B. 


It is evident from the results of Fig. 8 that a high degree of coupling is necessary to give double 


impact. 
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CORRIGENDA : THE AUTOFRETTAGE OF THICK TUBES 
WITH FREE ENDS 


G. B. THomas 
( Received 17th July, 1953) 


Dr. Korrer, of the Technische Hogeschool, Delft, has pointed out (private communication) 


that the writer's solution (Tuomas 1953) does not satisfy the condition 


26v Y 


which he obtained by substituting derivatives from equations (2), (3) and (12) in equation (11) 
(where the numbers refer to the original paper). Investigation has revealed an error in the solution 
of equations (18) and (19). Corrected results, which satisfy Korrer’s condition at the origin, 
have now been calculated and are discussed below. 

The most significant changes are in the axial stress. In the curves of axial stress against position, 
the maxima are flatter than in Fig. 3 and, for c 1-5a, the corrected curve lies between the T 
and A-S curves of Fig. 4. The values of q now lie between — 0-021 and — 0-472, and are uniformly 
more positive, so that the Tresca yield criterion is nowhere violated. The mean m value mentioned 
in Section 4 is unchanged, but the maximum local relative error in using the stated approximation 
to the Mises yield criterion is reduced from 17 per cent to 12 per cent at ¢ b = 2a, decreasing 
rapidly with ¢ and r as before. 

Smailer changes occur in the strains. The corrected curves of axial strain and external expan- 
sion against c now differ from the A-S curves of Figs. 5 and 6 by only + 3} per cent and 

} per cent respectively at c = b. The internal expansion is descreased by less than 1 per cent. 

It is now possible to improve the approximation (26) for the axial strain. If the axial stress 

in the elastic region is represented by a linear function of c, 


Ec. vc* c 
= = +4 0-035 | —1 
Y b- 1 


with a maximum error of 3 per cent. 
The revised table of computed quantities is given below. 


(E@/Y), — E«,/Y (o,/¥), 
0-250 0-075 0-000 
0-302 0-090 0-001 
0-359 0-104 0-004 
0-420 0-119 0-008 
0-486 0-134 0-013 
0-557 0-150 0-019 
0-633 0-168 0-024 
0-714 0-188 0-029 
0-800 0-211 0-032 
0-893 0-238 0-032 
0-992 0-272 0-028 
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Certain misprints in the previous paper should be noted. In equations (13) and (27), a factor 
of } should multiply c? /b?, while in equation (19), the coefficient of A c/b? should be negative. 

Since the writer's paper was published Korrer (1953) has obtained an analytical solution of 
the problem using the Tresca yield criterion and Tresca plastic potential. A feature of this 
solution is that the axial stress increases until, at the bore, it is equal to the circumferential 
stress, and violation of the yield criterion is imminent. This differs from the results for a Mises 
potential, for which the criterion is violated, if at all, when the axial stress at the outer surface 


becomes equal to the radial stress there. 
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BOOK REVIEWS 


A. H. Corrrett: Dislocations and Plastic Flow in Crystals. Clarendon Press, Oxford. 
1953. x + 223 pp. with 93 illustrations and diagrams. 25s. 


Ir was recognized in 1926 that if a crystal was perfect, then the stress necessary to cause plastic 
flow would be some thousand times greater than is observed experimentally. To explain the 
weakness of crystals some defect in their structure must be supposed, and about 1934 a particular 
form of defect, the dislocation, was postulated. In the last twenty years much research, both 
theoretical and experimental, has been undertaken to explore the properties of dislocations, and 
the results have been published in papers scattered among many journals. Until the welcome 
appearance of this book, there was no comprehensive account of all these developments and, 
since progress in dislocation research is still rapid, there must be a natural reluctance to undertake 
the great labour of writing a book because of the possibility of it rapidly becoming obsolescent. 
However, such a book was very desirable at this time and the author is therefore to be congratu- 
lated for having the courage to write this apposite account, while the publishers should be 
commended for making the book available so speedily. In general, all important contributions 
to the topic up to the end of 1952 are covered and a very full series of references is given. 

The essential purpose of the book is to present an account of contemporary dislocation theory 
as fur as it has been developed. Throughout, only those experimental observations are discussed 
that are relevant to the various aspects of dislocation theory, and the book does not purport 
to cover all the experimental details of the various aspects of plastic deformation. The engineer, 
for instance, may be disappointed to find but a few lines relating to the fatigue of metals ; this 
omission is deliberate, since dislocation theory has, at present, little to say about fatigue 
iehaviour. The author, who has himself made both theoretical and experimental contributions 
to the field, has generally managed to preserve a good balance between them, although occasionally 
there is a tendency to discuss the experimental evidence in insufficient detail. There is no doubt 
that the zealots in various experimental branches will complain that particular aspects have 
not been given the prominence they deserve. 

Chapter I is concerned with the basic features of slip in crystals, the necessity of supposing 
defects in crystals, and the general features of dislocations. Chapter II is devoted to an analysis 
of the stress and strain fields around dislocations. In Chapter III the properties of dislocations 
in particular types of crystal structure are discussed and the explanation of certain basic facts 
of plastic deformation examined. These three chapters occupy rather less than half the book 
and this part is likely to remain unchanged by any future developments 

The remainder is concerned with the application of the basic knowledge so far gained to various 
phenomena. Chapter IV deals with the factors influencing the yield strength, interpreted in 
its broadest sense, and involves a discussion of age-hardening alloys, alloys with a sharp yield 
such as steel, and the relation between polycrystal and single crystal properties. The theory 
here is fairly well established and a clear-cut treatment is possible. In Chapter V, the discussion 
turns to work-hardening, annealing and creep. In these branches, as the author himself points 
out in the Preface, questions are still far from settled and in places the theoretical treatment 
is necessarily somewhat speculative, although the author has succeeded in his attempt “ to 
present a fairly coherent story based substantially upon the main stream of present-day 
opinion.” 

Dislocation theory was born out of a quantitative discrepancy between earlier theories and 
experiment, and its continued place in the field must depend on its success in explaining experi- 
mental phenomena in a quantitative manner. Any worth-while book on dislocation theory must 
therefore contain a certain amount of mathematical treatment. In this field, where a precise 
formal treatment is impossible, some arbitrary level of mathematics must be selected and the 
problems simplified so that they can be tackled at that level. The author has chosen to derive 
formulae by using fairly simple physical concepts, thereby avoiding the more difficult mathematics, 
and where the formulae so derived differ from those given by more advanced treatments the 
results of the latter are quoted. The reader is not expected to possess any great mathematical 
gifts, and there is nothing more difficult than, say, simple elasticity theory, This treatment will 
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disappoint the mathematical physicist, who would prefer the more formal treatment, and will 


n * enlighten the type of metallurgist to whom any mathematics is an affliction, but is well 
chosen to suit the majority of readers 

Although the author has succeeded in his attempt to keep the mathematical treatment simple, 
it cannot be said that the first three chapters of the book will be found very readable by those 
who must take their mathematics slowly and in small doses The two later chapters, where 
specific problems concerned with the deformation of crystals are considered, are much more 
lees mathematical reader would be well advised to start his reading here, 
An excellent series of cross references 


readable and the 
preferably selecting the topic in which he is most interested 
is carried on throughout the book, and the reader is thereby referred to the appropriate earlier 
parts of the book, an understanding of which is essential to the particular aspect of the theory 


he is studying. This would be a very convenient way of breaking the essential preliminary 


mathematics into easily assimilated small doses. 


It must be emphasized, however, that many readers will wish to read the book in the order 


it is presented and there can be no suggestion that the present lay-out is other than the best 
With the proviso that a little more space could have been devoted to experimental 


possible 
and the writing is always to the point 


evidence, the length of the book appears to be adequate 
without becoming so terse as to be incomprehensible 
This book. then. is extremely welcome not only because it is the first to cover all aspects of 
dislocation theory, but because it follows adequately the difficult course between the excessively 
The book will appeal to all connected with research on 


theoretical and the purely descriptive 
can well be recommended 


the plastic flow of crystalline solids and, since the price ts very reasonable, 


for their personal library 
G. B. GreEnovucn 


The Cold Working of Non-ferrous Metals and Alloys. Institute of Metals Monograph and 
Report Series No. 12, London 1952. 15s. Od 
Ine subtitle of the monograph is misleading : of five papers only the first is strictly confined to 

metallurgical aspects of the subject,’ the second is about lubricants, the third deals with the 
engineering aspects of rolling, and the fourth and fifth are reviews of wire drawing and deep 
drawing practice in the widest technological sense. Undoubtedly, the Institute of Metals has been 
wise to interpret the terms of reference of this symposium with discretion, for in this field, 
more than any other, it is often impossible and always undesirable to stick rigidly to only one 
of the many technological disciplines involved. The cold working processes here considered 
depend just as much on the geometry of tools, machine design, and lubrication, as on the metallur- 
gical properties of the stock, and all factors are closely interrelated 

While the originators of the symposium were thus right to cast their net wide, it is debatable 
whether they have caught the right fish. The first paper by Cook and Ricuagps is an excellent 
survey of its kind, but it covers only the structural aspect of the * fundamentals * of cold working, 
and it is a pity that the subsequent technological papers were not further backed by a companion 
survey of the fundamental mechanics of cold working. The second paper, on lubrication, is 
out of tune with its companions ; its point of view and its level of scholarship are more appro- 
priate to technical or trade journals than to publications of a learned Institution. Admittedly, 
our knowledge of lubrication in metal working lags behind knowledge of its other aspects, but we 
have outgrown the metaphysics of “ lubricity and “ tackiness"’; The reviewer can think of 
three symposia by learned Institutions on the chemical and physical aspects of boundary and 
thin film lubrication, which would have provided ample material for a review of up-to-date 
knowledge in this field and served as a unifying background to some of the author's shrewd 


observations on specific practical problems. The remaining three papers are excellent surveys of 
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existing practice and of technological knowledge and contain many stimulating ideas about 


future developments. 

Symposia are fashionable, but do they fill a real need? Technical and scientific knowledge 
is proceeding at such a pace that it is imperative to take stock at frequent intervals. Treatises 
take so long to write and date so quickly, that monographs are claiming an increasing share 
of our personal libraries, —- not least because of their moderate price. Among these ** Penguins ” 
of technical and scientific literature the Institute of Metals monographs are second to none, 
in standard of scholarship and of publishing. The present one, though uneven in the level of 
its papers and perhaps a little uncertain in its choice of topics, is nevertheless a most informative 
book to read and to refer to, not least because of the well-edited discussion which — making 
allowance for the smaller print — occupies more than half as much space as the papers, and which 


most worthily supports and supplements them. 
J. G. Wistreicn. 


F. B. Seery and J. O. Smirn : Advanced Mechanics of Materials. John Wiley & Sons Inc., 
New York, Chapman & Hall, London. 1952. xvii + 680 pp. $8.50 or £3 8s. Od. 


Tuts second edition of a volume first published in 1932 is essentially a new book, as a result of 
considerable revision and additions made necessary by advances in methods of analysis and by 
altered emphasis on the importance of certain topics. The Authors set themselves the formidable 
task of producing a book of value both to advanced undergraduate and to first year graduate 
students, which might in addition prove useful in engineering offices. While the simplified 
methods and graphical results may well be of assistance to a designer, the advanced material is 
too condensed to satisfy the needs of most graduate students. As a textbook for use in degree 
courses in Great Britain, however, this edition contains many chapters that will cover the 
subjects taught during the second and following years. The fundamentals are discussed lucidly, 
and the limitations of methods of analysis are clearly defined. Illustrative problems and the 
selected bibliography enhance the value of the book. 

The subject matter is divided into six parts, the first of which is relevant to a first course 
in Strength of Materials. This contains a discussion of modes of failure of members and of design 
procedure which is not to be found in other textbooks. The second part, nearly half the book, 
is devoted to the study of special problems of strength and stiffness of members under static 
loading. In addition to the analysis of a number of flexural and torsional problems, an exhaustive 
treatment of thick-walled cylinders is included. The chapters on the bending of flat plates and 
contact stresses are marred by lack of detail and over simplification, and might mislead the average 
student. Following a short section on stress concentrations, the methods of strain energy are 
presented. Their application in the field of indeterminate structures is illustrated, but no indication 
is given of methods useful in solving instability problems. The section dealing with the effects of 
small inelastic strains provides an introduction to limit design methods, and is a worthwhile 
addition to the orginal text. The remaining additional section, * Introduction to Instability,’ 
discusses the buckling of columns, cylinders and plates. Thoretical treatment of the elastic 
buckling of struts is limited to a statement of Euler's solution ; on the other hand, the tangent 
and reduced modulus approaches to plastic instability problems are defined and their significance 
is discussed rationally. Cylinders collapsing under external pressure provide a better exercise in 
analysis, but the section leaves the reader ill equipped to tackle the many problems of instability. 

The shortcomings of this book may chiefly be attributed to the Authors’ assumptions that 
differential equations and the elementary theory of elasticity are hurdles as yet uncrossed by its 
readers. The technique of teaching by repetition of facts is also better tolerated in the lecture 
room than in print. Despite these criticisms, this revised edition may claim a high place among 


the many textbooks that serve this field of study. 
A. R. Fut 
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C. S. Barrerr: Structure of Metals. 2nd. Edition. McGraw-Hill Book Company Ine. 
1952. pp. xvi + 661. 10$ or 72s. 6d. 

In this second edition of his invaluable and immensely impressive book, Prof. Barrett has 
mode extensive additions of material, amounting in all to about one hundred pages. Much of 
the rest has been re-written and brought up-to-date. There are also certain important changes 


of emphasis ; for example, the chapter on X-ray measurement of stress in crystalline aggregates 


now concludes with a word of caution. The chapters chiefly expanded are those entitled : 
Laue and Fixed Crystal Methods ; Powder Method ; Superlattices ; Age Hardening and Trans- 
formations ; Diffraction of Electrons, Atoms and Neutrons ; and Dislocation Theory. The latter 


replaces the original title : Theories of Slip - a change that epitomises the major development 
in metal physics since the first edition appeared in 1943. 
R. Hit. 
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ON THE USE OF HODOGRAPHS IN PROBLEMS OF 
PLANE PLASTIC STRAIN 


By A. P. GREEN 


The British Iron and Steel Research Association, Sheffield 
(Received 10th July, 19538) 


SUMMARY 

Tue paper describes the properties and uses of the hodograph of the velocity distribution in an 
ideal plastic-rigid body undergoing plane plastic deformation. The network in the hodograph 
plane corresponding to the slip-line field in the physical plane has the same distinctive geometrical 
properties as a slip-line field. The method, which was first developed by the writer in 1951 to 
help to solve the problem of strip compression between two smooth parallel dies, assists the 
solution of mixed boundary value problems ; it is useful for checking whether the rate of plastic 
work is everywhere positive ; and it enables rapid graphical calculations to be made of velocity 
distributions. It is applied to the problem of the compression of a block between rough parallel 
dies, and Nadai’s limiting distribution of velocity is justified. Its use in the solution of problems 
for which the configuration is geometrically similar at all stages of the deformation is also briefly 
discussed. 


1. INTRODUCTION 


Tue purpose of this paper is to draw attention to a method of representing graphi- 
cally, by means of a “ transformed velocity field,” the velocity distribution in 
an idea! plastic-rigid body undergoing plane plastic deformation.* The method 
was proposed by the writer in 1951, but does not seem to be widely known. The 
transformed velocity field is in fact a hodograph, and this term, which was first 
used in this connection by PraGer at a Summer School on Plasticity at the 
Imperial College, London, July 1952, will henceforward be used instead of “ trans- 
formed field.” 

After an account of the properties of hodographs, some applications are discussed. 
In certain exceptional problems the slip-line field and hodograph are identical. 
One such example which is examined here is the problem of compression of a 
wide block between rough parallel dies. The approach to a limiting distribution 
of velocity at a sufficiently great distance from the centre of the block is 
investigated by means of the hodograph. 

Finally, it is observed that the “ unit diagram’ method (HILL 1950, p. 213) 
of analysing the deformation, in problems where the configuration is geometrically 
similar at all stages, makes implicit use of the hodograph. The condition for 
continuing geometrical similarity of the surface is formulated as a relationship 
between the hodograph and the curve representing the free surface in the unit 
diagram. 


® For an account of the theory of plane plastic strain, see R. Hitt, The Mathematical Theory of Plasticity, Ch. VI 
(Clarendon Press 1950). 
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2. GEOMETRICAL PROPERTIES 


Following the usual notation, the two sets of orthogonal slip lines in a plastic 
region are labelled a-and f-lines. By convention, if the a-and £-lines are 
regarded as a pair of right-handed curvilinear axes, the line of action of the 
algebraically greater principal stress falls in the first and third quadrants. The 
velocity components at any point P referred to « and § directions are denoted 
by u and v respectively. The anti-clockwise angular rotation of an a-line from 
some fixed direction is denoted by ¢. 


B 


a b a 
Fig. 1. Corresponding points in (a) a slip-line field and (b) a hodograph. 


The resultant velocity at P is represented in the hodograph by the vector 
O'P’, where O’ is a fixed origin and the vector is equal in magnitude and parallel 
in direction to the velocity at P (Fig. 1). Let a’ and f’ be a right-handed pair of 
orthogonal directions taken through P’, which are oriented so that their clockwise 
angular rotation from the « and § directions respectively through P is 7/2; 
i.e. 6’ = d — 7/2, where ¢’ is defined in a similar manner to ¢. The co-ordinates 
(c’, y') of P’ with respect to O' and referred to axes through O’ parallel to the 
x’ and £' directions at P’ are 


a’ 1 u. (1) 


Then, as the writer has shown (GREEN 1951), the network traced by P’ in the 
hodograph plane, that corresponds to the slip-line field network traced by P, 
consists of the orthogonal «’-and f’-lines, where « + «' and 8 > ’ (if P is traced 
in the positive « direction, P’ may move in either the positive of the negative «’ 
direction). Thus, the hodograph has the distinctive geometrical properties of a 
slip-line field, since the angular variations between corresponding points are 
identical in the two networks.* GEIRINGER’s (1930) velocity relations in the slip- 
line field, viz : 


du —vdé = 0 along an «-line, 


and dv + udé =0 along a f-line, (2) 


* An alternative proof of the essential geometrical properties of the hodograph has since been given by Pracer 

July 1952, Summer School on Plasticity at Imperial College, London). The proof is derived directly from the fact 
that the rate of extension is zero in the slip-line directions. It follows that the line element between two adjacent 
points P,, P,, on a slipline is perpendicular to the vector representing the increment in velocity between the two 
points, which is in turn parallel to P, ‘P,' in the hodograph plane 
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dy’ + z'd¢’ = 0 along an «’-line, 
and dz’ — y'd¢’ = 0 along a f’-line, (3) 
in the hodograph. 

A velocity discontinuity, say of magnitude Au across an «-line, is always 
constant along the length of the slipline. In the hodograph the velocities on either 
side of such an a-line are mapped as two parallel «’-lines connected by straight 
B’-lines of equal length Au =| Ay’|. A non-rotating rigid region becomes a 
single point in the hodograph. In practice a velocity discontinuity often occurs 
across a slip line that separates a rigid from a deforming region. The velocities 
on the deforming side of such a slip line are mapped as a circular arc, with the 
point representing the rigid region as its centre of curvature, and with radius 
equal to the velocity discontinuity. If, however, a rigid region is rotating, the 
velocities along any curve in that region (including for example a slip line bounding 
the region) are mapped as a geometrically similar curve rotated through an angle 
7/2 in the same direction as that of the rigid body rotation. Points representing 
the velocities of deforming material in contact with a flat rigid die (rough or smooth) 
lie on a straight line. 

The radii of curvature R, S, R’, and S’ of the «-and §-lines through P and 
the «’-and f’-lines through P’ are defined by the equations 


(4) 


(and similarly for R’ and S’) where ds, and ds, are a right-handed pair of elemental 


arc lengths measured along the slip lines. The effect of superimposing a uniform 
velocity of translation on the deforming body is only to move the origin of the 
hodograph, while its shape remains unaltered, (i.e. R’ and S’ are not affected). 
The shape is changed, however, if a uniform rotation about any fixed point is 
superimposed. An angular velocity w in the clockwise direction changes the 
radii of curvature at P’ from R’, S’, to 


RR’ =R' +R, 8,’ =S' +S. (5) 


8. Prastic Work 


The rate of plastic work per unit volume at P, expressed in terms of the radii 
of curvature in the slip-line field and hodograph (GrEEN 1952 and 1953), is 
; Ss R - 
by =k (5 — Bp 7 
where k is the constant maximum shear stress in the plastic region, and y is the 
maximum shear strain-rate at P (twice the tensor component). If the signs of 
the terms S’/S and — R’/R in (6) are found to be the same merely by examining 
the general form of the two networks, laborious calculation of the radii is not 
necessary in order to ascertain whether the rate of plastic work is positive through- 
out a slip-line field with a certain associated velocity distribution. The sign of.the 
work of instantaneous shear done as an element crosses a velocity discontinuity 
must, however, be checked separately since (6) provides no information about this. 
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4. Tue Ipentitry or Siip-Line Fretp anp HopoGrapu IN CERTAIN PROBLEMS 


In the particular problems of symmetrical compression of a strip between 
smooth parallel dies and of sheet-drawing through a smooth wedge-shaped die, 
it was observed (GREEN 1951) that the slip-line field and its corresponding networks 
in the hodograph plane are identical geometrical configurations (with certain 
boundaries interchanged). This enabled the exact solution of the compression 
problem to be obtained for (die-breadth) /(strip-thickness) ratios greater than one, 
and the form of the slip-line field in sheet-drawing to be found qualitatively in 
certain ranges of die-angle and reduction for which it was not previously known. 
If the compressing dies are rough, a similar identity holds between hodograph 
and slip-line field in all the solutions described by H1Lt (1950 pp. 228-234). This 
problem is discussed further in the following section. 

In general, however, such identity does not occur, and when it does it is a 
fortuitous product of simple boundary conditions. The hodograph and slip-line 
field are different, for example, in the problem of extrusion through a square die 
if the walls of the container are rough (HLL 1947). Consider also the hodograph 
for the expansion of a semi-cylindrical cavity in the surface of a semi-infinite 
block (HiLi 1948) ; it is a single circular arc, since at any instant the magnitude 
of the velocity is the same at all points in the deforming regions. This differs of 


course, from the slip-line field*. 


5. COMPRESSION BETWEEN RouGH PARALLEL DIEs 


Consider a rectangular block of material compressed in plain strain between 


two rough parallel dies that do not overlap the ends of the block. The breadth of 
the dies and the thickness of the block are denoted by 2w and 2h respectively. 

Solutions for which the slip-line field and hodograph are identical are :— 
(1) 1 w/h < 8-64 (Hitt 1950, p. 230); the material in contact with the 
dies is rigid; the range of frictional conditions for which the solution is 


valid is not known. 

8-64 < w/h (Hitt, Ler, and Tupper 1945 and 1951); the dies are so rough 
that the frictional stress, r,, which is induced over the plastically deforming 
regions, is equal to k, the yield stress of the material in shear, and hence 
one family of slip lines meets each die orthogonally. 

Solution (ii) modified for partially rough dies (H1LL 1950, p. 231); 7, has 
some constant value mk (m <1) so that the slip lines intersect the dies 
at constant angles. This is an artificial condition, chosen for simplicity. 
If the coefficient of friction were constant, the angle of intersection would 
vary with normal pressure along the dies, and the slip-line field would 
not then be identical to the hodograph. 

The solution (ii) for perfectly rough dies (m = 1) and that for perfectly smooth 
dies (m = 0) are, clearly, limiting cases of solution (iii). Corresponding quadrants 
of the slip-line field and the hodograph of solution (iii) for w/h ~ 6-9 and m ~ 0-91 
are shown in Fig. 2. They are drawn here to the same scale but the actual ratio 
of their dimensions is U /h, where U is the speed of the dies. The solution is only 
valid for those values of w/h for which the velocity discontinuities (shown by 


* It was previously stated incorrectly by the writer (GREEN 1951) that this was an example of indentical networks. 
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thickened lines in Fig. 2a) initiated at the block centre, 7’, terminate at the edges 
of the dies and not on the exit slip lines. In comparing the shapes of the networks, 
it can be seen that certain boundaries are interchanged. The velocity of the 
rigid wedge at the centre corresponds to the singularity in the slip-line field at 
the edge of the die, and, vice-versa, the velocities at this singularity correspond 
to the plastic-rigid boundary at the centre. 


Fig. 2. Corresponding quadrants of (a) the slip-line field and (b) the hodograph for compression 
between partially rough dies (w/h ~ 6-9, m ~ 0-91). 


The magnitude of each velocity discontinuity propagated from the centre is multi- 
plied at each reflection at the dies by the factor tan#, where @(< 7/4) is the 
angle at which the « — lines in Fig. 2a meet the die, and m = cos 26. Hence the 
discontinuities are progressively diminished toward the edge, unless the die is 
smooth. Correspondingly, the straight line regions in the slip-line field are 
reduced in length towards the centre by the same factor at each reflection 
from the die. If w/h is very large it might be expected that the field of slip lines 
approaches PraNnpTL’s (1923) cycloid solution. This limiting field consists of 
that part of two orthogonal families of cycloids which is contained between the 
two parallel lines that meet the sliplines at the angles @ and 7/2 — 6(0 < @ < m/4), 
where cos 20 = m. Fig. 3a shows the top half of such a field on the left-hand 
side of the block. It has been shown (Hut et. al 1945) that, when m = 1, such 
a configuration is in fact approached in a quasi-oscillatory manner. It seems 
reasonable to suppose that, when m < 1, a similar approach is made, though 
probably more slowly the smaller the value of m. The identical hodograph, of 
course, approaches the same limiting configuration at a sufficiently great distance 
from the centre. 

Let (x, y) axes of reference be taken such that the axis of x coincides with the 
horizontal axis of symmetry, and the axis of y passes through the left-hand edges 
of the dies (Fig. 2a). If, at a large distance from both the centre and the edge, 
both the slip-line field and the hodograph approximate to Pranprw’s field, the 
strain-rate in that region is independent of 2. The distribution of velocity can be 
deduced from the two cycloidal networks (Fig. 3). Suppose that through any point 
P (a, y) the 8 — line and the perpendicular to the z-axis cut this axis at the points 
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@ and N respectively, and that the magnitudes of z and of the velocity at an 
arbitrarily chosen point Q, on the horizontal axis of symmetry in the uniform 


region are zg and u, respectively. Then the Cartesian components of velocity at 
P are 
u u, + Q,'Q +Q'N’, : re (7) 


= 


Since the networks are similar. 
® ‘@ = (U/h)Q,@ (8) 


and their cycloidal form leads to the expressions 


w——> DIE CENTRE 


ee 


b 
Corresponding regions of (a) the limiting slip-line field and (b) the limiting hodograph, 


Fig. 3 
for compression between partially rough dies 


QN A (2A + cos ZA)/m, 
PZ N U (2A +1 cos 2A)/m, (9) 
PN y A (sin 2A)/m (A/U) PN’, 


where A is the angle turned through by the 8-line between Q@ and P and by the 


8’-line between Q’ and P’. Hence from (7), (8) and (9), 


2 2" . t 
= J(: ns ) +6, (10) 


where C is a constant. These expressions are the same as those due to Napalt, 


who suggested them as a possible limiting velocity distribution. The present 


analysis demonstrates their uniqueness for the boundary conditions of this problem 


and shows that they are approached in regions where not only the slip-line field 
but also the hodograph tends to Pranprtw’s cycloid solution. The constant C is 
determined, as Hits. shows, by the condition that the horizontal flow across a 
vertical section is equal to the rate at which material to the right is displaced 


by the dies. This gives 


(1 m*), 
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6. PROBLEMS INVOLVING GEOMETRICAL SIMILARITY 


In the simplest kind of non-steady motion problem the configuration remains 
geometrically similar as deformation proceeds. Two such problems for which 
solutions exist are the indenting of the plane surface of a semi-infinite block by 
a wedge (Hitt, Ler, and Tupper 1947), and the expansion of a semi-cylindrical 
cavity in a similar surface (H1LL 1948). It is interesting to observe that the ‘ unit 
diagram ’ method, which was developed in the wedge-indentation solution, for 
determining the history of deformation of any particular element, implicitly 
involved the construction of the hodograph. 


To obtain this unit diagram, the slip-line field at any stage of the deformation 
is scaled down to the same size by reducing to unity a characteristic length, c¢, 
defining the stage (e.g. ¢ might be the depth of penetration of a wedge). The 
hodograph of the velocity distribution corresponding to the slip-line field is con- 
structed with its origin at the origin of distortion, and the velocities are referred 
to ¢ as the scale of “ time,” so that this network also is fixed in size and shape as 
deformation proceeds. Then, in the unit diagram, a point P moves towards P’, 
its corresponding point in the hodograph, with a speed equal to PP’/c. Thus 
the path of an element in actual space is represented by some trajectory in the 
unit diagram. In particular, the curve in the unit diagram corresponding to the 
free surface @ must be the trajectory for surface elements. Hence the tangent 
at any point P on this curve must pass through its associated point P’ in the 


hodograph. 


This condition enables the surface corresponding to a tentative velocity dis- 
tribution to be constructed. For example, if the surface is rigid and moves without 
rotating, it must be straight (as in the solutions quoted) ; if, however, it rotates 
with angular velocity w, it must take the form of an equiangular spiral whose 
tangent at any point makes an angle tan~' w with the radius vector. If the surface 
is deforming it must be the envelope of straight lines drawn through associated 


points in the hodograph to bisect the angles between the «’ and £’ directions. 


CONCLUSIONS 


The hodograph has proved most useful where, in certain problems with par- 
ticularly simple boundary conditions, it has been found to be indentical with 
the slip-line field. Such identity does not generally occur, and it must be emphasized 
that the hodograph does not provide a general method for solving mixed boundary 


value problems that eliminates the element of trial and error. It does, however, 


assist the process of solution by enabling various conditions to be expressed in 
geometrical form. Velocity boundary conditions impose geometrical conditions 
on the hodograph just as stress boundary conditions often impose geometrical 
conditions on the slip-line field. The condition of geometrical similarity is 
conveniently expressed as a geometrical relationship between the hodograph and 
the free surface. By means of the hodograph tentative solutions may be rapidly 
investigated to check whether the rate of plastic work is everywhere positive. A 
given velocity distribution may be calculated quickly and easily by mapping the 


hodograph network on a drawing board, thus avoiding lengthy analysis or numerical 
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computation. Alternatively, it may be found that the hodograph is a standard 


network which has already been computed such as, for example, the field defined 
by two circular arcs. 
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CALCULATIONS AND MEASUREMENTS ON 
WEDGE-INDENTATION 


By J. Grunzweic,* I. M. Lonemant and N. J. Petcu* 
( Received 27th August, 1953) 


SUMMARY 


THe penetration, contact pressure and slip-line field dimensions in plastic indentation by a 
rough wedge are calculated by the Hitt, Lee and Tupper theory, and the results are compared 
with some experimental measurements. 


1. CALCULATIONS FOR A RoucH WEDGE 


Tue slip-line field in a semi-infinite block of plastic-rigid material penetrated 
normally by a smooth, rigid wedge has been established by Hr_i, Lee and TupPEer 
(1947). When the wedge is rough, the corresponding field differs only in that 
the slip lines no longer meet the wedge face at 45° (Fig. 1), provided AC remains 
straight. To make calculations for the rough wedge we follow Hitt, Lee and 
TUPPER. 


Fig. 1. Slip-line field for the indentation of a plane surface by a rough wedge. 


From the height of A (Fig. 1) above the original surface, 


h cos @ —c¢ = +/2h cos Asin (6 — tz — a) (1) 


where h is the length AB of the contact surface, ¢ is the depth of penetration 
beneath the original surface, @ is the semi-angle of the wedge and A, y are the 
angles BAD and DAE. 

From the displacement velocities and the condition for geometric similarity, 


* Metallurgy Laboratory, University of Leeds. 
+ British Iron and Steel Research Association, now at the Hebrew Institute of Technology, Haifa. 
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- ec sin 0 


hos (¢ +4 —") —ccos(@—y¥ +7—a) =. 


——— 2 
V2 cos A (2) 

At the contact surface the normal stress on the wedge is p + k sin 2A and the 
frictional stress in the direction BA is k cos 2A, where k is the shear yield stress 
of the block and p is the hydrostatic pressure in the zone ABD. By Hencky’s 
theorem, p = k(1 + 2%). Hence, the pressure P on the wedge is 


P =k(1 + 26 + sin 2A) (3) 
and 
cos 2A = p» (1 + 2% + sin 2A) (4) 


where yu is the coefficient of friction. 

As a preliminary to the calculation of h/c, P/k, A and % from (1)-(4), we choose 
values of A and & and calculate @ and h/c from (1) and (2) and » from (4). Then, 
for given @ and yw, we guess a value of A from the preliminary calculation, obtain 
# from (4) and h/c from (1) and from (2). Comparison of the two h/c values gives 
a guide to the next guess for A. 

With increase of «x, one or other of two limiting cases occur. For the sharper 
wedges, the frictional stress reaches the shear yield stress k and A becomes zero. 
For the blunter wedges, the limit occurs when BD is inclined at 45° to the down- 
ward vertical; the indenter then becomes covered with a 90° wedge-shaped cap 
of dead metal (HiLL 1950, p. 220). 

The results are shown in Table I. P/k and h/c are accurate to }%, A to 1’ and 
% to 5’. 


Tasie I. 


P/k 


2-00 

2-10 | 4°76 
2-20 228 
2-29 j P 1-46 
2-38 , 5 4 1-05 
2-45 | 0-816 
2-51 0-664 
2:55 3°18’ 2 | 0559 
2-57 ° | 0-500 


AT 2-09 5°0 ‘ | ynT9 
16 2-22 21° | 0873 
15 2-35 2’ 0-679 
‘15 2-46 5°21’ 0-550 
14 2-57 32’ 0-460 
14 2-66 10 y 0-394 
13 2-73 ‘ 0-345 
13 2-78 5’ , 0-308 
*0-359 13 2-78 | 51°98” 0-302 


* frictional stress = k. + dead-metal cap. 
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TaBLe I.—continued. 


> 
> 


Be y 


0-0 

0-05 
0-10 
0-15 
0-20 
0-25 
0-30 

*0-328 


8°52" 
13°24’ 0-394 
18°20’ 0-335 
23°50" 0-289 
29°48’ =| (0-255 
36°50’ | 0-228 
3-03 ; 46°6’ 0-207 
3-05 58°45’ 0-198 
2-60 ; 17°20’ 0-248 
2-77 f 22°32’ =| = 0-217 
0-10 2-04 28°12’ 0-192 
0-15 3-08 3’ 34°20° =|) = 0-172 
0-20 3-21 2 41°29 «=| = (0-156 
0-25 3-31 ¥ 50°2’ 0-144 
*0-297 3-36 67°40’ 0-135 


— eee eet 


0-0 
0-05 


ag wu 
~~ oo 


0-0 | 2-96 5°0’ 27°25’ 0-144 
0-05 3-15 33°15’ 0-130 
0-10 | 332 | 35°18 39°30’ 0-118 
0-15 | 348 | 29°17’ 46°31’ | 0-108 
0-20 860 | 21°57’ 54°42’ | 0-100 
0-25 7 369 | ’ 65°56’ 0-094 
*0-270 3-71 , 77°33’ 0-093 


0-0 2-2 3-35 5°0’ 38°42’ | 0-0871 
0-05 2 3-56 39°: 45°4" | = 9-0799 
0-10 2- 3-74 | § 51°57’ 0-0741 
0-15 3-90 | 27°6’ 59°50’ | 00692 
0-20 2: 4-02 ’ 69°20’ 0-0655 

+0-242 . 4-08 5°0’ 83°10’ 0-0626 


0-0 ‘ 3-77 : 50°50’ 0-0521 
0-05 . 3-99 39°15’ | 57°42’ 0-0488 
0-10 “8: 4-18 32°38’ 65°12’ 0-0458 
0-15 , 4-34 24°42’ 73°53’ 0-0436 
+0-195 , 4-44 5°0’ 84°77’ 0-0421 
0-0 4°22 5°0’ 63°34’ 0-0290 
0-05 ’ 4-45 38°35’ 70°50’ 0-0275 
0-10 2 4-64 ‘ , 78°50’ 0-0263 
40-135 . 4°75 ‘ i 85°27’ 0-0256 


0-0 . 4°68 5°0’ 76°41° | 0-0126 
0-05 “46 37°54’ 84°15’ 0-0121 
+0-069 ° 35°0’ 87°18’ 0-0120 


0-0 5°’ 90°0" 


* frictional stress = k. + dead-metal cap. 
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The load L per unit length of the wedge is 2 Ph sin @ + 24 Ph cos 6; calculated 
values of the penetration, expressed as ch /L, are also in Table 1. The influence 
of friction on the penetration is much greater at small, than at large, wedge 


angles. 


2. EXPERIMENTAL 


These calculations have been compared with some measurements on the indenta- 
tion of lead and polytetrafluoroethylene (“‘ Fluon ’’) by small-angle steel wedges 
under various frictional conditions. 

In one set of measurements, the wedges were pressed into lead blocks of approxi- 
mately 1’’ square section in a small Hounsfield testing machine. The load was 
measured by the machine and the penetration, which did not exceed 1 mm, was 
obtained from the relative movement of points on the wedge and on the lead 
using a measuring microscope. The lead had previously been strained by a 60%, 
reduction in thickness to decrease the strain-hardening rate and two alloys con- 
taining 0-05°, tellurium and 2-5°, silver were used, which do not recover at 
room temperature. The indentation extended right across the block, but it was 


thought that the error due to end 
effects would be small, and, in 


agreement with this, the load- > 
(b>) =p = 0-09 (Pb/Ag ONLY) 


penetration relationship was linear. 
Ce) FRICTIONAL STRESS =k 
Measurements were made with 


both dry and lubricated wedges. In 
the second case, small increments 


rof penetration were used and, afte 
each of them, the wedge was lifted 
slightly out of the indentation and 
lubricated with white spirit + 


stearic acid. 
In another set of experiments, 
the wedge was lubricated and, in 


PENETRATION ck/ 


addition, it was driven to-and-fro 
in its own plane of symmetry by 
an arm attached to an accurately- 
guided cross-head driven by a 


geared-down electric motor. Direct : 
° 


loading by weights on the wedge . 
WEDGE SEMI ANGLE 6 


; : ; Fig. 2. Theoretical penetration (full lines) and 

the longitudinal force applied to experimental points for lead (average of Pb/Ag 

the wedge overcomes the residual and Pb/Te results). 

friction with the lead, this arrange- 

ment approximately simulated frictionless penetration, although the longitudinal 

force meant some departure from the conditions in the theoretical calculation. 
Measurements of the shear yield stress k were made by compression of cylindrical 

samples with grooved, lubricated ends, assuming that the yield stress in com- 

pression is 1/3k; the results were Pb ‘Te : 97 kg/cm*, Pb/ Ag: 208 kg/cm*?. The 

coefficients of friction relevant to these experiments were obtained using the 


holder was used in this case. Since 
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apparatus with the to-and-fro movement. A wedge was pressed into the lead 
block, which was fixed in a carriage supported on balls, and the displacing force 
when the wedge was moved was measured by the deflection of a light steel beam 
to which the carriage was attached. With a lubricated wedge, » = 0-09 for the 
Pb/Ag alloy, but the shear yield stress was attained for both the lead alloys with 
a dry wedge and metal was dragged out of the groove. 

The results of the indentation experiments are in Fig. 2. The observed penetra- 
tions for given loads are higher than the theoretical values. At » = 0, the agreement 
is fairly close for small wedge angles, but the divergence from the theory increases 
to 11% at the largest angle. At » = 0-09, the divergence ranges from 8°, at 
the smallest angle to 21% at the 
largest angle, and the corresponding (a) peo 
range for the dry wedge is Cb) FRICTIONAL STRESS » k 
12% -25%. 

The ratio h/c was also measured, 
Table II. For this purpose, the 
lead blocks were cut in half and 
then firmly clamped together during 
the indentation, so that a section 
free from end-effects was obtained. 
The lip departed from its theoretical 
form by a rounding of the apex in 
the manner that has already been 
described by Hitt, Lee and Turrer. Observed h‘c values were lower than the 
theoretical ones by an amount that increased with the wedge angle and was 
greatest for the dry wedges. The inclination of the lip was also measured ; 
and, although the results were rather uncertain, they agreed fairly closely 
with the theoretical values (Fig. 3). 
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THE 


INCLINATION OF 


10 30 
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Fig. 3. Theoretical lip inclination (full lines) and 
experimental points for lead. 


Tape Il. 


h/c (Pb) h/e ( Fluon) 


—- 


Lubricated Wedge, Lubricated Wedge, Dry Wedge, 
Dry Wedge stationary moved to-and-fro stationary 


Obs. Cale. Obs. Cale. Obs. Calc. Obs. Cale. 


1-00 
0-97 
0-96 
0-90 


Hitt, Lee and Tuprer have shown that the formation of a lip with a plane 
surface involves a relative movement of the lead and the wedge at their contact 
surface, and interference with this movement by friction will be one cause of the 
rounded lip. Strain-hardening may also contribute, but presumably friction is 
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more important in the present case. The h/c figures indicate that the reduction 
of contact area due to this rounding is sufficient to account for the main part 
of the excess of the observed, over the calculated, penetrations. 


8. Tue INDENTATION oF FLUON 


Measurements were also made with polytetrafluoroethylene (Fluon), which has 
a low coefficient of friction ; « = 0-06 was observed with the steel wedges. This 
material strain-hardens considerably (k ~ 43 kg/cm*); consequently, the experi- 


mental results were expressed at each wedge angle as the ratio of the penetration 


ch L of a dry wedge in the 


Hounsfield machine to the penetra 
tion of the same dry wedge in the 
to-and-fro apparatus. The slip-line 
fields compared are then nearly 


geometrically similar, so the 


PENETRATION Rat 


deformation and strain-hardening 


are approximately the same and the 7) 77) O 


penetration ratio is approximately WEDGE SEMI ANCLE 6° 
independent of strain-hardening. '%- 4 Theoretical curve for the ratio of the 
penetration ck/L at » = 0 to that at » = 0-05, with 


These experiments were primarily 
“ experimental points for polytetrafluoroethylene. 


intended merely to demonstrate 
that the increase in penetration 
from the to-and-fro movement is small when the cocflicient of friction is small, and 
this is shown by the results in Fig. 4. 

There was very little lip with this strain-hardening material; the top corners 
of the impression were again rounded and h/c was less than unity. On unloading, 
the impression closed up until its angle was only about half that of the wedge, 
indicating considerable elastic strain. The A/c values were measured on the 


recovered impression. 
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SUMMARY 


Tue fully plastic state of stress is examined in an anisotropic prismatic bar twisted by terminal 
couples. The only restriction imposed on the anisotropy is that it should be orthotropic every- 
where, with one principal axis parallel to the generators. It is shown how the distributions of 
shearing stress and warping displacement can be calculated without difficulty for any shape 
of section. Explicit formulae are obtained for the torque when the section is circular or rectangular 
and when the anisotropy is of a kind probably occurring in a torsion specimen cut from a rolled 


slab. 


1. STATEMENT OF THE PROBLEM 


CONSIDER a prismatic metal bar of arbitrary section twisted by terminal couples 
about an axis parallel to the generators. The heat treatment and d stortion 
received by the bar while being formed leave it in general with a preferred crystal 
orientation. The resultant state of plastic anisotropy is assumed to be the same 
in any section and orthotropic at each point, with one principal axis parallel to 
the generators. This restriction rules out the consideration of a preferred orientation 
arising from previous torsion of the bar, where the principal axes of anisotropy 
are probably ali inclined to the generators (Barrett 1952, p. 481) ; some discussion 
of this case for a thin-walled tube has been given by HILL (1950, pp. 325-8). 

In the present analysis the material is treated as plastic-rigid, and the torque 
and mode of warping are calculated at the yield point of the fully plastic bar. 
Experimental data showing the significance of the yield point of the hypothetical 
plastic-rigid body in regard to the behaviour of a metal has recently been obtained 
by Hitt and Sreper (1953) and by CrossLanp and HI wt (1953). 


2. DISTRIBUTION OF SHEARING STRESS 


Let (z, y) axes by taken in some transverse section, so that the z axis is parallel 
to the generators. The state of stress in each element is to be a pure shear acting 
over the section. We denote its (2, y) components by (p, q). When the bar is fully 
plastic these satisfy some relation 


S(p*, 7, ty) = 0 (1) 


where f, the yield function, depends on the anisotropy at each point. Only the 
squares of p and g are involved, by virtue of the assumed orthotropic symmetry. 


We have also the equation of equilibrium 
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and the boundary condition 
q/p = dy/dz (8) 


on the external contour C of the section. 
The directions of the characteristic curves of equations (1) and (2), together 
with the variations of p and g along them, are given by 


+/$--/haw/ hoof 


In particular, when the anisotropy does not vary across the section, - 


and so dp = 0 = dg. The characteristics are therefore straight, and along any 
one of them the resultant shear stress is uniform and parallel to the associated 
tangent to C. The magnitude of the shear stress can be obtained from (1) and (8). 
When the bar is isotropic (1) reduces to 


p? 1 @ — }2 (5) 


where k is the shear yield stress ; as is well known, the characteristics are then 
the normals to C since the directions defined by (3) and (4) are orthogonal. When 
the bar is anisotropic, however, the characteristics cut C at varying angles. 
Within the contour there will be a certain curve I’ (possibly having several 
branches) which is the locus of intersections of characteristics from different 
parts of C. In general the shear stress is discontinuous across this curve ; the 


component normal to it is, however, continuous for reasons of equilibrium (this 
indeed is the defining property of I). Any projecting sharp corner on C is the 
source of one of the branches of I’. A re-entrant sharp corner, on the other hand, 
is a point singularity from which radiates a fan of characteristics*. 


3. Mope or WarPING 


Consider, now, the calculation of the warping displacements. It is supposed 
that the relation between the applied stress and the associated plastic strain- 
increment is such that a reversal of the stress would merely produce a strain 
of opposite sign but equal magnitude. Hence, having regard to the considered 
state of anisotropy, the strain in any element must be a simple shear parallel 
to the section (though not, of course, necessarily in the direction of the shear 
stress). We thus ignore changes in length of the bar due to residual microscopic 
internal stresses (c.f. HILL 1950, pp. 37 and 328). Since such stresses are mainly 
effective only while the crystal grains in an element are not yet all plastic, the 
length change is of an elastic order of magnitude and its neglect is consistent with 
the plastic-rigid treatment. 

For the velocity (u, v, w) of an element we assume, then, the expressions 

* The indeterminacy of the characteristic field around such a corner, if only the stress equations are considered, 
is resolved by requiring the co-existence of a continuous warping displacement. Equivalently, in conformity with 


the maximum work principle, the field must be chosen to give the greatest possible torque, or, in terms of the stress 
function * roof,’ the greatest volume under the roof. 
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u= —Y¥z, ) = 22, w = w (a, y), (6) 


where the rate of twist per unit length is taken as unity. If the yield function 
f is also the plastic potential, the ratio of the shear strain-rate components is 


The characteristics of this equation have at any point the direction given by 


Y ae + Vay =0, (8) 
dp dq 
which is identical with that in (4). Equation (8) states that the component of 
shear strain-rate in the characteristic direction is zero. 

Now the part of this component due to the relative rotation of neighbouring 
sections is of amount t, where ¢ is the perpendicular distance from the origin to 
the tangent at the point under consideration. The sense of this shear along 
the tangent is such that its direction has a positive (right-handed) moment about 
the z axis, in conformity with (6). The remaining part of the component of shear 
strain-rate is due to the warping and is of amount dw/ds, where s is the arc-length 
along the characteristic in the prescribed sense. Since the two parts have zero 
resultant, 


y= — | tas = | (yde — rdy). (9) 


This equation specifies the variation of w along a characteristic. The present 
method of derivation appears to be new and is more direct than methods hitherto 
used in the isotropic case. 

The integration of (9) is begun from the point of intersection of a characteristic 
with the stress discontinuity I. It may be proved (c.f. H1L. 1952, p. 26) that the 
shear strain-rate vanishes on I’, provided f is a convex function* ; hence equation 
(9) holds also on I’. The rate of warping is thus determined on J’, and hence every- 
where in the section, to within an immaterial additive constant. Note that the 
selection of the origin, hitherto arbitrary, effects (u, v, w) only to the extent of 
a rigid-body motion. 


4. A ParticuLar Type or ANISOTROPY 


A simple form of yield function is 


; (10) 
Po 

where p, and q, are the yield stresses in pure shear in the 2 and y directions 
respectively. We suppose that this holds at every point. Equation (10) probably 
represents fairly well the anisotropy in a specimen cut from the central portion 

of a rolled slab. 
From (4) the inclination @ of a characteristic to the positive 2 axis is such that 
* The same conclusion follows if we regard J’ as the limit approached by the elastic core as the rigidity modulus 
tends to infinity, for a given angle of twist (MANDEL 1946; Pracer and Hopce 1951, p. 84). It is, however, then 


necessary to prove first the existence, and uniqueness, of a plastic-elastic solution under certain conditions on the 
yield function and plastic potential. 


R. Hwy 
tan 0 = — pqy"/qPp’- (11) 
Hence, if % is the inclination of the contour tangent to the negative z axis, 
tan @ tan ¢ = q,”/p,’. (12) 


When evaluating the torque it is convenient to introduce a stress function 
® such that 


(13) 


so satisfying the equilibrium equation (2). Equation (10) becomes 


: 2 2 
(“ *) + (; ae) =1. (14) 
Jo ow 


Po oY 


The contours of @ in the (z, y) plane are the shearing stress trajectories ; in 
particular, the boundary condition (3) is satisfied by arbitrarily choosing ® = 0 
on C. As is well known, the torque can then be expressed as 


T | [ees — py) dx dy = 2 [ [© ae dy, (15) 


To find ® at any point we note from (11), (13) and (14) that its inward rate of 
increase along a characteristic is 
V (pp? sin? 8 +- g,” cos? 8). (16) 
Alternatively, we may proceed as follows. Put 
Got =k, Poy =kn, (17) 


where k& is an arbitrary constant with the dimensions of stress. In terms of the 
new coordinates (14) becomes 


(18) 


This is just the equation satisfied by the stress function for a bar of isotropic 
material with a shear yield stress k (c.f. equation (5)) ; the ® surface has the constant 
slope k. In the (£, 7) plane the characteristics are the normals to the transformed 
contour and correspond to the characteristics in the (2, y) plane; the stress 
trajectories also correspond. If 7* is the yield point torque of this isotropic bar, 


re —2 | [oda 
k2 


and T = oi 
Po Yo 


(19) 


5. AN ELurpTiIcaL SECTION 


Consider the particular elliptical contour 


(a\2 ‘y\? 
+ (2) =1 
(*) (7) where 
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Introduce a length r such that 
kr = qy @ = py 0. 
Then the corresponding contour in the (£, 7) plane is the circle 
£2, 4: y? = r°, 

Hence, from (19) 

k2 ” ” 

T < ¢nrkr® = § 1 a* bq, = § 7 ab? p,. 
Po % 

Since the stress trajectories in the (£, 7) plane are concentric circles, the trajectories 
in the (z, y) plane are similar concentric ellipses. Again, since the characteristics 
in the ( €, 7) plane are radii, so are those in the (2, y) plane (since the two origins 
correspond). It follows from (9) that there is no warping. 


6. CIRCULAR SECTION 

If the actual contour is a circle of radius a, the transformed contour is an 
ellipse with semi-axes « = aq,/k, B = ap,/k. A stress discontinuity extends 
over a length 28 (1 — a?/f*) of the 7 axis (supposing that p, >q,) and hence 
over a length 2a (1 — q,”/p,”) of the y axis. From (9) and the general configuration 
of the characteristic field it is evident that the warping is antisymmetric, w being 
positive in the first and third quadrants and negative in the others. 

Suppose, now, that the degree of anisotropy is small. Then, to a good approxima- 
tion, the yield point torque of the transformed section is midway between the 
torques for circular sections whose radii are respectively equal to the semi-axes 
of the ellipse. Hence 
k2 


T = 
Po Yo 


4 8 
. 3 ka? ; (p,* T qo’) ; ba’, (Po T I ) 
2k* Po Yo 
7. RECTANGULAR SECTION 
Let the rectangle have sides a, ) parallel respectively to the z, y axes. The 
transformed contour is a rectangle with sides « = aq,/k, B = bp,/k, parallel 
to the £, » axes. From (19), 


-2 ‘ 
T = _ x dha? (88 — 0)  30@ (= - to) if 
Po Vo a Po. 

k2 


or i 
Po Yo 


3 . 
4 kB? (8a — B) = 3 b* p, ( - - Ps) if 
0/ 
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SUMMARY 


AN analysis is here presented of the large plastic deformations of a beam under impact such 
as that due to a blow of a massive hammer, in which one cross-section is suddenly forced to 
move with a given velocity. The analysis treats both the case in which the velocity of the 
struck section is maintained constant until the total permanent deformation is acquired and 
cases of interrupted impacts in which the force at the struck section is suddenly removed after 
an arbitrary contact time. A complete solution in general non-dimensional form is obtained 
in a simple manner by basing the analysis on the assumption of “* plastic-rigid ’’ behaviour 
and results can be expected to be valid when the plastic deformations are large enough. Criteria 
for the validity of the present results are discussed, based on the major assumptions of the 
analysis 


INTRODUCTION 


We consider the problem of a uniform beam of arbitrary length, initially at rest, 
which is subjected to a concentrated impact load at its mid-point such that the 
mid-section of the beam instantaneously acquires a velocity V’ which is then 
maintained constant. Duwez, Clark and Bounensiust (1950) treated the 
corresponding problem for an infinitely long beam, in general terms for an arbitrary 
moment-curvature relation. 
It was recently discussed 
again by Conroy (1952), 


who investigated the 


simplifications obtainable 
by neglecting the elastic 
part of the deformations, 


and took, in particular, — a 
moment-curvature relations (a) (b) 
of the two types shown in 
Fig. 1; again only infinitely 
long beams were considered. 

The solution presented here is another example of the analysis of large plastic 
deformations in a finite structure subjected to a dynamic load, on the basis of 


the moment-curvature relation of Fig. 1 (a). In this “ plastic-rigid ” type of 


analysis it is assumed that infinitely large curvatures can occur at cross-sections 
where the bending moment maintains the magnitude M,, the “ limit moment ”’ or 
fully plastic moment ”’ used in limit analysis of structures under static loads. The 
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concept of localization of deformations at such “ plastic hinge ” sections is assumed 
to be applicable to problems of dynamic loading of structures of ductile metal 
provided the energy absorbed in plastic deformations greatly exceeds that which 
could be absorbed in a wholly elastic manner. Based on this hypothesis criteria 
were given in a previous paper (LEE and Symonps 1952) for the validity of the 
solutions obtained, and similar criteria are given in the present paper for the 
new solution presented here. 

Earlier papers (LEE and Symonps 1952, Symonps 1953, SEILER and SymMonps 
1953) dealt with finite beams subjected to force pulses with specified magnitudes 
and shape. Our main purpose in treating the present problem was to obtain a 
solution that could be treated more easily experientally than solutions obtained 
previously ; the imposition of a known velocity involves fewer experimental 
difficulties than the application and measurement of a specified force-time curve. 
The present problem was emphasized by VicNess (1953) as of interest in experi- 
mental verification of the general method. 


ANALYSIS 


For simplicity we treat the problem of a beam moving initially with velocity V 
normal to its length. At time ¢ = 0 the mid-section is instantaneously brought to 
rest by contact with a rigid stop. It is obvious that the subsequent deformations 
will be identical with those that would be produced if the bar, initially at rest, 
were struck so that the mid-section suddenly acquires and maintains the velocity 
V. The beam is taken to have uniform mass per unit length m, limit moment 
M,, and length 2/. A typical cross-section will be specified by its distance x from 
the centre of the beam (Fig. 2). 

Vv} 


Mo,m 
Oo 
6 


6, 


Mol Sy 
a 2 ! . 7 — 
x | o-x, 


x 
a 
———»}jo—__—__ / __») 
The beom at t#0 


Fig. 2. Fig. 3. 


For a sufficiently small time interval after the bar strikes the stop, the deforma- 
tion is indistinguishable from that of the infinite beam treated by Conroy (1952). 
Hence it is to be expected that the force on the beam varies initially as 1/+/t, 
and that plastic hinges will occur at the mid-section and at two cross-sections each 
at a distance 2, from the centre; 2, is to be expected to increase initially in 
proportion to 1/t. The analysis of the present problem is therefore based on the 
diagrams of Fig. 8. From the symmetry of the problem it is obviously enough to 
consider either half of the beam. The segments OH and HB are subjected to end 
moments as shown. At the centre of the beam there is a reaction force R exerted 
by the stop so that a shear force R/2 acts as shown on the one segment. However, 
there is no shear force at cross-section « = 2,, where the travelling hinge is located 
at a given instant, since this is a cross-section where the bending moment has a 
relative maximum ; thus dM /dz = Q = 0. The loading on the segments includes 
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also the distributed inertia forces due to the accelerations. It can be verified 
that, although they are changing in length, at any instant the two segments move 
as rigid bodies (hinged together as shown) since at any instant the complete set 
of loads is such that the bending moment reaches the magnitude M, only at the 
sections z = 0 and z =2,. The lateral hinge moves outward (i.e., 7, increases 
with time) so that the segment OH acquires a permanent deformation, but since 
the moment in the interior of the segment // B is always less than M, in magnitude 
the segment to the right of the travelling hinge at any instant is undeformed. 
Let the angular velocities of the segments OH and H B be w, and w,, respectively. 
Writing moment-angular acceleration equations with respect to the fixed point O 
in one case and the mass centre of the segment in the other, we obtain* 
, dw, 


2M. (1) 


mia 
; nr dt 0 


' dw, 


dt 


(2 


The following equation expresses the fact that the change of moment of momentum 
of the half-beam OB with respect to an axis at O is equal to the angular impulse 
of the moment M, acting during the time ¢ : 


M,t = [4 m(w, — @,) (87 2, — 2,8) + 4 mP w, | ime? V. (3) 


The expression in square brackets is the moment of momentum at any time ¢, 
while the last term is the initial moment of momentum of the half-beam. 

(1), (2) and (3) are the basic equations of the analysis from which, together 
with appropriate initial conditions, the three unknowns 2,, w,, w, are to be found. 


It is now convenient to rewrite the equations in terms of new dimensionless variables 


defined as follows : 


- M,t ° 
mZ[ V , 


Equations (1) (2), and (3) become 


(2 — p) (8E — &) + 2y. (6c) 


Henceforth a dash is used to denote differentiation with respect to ». The initial 


conditions may be taken as 


y 0; é yb = 0, (7) 


* These equations are correct despite the fact that zy is a function of time, because the velocities of elements 
just to the left and just to the right of the travelling hinge are equal at any instant. Thus, although the segment 
of length zp is increasing in length, the element joining it in time df comes in with the same velocity as the end of 
the segment, and there is no impulsive contribution to the momentum 
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From equation (6c) this implies that (2), = 1, so that in this type of impact 
there is initially a singularity in the angular velocity at the point of impact. 

We begin the solution of equation (6) by differentiating (6c) with respect to 
7, making use of (6a) and (6b) and simplifying to obtain the relation 


6 F 1 | 

io 3\° (8) 

‘ue e- 
For completeness, we note that the above result may be derived from a quite 
different viewpoint, namely by differentiating the equation which expresses the 
fact (as shown by Lee and Symonps) that velocities are continuous at the hinge 
section. Equation (8) can thus be identified as expressing the fact that accelerations 
are discontinuous across the moving hinge section. 

A second differentiation of (8), substitution again of 2’ and wy’ from (6a) and 

(6b), and rearrangement leads to the following equation for € : 


I eo ' 
[aa as] ee” + 9) 


which is to be solved subject to the initial conditions (7). A first integration of 
(9) can easily be performed since the independent variable does not appear explicitly. 
Let &' = p(€); then 
dp (€) dé , dp dp 
ae” "a2 "& 


With this substitution (9) becomes 


| 2é dp 
i “4 arr 


if it is assumed that p +0. Integration of the above yields 


dé _ 1 e/2(1 — 2€)'/4 


Pe" A “| 


Thus the general solution of (9) can be written in the form 


€ ze*/2 dz 
" 4{'* S 43 (10) 


2z)/4 


where A and B are constants to be evaluated by means of the initial conditions 
(7). The numerical evaluation of the integral in (10) is speeded by making the 
substitution (1 — 2z 4s. Integration by parts and rearrangement then leads 
to the following form : 


(11) 


where 


The advantage of this form appears when the integrand in (11) is expanded in a 
power series; term by term integration then leads to the following rapidly con- 
verging series for F (£) : 
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a-o 


F (£) = 0.07952 — 2e"'/* (1 | 
neon ! (3 + 4n) 4” 


Equations (6) and (8) can now be integrated to give the dimensionless angular 
velocities as follows : 


(1 2£)*/* e€/2 P| 3B, (12a) 


- €) (1 — 26/4 ef 


: + F| — 8B. (12b) 
(1 — é | 


After applying the initial conditions (7) to (10) and (12b) we find that A and B 
must have values B = O, A 1/6. Thus € and » are related by 
miss 
tin ese 2eyris + 2 2¢ g~!/+ @* ds ; (13) 
J (1 -2¢ 
It can be seen from the denominator in (10) that the above solution is valid 
only for O < € < 4. This is the range we are interested in, as will appear shortly. 


3. NumERICAL RESULTS 


The deformations of main interest are the angles 6, and 6, at mid-point and 
tip, respectively, and the permanent curvature « of the part of the bar through 
which the lateral hinge has travelled. We have the following general formulas 
for the angles 

Pe mlV? (&Q 
w,, at ; 


~ O M, of 


. mlV2 (fp 
0 w, at = af. 15 
, | ' M, le ‘ \ 


The change dé of the angle of the beam across the lateral hinge has the value 


dé = (w 


dé, (14) 


* 


- Wy) dt. 


dé dt 


= | 
~~ “i Me Ff 


16 
dx (16) 
Numerical results are given in Table 1. 

The previous analysis is based on the configuration of Fig. 3. This type of 
motion continues until the angular velocities of the inner and outer segments 
become equal, i.e., until 2 = y¥. From (8) this happens when 

] l 
— - =0 or g, (17a) 
f° (1 — &)° 
where €, denotes the final value of the hinge coordinate. The corresponding value 
of the dimensionless time is 


n, = 0.0265. (17b) 


For later times, 7 > », there is a plastic hinge at the mid-section only, and the 
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two halves rotate as rigid bars pinned at one end. The equation of angular accelera- 
tion of the right-hand half, in dimensionless variables, is 


(18) 


Q = —3n + ¢,, — 
7 "a miv2 ° 


0 0 ee) 0 0-1667 
0-05 0-0002 19-524 0-003 00-0083 0-0000 0-1667 
0-10 0-0008 9-045 O-Oo12 00-0167 00-0000 0-1665 


O15 00-0019 6-583 0-031 0-0250 00-0000 0-1661 
0-20 00-0034 5-883 0-063 0-0334 0-0001 0-1652 
25 0-0053 3-845 0-114 00-0418 0-0003 0-1632 


00-0078 3:136 0-191 0-0502 0-0007 0-1594 
0-0108 2-610 0-300 0-0588 0-0013 00-1523 
O-O144 0-491 0-0676 0-0029 00-1388 


00-0191 1-82 0-786 0-0769 0-0059 0O-1111 
0-0265 “42 1-421 0-0888 0-0138 0-0000 


Making use of the conditions 7, = 0-0265, 2, = 1-421, M,/mlV? 6,, = 0-0888, as 
given in Table 1, we obtain 


Q = 1-500 — 8n, (19a) 


A 
Mo 6, = 0-0500 + 1-5y — 1-5y?. (19b) 
ml V2 


These hold until 2 = O, or, from (19a), until » = »,, where 
Y= 


The corresponding final value of the angle 6, is 


ml V2 
= 0-425 —_. 20b 
4% ”“M —_ 


The growth of the deformations with time as shown in Fig. 4. 
Some simple checks on the above results are of interest. First, we note that 
the momentum relation (6c), evaluated at the time 7,, becomes 
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3 — 6n, : 2h,. 


Taking values from the last line of Table 1 the two sides of the equation have 
values 
838 — 0-1590 2-841 ; 2 x 1-421 2-842 


which is a satisfactory check. Again, from (6c) the time n, at which the deforma- 
tion is completed is given by 


3 Gn, 0, " 


Fig. 4. 


which verifies the value (20a) computed from the tabulated values. 

Finally, the energy relations may be examined. Before the beam hits the 
rigid stop it has the kinetic energy E = m/l V*. When the motion has ceased, 
this energy has been spent in work at plastic hinges. The total energy absorbed 
in plastic deformations is W, where 


W = 2M, Oy + 2 (Boy — Oy) Mo. 


Inserting values from (20b) and Table 1 this becomes 


W = 2M, [0-425 1.000 mlV?. 


meat 


+ 2M, (0.0750 


0 ———_ 


nai 


Thus the necessary energy balance is checked. 

We may also compare the results obtained here with those obtained by Conroy 
(1952). It is there shown by equations (2) and (20) that 12n = € for an infinitely 
long beam. Our result should converge to this value for small £ We expand 
the right-hand side of (13) as a power series in é : 


i 
J 4(1-2€) 4 
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Hence (18) reduces, for small &, to 
1 
n= + #+0(2). (21) 


Furthermore Conroy shows by (20) and (26) that the shear force at the centre 


:; a. « ‘eta 
varies as :,/ > The moment equilibrium for the inner part of the beam 
7 


around its mass centre requires 
} Rz,, —_ 2M, = 


ma,® 


12 “7° 


Transforming this into dimensionless coordinates we obtain 
p= 8 +42 
Rl - 
where . With the use of (6a) we obtain 


6 
a (28) 
In the limit for small € we have € = ,/12y. Hence in the limit pp = +/(3/n), 
which agrees with Conroy’s result. 

For completeness we finish the *” 
analysis with the calculation for the 
motion of the beam if the support is 
removed at a time t = +r << (ml? V/M,) n,. 
The subsequent motion (¢ > 7) is to be 
determined by analysis appropriate to a 
beam acted on by no external loads. 
Such an analysis is described by 
Symonps (1953). There it is shown that, 
when lateral hinges are present at the 
instant the central force is reduced to 
zero, the lateral hinges then move with 
constant velocity until the angular 
velocities become equalized. By simple 
calculations, using equations (20)-(29) of 
SyMonp’s paper, one can find the 
increments in angular velocities and 
displacements which occur after removal Fig. 5. 
of the force at arbitrary times r, 
corresponding to dimensionless times 7, = (M, 7/mP? V) < 0-5. Fig. 6 shows a 
curve of final deformation angles resulting from “ interrupted impacts ” of various 
durations, plotting M, 6,,/mlV? against M,*+/ml?V. The shape of the force- 
time curve concerned here is indicated in Fig. 5. 


4. CRITERIA FOR VALIDITY OF RESULTS 


We consider now the implications for experimental comparisons of two major 
assumptions involved : namely, the neglect of all elastic deformations by com- 
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parison with plastic ones, and the neglect of shape changes throughout the analysis. 

The first assumption can be expected to be valid (Ler and Symonps 1952) if 
the total energy absorbed in plastic deformations greatly exceeds the maximum 
possible amount of elastic strain energy that could be stored in the beam. In the 
present case this implies that 


2M, 9, = mlV? > M?1/EI 
where E/ is the elastic flexural rigidity. Thus, for the present results to be good 
approximations, one requirement is that 


y2 M,?/mEl. (24a) 


0 
Alternatively the above requirement may be expressed as 
V2 > n M?/mEl (24b) 


where » iS a number which 
presumably is of the order of 10. way § 
\ further requirement is set my v2 
by the assumption of negligible 5 4 
shape changes, i.e., the use of 
coordinates referring to the 
undeformed rather than to the 
actual beam. This assumption 
actually restricts the magnitude 
of the central angle 6, attained 
only during that part of the 
response in which deformations 
are occurring at lateral hinges ; 
when only the central hinge is 
present the equations apply to 


deformation angles of 
unrestricted magnitude. From 
Table 1 the maximum value of 6, 
obtained while the lateral hinges 
are present is 0-0888 mlV’?/M, ; 
if we assume that this does not exceed about 0-15 radians, we have the 
additional inequality 

0-0888 mlV*/M,. < 0-15 (25) 


0 
This imposes a limitation on the length-depth ratio of the beam, if the require- 
ments of inequalities (24) is taken into account. Let (24b) be taken as an equation 
and combined with the inequality (25). We obtain 


iM, 0-15 
‘"EL ~ 0.0888 = 


n 1-7. (26a) 


But the limit moment M, can be computed (Symonps and NEAL 1951) as 


”» 
M, “oe Z ao, (= 


" 1 
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where the “ shape factor” « is a number of the order of unity which depends on 

the shape of the cross-section and has the value 1-5 for a rectangular cross-section ; 

o, is the yield stress; Z = 2I/h is the elastic section modulus, i.e., quotient of 

moment of inertia J and half-depth h/2. With this formula for 1/,, the inequality 
(26a) can be written as 

A 1 

2i~ 1. 

Since o,/E is of the order of 10-* for steel, and « probably about 1-5, it is seen 

that the restriction of small shape changes requires only that /,2/ should exceed 

about 1/100 for n = 10. Hence it is clear that this restriction would introduce 


(26b) 


no experimental difficulties. 
Finally, the order of magnitude of V demanded by inequality (24b) is of interest. 
We use (27) and write also m = pd, I = Ai*, E/p = ¢,?, and obtain 


: , g ix 
V>VJn co (5) (; 5) (240) 
where c, = /E/p = speed of longitudinal elastic waves, p = mass density, 
A = cross-sectional area, i = radius of gyration, h = depth of beam, « = shape 
factor (defined in connection with (27)). Thus, for steel with c, = 16,000 ft/sec, 
} = 10°-%, a rectangular cross-section, and n 10, we find that V’ must exceed 
about 45 ft/sec. 

The main purpose of a laboratory test would be to determine under what 
circumstances, if any, the plastic-rigid analysis yields satisfactory results for the 
major plastic deformations. The fundamental assumption is that elastic deforma- 
tions are negligible. To find the range of usefulness of this assumption, a series 
of tests could be made to determine the value of the number » used in (24b), above 
which the present analysis predicts deformation in good agreement with that 
observed. If the clastic deformations are the only important physical effect 
which is ignored, such a series of tests should yield a definite value of x, such that 
when the total energy absorbed is at least n times the maximum possible elastic 
energy the beam could carry, the present type of analysis is suitable. A value 
of n determined for the present case of velocity impact would probably have 
significance for other types of problems of dynamic loading. 

In any experiments other physical effects will occur which have been neglected 
here, and these might turn out to be so important that the present type of analysis 
does not yield accurate results even though the criterion based on elastic energy 
is satisfied. Among the physical phenomena which have been ignored are : 

(a) Strain-hardening 
Strain-hardening at cross-sections where plastic hinge action occurs. 
(b) Speed of loading 
Speed of loading effect on the vield-stress and post-yield properties, as, for 
example, reported by MANJOINE (19-44) and Napat and MANJoIne (1941). 
Effect of transverse shear forces 
Effect of transverse shear forces which are known to reduce the limit 


moment below that which can be reached in pure bending (in the present 


problem the shear force at the struck section has large values in the initial 


instants of the impact). 


102 P. S. Symonps and C. F. A. Leru 


d) Finite contact area of the hammer or stop 


The study in Serter and SymMonps (1953) of distributed, as compared 
with concentrated, loads showed that even a very small degree of spreading 
of the load over a finite segment may appreciably reduce the magnitude of 


the final deformations. 
Finite time of acceleration 

It was assumed that the hammer or stop is perfectly rigid and that the 
velocity of the struck section is instantaneously acquired or annihilated ; 
since any physical hammer or stop has finite rigidity there is a finite time 
of acceleration. In fact the contact will probably be intermittent during the 
initial instants of the impact, as is known to be the case in the elastic impact 


of a mass on a beam. 


All but one of the foregoing effects, if taken into account, would tend to reduce 
the deformations below those given by the present analysis. The single exception 
is the effect of transverse shear forces, which tend to weaken the beam and hence 
if properly taken into account would cause the analysis to predict larger defor- 
mations than those of the present theory. If the transverse shear effect is mini- 
mized by use of compact sections and fairly large ratios of span to depth, the 
other effects would presumably predominate, and cause the present analysis to 
over-estimate the deformations. 

Finally, it should be re-emphasized that a fundamental pre-supposition through- 
out the paper is that the material has sufficient ductility under dynamic conditions 
so that rupture does not occur before the predicted final deformations are attained. 
The present type of analysis should be regarded as a basic one, particularly attractive 
for its simplicity and generality, but which may have to be refined in particular 
eases. Carefully planned and interpreted tests are needed. They will be an 
invaluable aid in assessing the range of usefulness of the present type of analysis 
and in showing the directions in which refinements are most urgent. 
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ON EULERIAN CO-ORDINATES IN ELASTIC 
WAVE PROPAGATION 


By R. E. D. Bisnop* and J. N. Goopiery 
(Received 23rd November, 1953) 


SUMMARY 


WHEN a stress wave passes through an elastic solid, it is usual to treat the problem of analysis 
as it occurs : i.e. with the wave moving through the stationary solid. Under certain circumstances 
however, it is possible to invert the problem by imagining the disturbance to be stationary and 
the solid to flow through it. The equations of motion are found for this scheme and they are 
illustrated by reference to non-dispersive propagation of waves in plane strain. 


1. INTRODUCTION 


THE equations of motion of a fluid may be obtained in two different forms which 
correspond to the two ways in which a flow may be viewed. In the * Lagrangian’ 
scheme, attention is focussed upon the particles of fluid and the history of each 
is the object of analysis. The ‘ Eulerian’ scheme (which is usually the more 


profitable in hydrodynamics) has, as the object of investigation, the conditions 
of pressure, velocity, etc. at all points in the flow at any instant. The relevant 


equations are derived by Lams (1932). 

When treating the propagation of elastic waves, it is usual to think of problems 
as they actually occur: i.e. of disturbances passing through elastic media. This 
is comparable, in a sense, to the Lagrangian scheme of fluid flow and will be 
referred to, hereafter, as the ‘orthodox’ scheme. This paper deals with the 
alternative (*‘ Eulerian ’) point of view. That is, the conditions will be examined 
under which an elastic solid “ flows through” a disturbance so that the wave 
is brought to rest. 

The Eulerian treatment introduces nothing that is fundamentally new to 
elasticity theory. However, it is sometimes helpful in visualizing the mechanism 
of wave propagation and a great deal of the standard theory of elastic waves 
can be derived equally well from either standpoint. It is thought to be worthwhile, 
therefore, to record the salient points of the technique. 


Waves on Taut E.astic Strincs 


In order to fix ideas, the elementary problem of transverse motion of a long, 
flexible, taut string may be considered. Associating the undeflected line of the 
string with the z axis, the string is supposed to have a constant velocity V in 
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the z-direction and to be passed through a system of lateral deflection y such 
that its tension S is constant. Let f(z, t) be an applied force per unit length 
and qg(z,t) the body force per unit length, both acting in the plane of the 
deflection. 


In passing from 2 to z + dz, the change of deflection of a particle is y, —y, = 
(see Fig. 1) and this is achieved in time di. 
Now 


Yu 
ot 


A) d 
dy - dx 


where dz V dt, so that the average vertical velocity of a particle is 


\ 


. 
> 
dt 


)y 


The acceleration is evidently 


Thus, if the only body force is that of inertia, 


y? d ) 
m ? t 
ar” we)? 
where m is the uniform mass per unit length. For dynamic equilibrium of the 
element shown in Fig. 1, 
S (sin 0, — sin @,) + f.da+q.dzxr = 0, 
On dividing by dr and proceeding to the limit as dx - 0, this yields 


d 2 


(1) 


which is the equation of motion. 
The steady-state deflection is such that f and y are functions of x alone, so 


that 


2 
(S — mvs 29  ~F 
dx? A; 
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If the transverse pressure f is zero, either 
r Py 
V2 =S/m or a5 = 0. (3) 
These results conform to the well-known, simple theory of non-dispersive propaga- 
tion of free waves on a string. 


8. Waves in A Homocengous Exastic Soup 


Let axes Oxyz be fixed in space and suppose that the infinite elastic solid has 
a constant velocity V in the 2 direction. The solid will be distorted as it is passed 
through a system of deflection which is fixed with respect to the axes but not 
with respect to time. 

Particle displacements may be defined by letting 


u = u(z, y, z, t), v = v (2, y, z, t), w = w (z, y, 2, t), 
be the displacements in the z, y, z directions of a particle that would have been 


at (z, y, z) at time ¢ in the absence of the deformation. In a short interval of 
time dd, 


du 
dv = 


dw : 


The z, y, z components of particle velocity are therefore 


. d d , 2 d 
ve(v242)u (vo+2), (v2+2)m 

| = +5)" ( 2 +2) eM 
respectively. The corresponding components of the particle acceleration are given 


by another application of the operator V = + *) ; they are, respectively, 


n) >\? = >\? (v2 A 
ym te oot & VY = + 5 & Vo + = 
(v2+2)u ( Pk et ” 


In the usual notation, the equations of equilibrium are 


oT ys + Y= 0, 
dz 


d d 
Tm 4 


Te 4 9% 4 7 0, 
oz dy oz 


where X, Y and Z denote body forces per unit volume (e.g., see TIMOSHENKO 
and Gooprer (1951), art. 76). In the absence of body forces other than that 


of inertia, 
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p(Vve 


\Tr 


Ve 


d 


e(V 


or 


if , ¥ 
Z = | | 
or 
where p is the mass density. Now the equations of equilibrium may be written 
in terms of the displacements u, v and w by virtue of Hooke’s Law (TimosHENKO 
and Gooner (1951), art. 79) and, if this is done and the above values are assigned 
to X, Y and Z, the following equations of motion arise : 

dA 


o- 
(A T pt) t pV? u= | J : 
or or 


d ,d 
(A + p) S + pV2v =p (3 
or 


oY 


> )\2 
A4 tu V2 w : ee? ?- w. 
( #) / p a 


oz 
A and y» are Lamé’s constants, A is the dilatation given by 


ou 


or 
and V? is the Laplacian operator 


? 
zr? 

When V = 0, (4) assumes the orthodox form for propagation within the 
stationary solid (e.g., see TriwosHenKo and Goopier (1951), art. 144). 

Boundaries may be introduced into the infinite solid provided that those stresses 
are applied at the surface which would otherwise be supplied by the solid cut 
away. It is understood that the boundaries are such that the geometrical picture 
does not alter as the solid moves ; for instance, a slab of varying thickness cannot 
be discussed in this way. 


4. Sreapy-State Distortion PATTERNS 


For non-dispersive propagation of elastic waves u, v and w in (4) are all inde- 
pendent of ¢ so that 


On Eulerian co-ordinates in elastic wave propagation 107 


As before, boundaries may be introduced into the solid so that, translating back 
to the orthodox point of view, (5) governs the motions of an elastic body which 
is subjected to constant boundary tractions that travel with constant speed V in 
the negative x direction. This may be thought of as the condition of ‘ forced 
wave propagation.’ 


Now (5) may easily be derived from the orthodox equations of motion, 


do d 9d >? 
A =e cueyg A . v? » VU, = — ~v, Wi. 
(A + p) B ~ 4 + 4 E v w Pa E : | (6) 
If propagation is to have the speed V in the negative direction of 2, the displace- 
ments will be of the form 
u=u(z+ Vt,y,z) v=v(e@+ Vty,z), w=wl(a + Vt, y, 2). 
Letting £ = 2 + Vt, it is seen that 
>? 
on Y. 
eu du ? u 


— = V2o_ — p2“_., 
dt? nl ar? 


[u (é, ¥y, t)|, 


Similar relations hold for v and w so that (6) are brought into coincidence with 
(5). Although the displacements u, v, w are now functions of t, there is no derivative 
with respect to that parameter. Provided that the only dependence of the boundary 
conditions upon time is through the variable é, it is only necessary to consider the 
displacements when t= 0; the values of u,v, w at time ¢ are then found by 
writing « + Vt in place of z. 

Returning to (5), solutions may be found either directly or, more conveniently, 
by the use of potential functions. These functions are associated with the division 
of the (now static) displacement pattern into irrotational and equivoluminal 
components (e.g., see BisHop (1958)). The potential functions will now be functions 
of a, y and z only. 


5. Sreapy-StTate, PLANE STRAIN PATTERNS 


Steady-state, plane strain patterns are governed by a special form of (5); u 
and v are now independent of z and t, while w is everywhere zero, so that 


dA 2 u 

A +p) — + pV eo = ph? —-, 

A+n— +e += = 
(7) 


iv 
ar?” 


dA 
(A + p) Oy + pV? vu = pV? 


It is now necessary to postulate that, if a boundary is contemplated, the surface 
tractions must also be independent of z and t. A few simple results will now be 
derived from (7). 

If V=c, = y[(A + 2u)/p], it is found that 
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2» 

A + p) —— ; = 0, 
(A 4 sow th 

(8) 

Yu 


i? v 
—(A+p)— + (A +p) = 0. 
tz a 


L(A ) 
oy 

These equations do not amount to a demand that the displacements shall be 
irrotational because the analysis admits forced, as well as free, waves. If u and v 
do constitute an irrotational strain system, so that the extra restriction 


iv 
dy? 


is placed upon (8), it is found that 


2 + 2 
Le, a — = 0, (9) 
zrdy dy? dy? 


On the other hand if u and v are such that, at all points, the dilatation is zero 
so that 


(8) requires that 


If V=c, = V(u/p), (7) yields 


)? u d* v 
A+~pn)- A Joon 
( + He + + 1) ey 

(11) 


»? 
(A + p) — 
A 


u el 
Dy + (A + 2u) yw = 0. 


c 


If, further, the strain is equivoluminal (i.e. the dilatation is zero) these become 


yu d? v 


-=—— = 0), 
wdy dy? 


But if c, is treated as a particular speed of forcing irrotational waves, it is found 


that 
Fu ose 

(A+ Ws +0 +2) F =, 

(13) 

a Daa ee 
+H sa 4 i 


It is of interest to examine (9) more closely. Evidently, the most general 
irrotational strain system that is propagated at the speed c, is 


(14) 
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The system A(z) is simply a plane longitudinal wave. The terms containing 
B(x) represent a type of wave whose existence has been pointed out by GooprEeR 
and Bisuop (1952). The term containing the constant C has no apparent signi- 
ficance. 

Again, (12) indicates that the most general equivoluminal wave (within the ambit 
of non-dispersive systems in plane strain) is 


u= —E(«#)+Fy, es — + Gz). (15) 


The system G(x) is a plane transverse wave, that containing E(z) is of the type 
discussed by Gooprer and BisnHop (1952) and the distortion Fy is probably 


of no importance. 
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SUMMARY 


AN interesting correspondence has recently been pointed out by INove between the variables 
characterizing the steady flow of an inviscid compressible fluid and those characterizing the 
equilibrium state of stress in an ideal fully-plastic solid. The basic equations of transformation 
are, however, stated by INove only in an implicit differential form, and not all details of the 
derivation are given. In the present note the matter is re-examined along different lines, and the 
correspondence is obtained in a more useful explicit form. The inherent restrictions in the analogy 
are also clarified, and some additional features are discussed. 


1. INTRODUCTION 


Ix a recent series of papers, INovE (1952 a, b, c) has developed an interesting 
formal analogy between the steady flow of a compressible fluid and the equilibrium 
state of stress in a plastic solid. The analogy consists of certain equations of trans- 
formation that link the variables characterizing a field of fluid flow (pressure, 
density, velocity) with those characterizing a plastic state (components of stress). 
These equations enable one to pass from a known flow pattern for a fluid with a 
certain pressure-density relation to a plastic stress distribution over the whole 
or a part of a solid with a certain yield criterion, and vice versa. By this means, 
known solutions and methods of analysis in one field become, in principle, available 
in the other. The correspondence does not, however, extend to the non-plastic 
(or elastic) part of the solid. 

The equations of transformation are stated by INovr only in implicit differential 
form (equations (10) and (11) below). Full details of the derivation are lacking, 
and the restrictions inherent in the analogy are not apparent. The present note 
is intended to clarify the situation and to show that the correspondence between 
the two fields can actually be stated in a simple and explicit way (equation (4) 


below). 


2. TRANSFORMATION EQUATIONS 


(i) Consider the steady flow of an inviscid fluid under no body forces. The 
equations of continuity and motion are 


d 


(eu) =0, 2P | q)* 


or 


*The summation convention is implied. 
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where p is the density, p the pressure, and u,; (i = 1, 2, 8) the components of 
velocity at a point whose coordinates are z;. If each element undergoes adiabatic 
changes of state, there is in addition Bernoulli’s relation 


y+ [Pan 


* p 


where g is the velocity magnitude ; the integral is taken along the streamline 
through the point considered, and h is a constant for that streamline. It is now 
supposed that A has the same value everywhere (homenergic flow) ; this would be 
so, for instance, if each fluid element came from a region in which conditions were 
uniform. It is supposed also that the entropy of every element is the same 
(homentropic flow), so that the pressure is a universal one-valued function of the 
density : 

p =p (p). (3) 


It then follows, as is well known, that the vorticity vector is in the stream- 
direction at each point. For the existence of the transformation it is not essential 
that the vorticity should vanish (as INovg assumes). However, in two-dimensional 
or axially symmetric flow, curl u; is perpendicular to the planes of motion and so 
the vorticity is automatically zero. 

New variables o,,, having the dimensions of stress, are now introduced : 


Gi; x [(p 7 Po) FF r pu; u;| (4) 


where py is an arbitrary constant and 3,; is the delta symbol (3, = 1 if i = J, 
0 if i +7); the same choice of sign must be made throughout. It is evident that the 
o,, constitute a symmetric second-order tensor (since the u; form a vector) and 
are therefore capable of representing stress at a point. The components for ay 
set of axes are given by (4) when the corresponding components of velocity are’ 
taken. In particular, if the axis 1 is in the stream-direction (so that u, = q, 
U, = u, = 0), it may be seen that one principal axis of stress coincides with the 
stream-direction and that the principal values of stress are 


oc; I [(p me Po) T pq" |, So = + (p ai Po)- (5) 


The state of stress is thus a very special one : a uniaxial stress combined with a 
hydrostatic pressure or tension. Equations (4) and (5) do not appear in INOUE’s 
papers (at least, in those known to the writer). 

That the distribution of stress defined by (4) is in equilibrium follows at once 
from (1) and (2): 


du d 
| t : (pu;) = 0. 


> os 
= (pd, + pu, uj) | + pu 
j 


aa; ? Daj 


Ve 


The same choice of sign must be made throughout the whole of the field, or any 
considered part of it. 

Finally, the elimination of p, p, and q between (2), (3) and (5) leads to a relation 
» involving the arbitrary parameters py and h. This may be 
interpreted as a plastic yield condition for an isotropic non-hardening solid under 


between o, and oa 


stress states in which two principal stresses are equal. However, the stress distribu- 
tion obtained by the transformation (4) is still not a possible plastic state unless 
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it may also be related to displacement-increments through the stress-strain rela- 
tions. This is in fact a severe restriction. Indeed, non-trivial three-dimensional 
plastic states can only be derived in this way from a fluid flow pattern in the 
particular case where the plastic potential surface is singular (i.e. has no deter- 
minate normal) whenever two principal stresses are equal (e.g. the Tresca potential). 
The transformation will not furnish possible three-dimensional states of stress 
associated with the regular part of the potential surface. Lvour does not remark 
on these limitations. 

The situation is quite different for two-dimensional flows and plastic states. 
In this case it is not necessary that the stress normal to a plane of motion should 
be equal to one of the other two principal values : equation (4) is to be regarded 
as specifying just the three stress components in a plane of motion. The only 
equations to be satisfied by these components are the yield criterion and two 
equilibrium relations; no additional compatibility condition must be satisfied 
to ensure the existence of displacement-increments. It appears, therefore, that 
two-dimensional problems are likely to be the main field of application of INovuE’s 
analogy. 

(ii) Consider, now, the converse transformation where we begin with a known 
equilibrium distribution of stress satisfying some yield criterion, ¢, — o, = f (¢,) 
say, and (if three-dimensional) such that two principal values are equal at each 
point. We take the o, direction as the stream-direction and calculate the local 
values of (p — p,) and pq* from (5), arbitrarily choosing the sign. These values 
satisfy pq" j 1 
pressure-density relation involving the parameter p, and an arbitrary constant 


(p Po)}: and this in conjunction with (2) determines a 


of integration. We now have p, p, and u, satisfying (1), (2) and (3). Since the 
stresses are in equilibrium, 


0 I ° 
" " + uy, = (pu;). 
Differentiation of (2) gives 
u 
‘i Mw; 


in view of (3). Combining these two equations : 


du d 
F ’ 
pu, | (pu,). 
wy 


Now multiply by u, and sum over i. The resulting left-hand side vanishes identi- 
cally, and we recover the equation of continuity, and hence also the equations of 
motion. (The consequent vanishing of the left-hand side of the last equation 
above for i 1, 2, 3 proves the result previously quoted, namely that the vorticity 
and velocity vectors are parallel). 

It should be noted that there is a restriction on the possible yield criteria that 
can be admitted if we require the derived p (p) relation to have a positive gradient 
dp/dp as in any actual fluid. This is the condition that there should be a real 
local velocity of sound, a \V/(dp/dp). From (2) and (5), 


do, —dp + ¢ dp, t do, = dp. 


- 
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Hence 

do, 
—— = M* —1 6 
do, (6) 
where M = q/a is the local Mach number. Thus the curve in (¢,, o,) space 


representing the yield criterion, or the admissible part of it, must satisfy 


do,_ 


in (7) 


Another obvious restriction is that py + o, > 0 everywhere, if p is to be positive. 


8. Suock Waves AND Stress DIsconrinvuirties 


It seems to be implied by INove (1952b) that the analogy is still valid when 
the fluid flow contains shock waves. This, however, is only true in a very limited 
sense. For the flow through a shock wave is not isentropic. Each streamline 
behind a curved shock wave is a different adiabatic, having its own separate p (p) 
relation. Even when the wave is plane and the incident flow uniform, the common 
adiabatic behind the wave differs from that in front. Thus, the analogy cannot 
apply downstream of a shock wave. 

A shock wave does, however, correspond to a stress discontinuity in the sense 
that both occur together. Moreover, the Rankine-Hugoniot equations relating 
to the transfer of mass and momentum through the wave correspond to the con- 
ditions for the continuity of the stress vector acting on the discontinuity surface 


4. INovur’s EQUATIONS 
We introduce now the maximum shear stress 


d 
r=} |o, —o,| bog? = p (a — [) (8) 
p 


from (2) and (5), and also 
a = }(o, +o,) = + [(p — Po) + |. (9) 
The yield criterion for a state of plane strain or plane stress is expressible as a 
relation between + and o. Then 
+ do = dp + dr = rdp/p, (10) 


#1) (11) 


and 
dp dp (dr 
~ Salat 
from (2). 
From (7) it is seen that the admissible part of the yield curve is such that 
dr/do < 1 if the upper sign is taken in (4) and elsewhere (so that o, > o,), or 


dr/da > — 1 if the lower sign is taken (0, < o,). In fact 


Ip dr 
M?=q?/P—2 (1 r 12 
. /z / ie) (1) 


from (10) and (11). The flow is thus supersonic if — 1 < dr/do < 1. It is subsonic 
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when dr/do < — 1 if the upper sign is taken, and when dr/do > 1 if the lower 
sign is taken. The supersonic and subsonic regions in the fluid flow correspond 
to the parts of the plastic zone where the stress equations are hyperbolic and 
elliptic respectively (not to the plastic and non-plastic parts of the body). 

Equations (10) and (11), together with the stipulation that a principal axis 
should be in the stream-direction, constitute Ivove’s point of departure. He 
considers also the axially symmetric case, where two principal stresses are equal, 
but not the general three-dimensional correspondence. 


5. Some PartTIicuLaR CORRESPONDENCES 


(i) p = Ap”; Aand y > 0, y + 1. Consider, first, the adiabatic pressure-density 
relation for a perfect gas. From (8) and (9) : 


hp — Ay YS — Po + hp - ; (13) 
yok 7 
‘where the arbitrary constant of integration is absorbed in h. 
Suppose, for instance, the flow is such that h = 0, and hence supersonic with a 
constant Mach number M \ {2 (1 — y)} if y< 1 (a case considered by 
Inoue). The corresponding plastic solid has a yield criterion 


rT y (Po + @). (14) 


In actual solids, + increases as o becomes more negative under plane strain con- 
ditions. To reproduce this type of behaviour the lower sign in (14) and else- 
where must be chosen. Such a solid can not sustain a hydrostatic tension exceeding 
Po (whose value is still disposable). This type of linear relation is often assumed 
in soil mechanics (the restriction y < 1 parallels the physical requirement that 
the slope, — dr/de, should be less than unity if the envelope of Mohr’s circles is 
to be real). 
If the fluid is such that h is positive, the flow is supersonic where 


y¥ly +1) p 
. 1) p 


and subsonic where the reverse inequality is true. The corresponding yield relation, 


parametrically expressed by (13), is now a curve. By suitably choosing po, A, and 
y we can approximate to, say, a portion of the plane stress ellipse for the Mises 
yield criterion. INovuE (1952b) remarks that the whole ellipse can be approxi- 
mated if the upper sign in (13) is taken where o < 0 and the lower sign where 
a > 0. However, this possibility does not appear to offer any real advantage 
since we are not at liberty to take different signs in two adjoining parts of one 
and the same stress field ; the stress vector acting on the interface would generally 
be discontinuous. 

(ii) po — p = m*(1/p —1/po). This is not considered by INour. From 
(8) and (9), taking the upper sign, 


t = hp + m*/2p, ao + m*/py = — hp + m?/2p, (15) 


h being supposed negative (the flow is then subsonic). Eliminating p, 
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7? — (o + m*/p,)? = 2m? h. (16) 


This is a rectangular hyperbola, of which only the branch symmetric about the 
negative o axis is here relevant. If the greatest possible value of o is to be positive 
(as in most actual materials) p, must be sufficiently large and negative ; po, pp are 
then to be regarded, of course, as parameters in the pressure-density relation, 
not as an actually attainable fluid state. 

It is well known that this (p, p) relation is the only one for which a steady, 
homentropic, non-uniform, one-dimensional flow is possible. This flow is such 
that h = 0, while pg = m is the rate of transfer of mass per unit sectional area. 
The corresponding yield criterion is o, = m®/py, ¢, < _m*/py. A non-uniform 
distribution of p, p, and g in a straight channel corresponds to a rectangular solid 
specimen under a uniform longitudinal stress and a non-uniform lateral one. In 
particular, this is the only (p, p) relation for which the analogy is valid on both 
sides of a shock-wave. provided also that h is zero and the rate at which mass 
crosses unit area is equal to m. 

(iii) p — po = k log (p/p 9); k > 0. From (8) and (9) : 


r=k hp, + ¢@ =k(1 + log p/p,) hp. (17) 


INovE gives special attention to flows such that h = 0; the Mach number is 
equal to 4/2 everywhere, the Mach lines being orthogonal. The corresponding 
solid is such that yielding occurs under a constant maximum shearing stress k. 
In this case the choice of sign does not affect the yield criterion or the stress magni- 
tudes, only their signs. 


6. APPLICATIONS 


Consider the flow pattern produced by a stream of Mach number M and pressure 
np, (n > 1) issuing uniformly from an orifice into a fluid at rest at pressure po. 
Particular examples of such a flow have been calculated by Pack (1948) for a 
perfect gas with y = 1.3, M = 1-5, and n = 2-0 and 5-7. The corresponding 
plastic solid has the vield criterion (13) with the appropriate value of h, p, being 
arbitrary. According to (5), with the lower sign, the part of the boundary of the 
solid corresponding to the orifice is a straight section under a normal pressure 


{(1 + y M?)n — 1} po since the velocity of sound is expressible as 1/(y p/p). 


The part of the boundary corresponding to the streamline on which the fluid 
pressure is pp is free from stress. Such a plastic state is produced at the yield 
point of a body of this shape when indented by a flat die. Bisnop (1953) has 
calculated the field of slip-lines (characteristics) when the yield criterion is tr = k 
and the applied pressure is 2k(1 + 47). The general resemblance of these two 
fields is very marked, despite the fact that the p (p) and + (¢) relations do not 
correspond. In particular, the fields involve a shock wave and stress discontinunity, 
respectively, where the Mach lines or slip-lines run together. Either solution 
can, of course, be transformed to give another solution in the other field. 

The calculations for the fluid were carried out by approximate integration of 
the Temple-Guderley-Steichen relations along a network of Mach lines, and, 
for the solid, by approximate integration of the Hencky relations along a network 
of slip-lines. A detailed comparison of the respective methods, and of the various 
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refinements that can be introduced for greater accuracy, is both interesting and 
profitable. An account of this is beyond the scope of the present note ; the reader 
is referred to Howarta (1953, pp. 84-7), Hrix (1950, pp. 132-148), and Pracer 
and Honce (1951, pp. 184-143). The properties and structure of various types of 
singularity (branch, and limit, lines) seem to have been studied more thoroughly 
for fluid flow. 

The equations along the characteristics in supersonic flow of a fluid with a 
general p (p) relation are due to Massau and BuseMaNnn (given by Howartn, 
op. cit., pp. 80-1), and in the hyperbolic region in a plastic solid with a general 
t (c) yield criterion are due to MANDEL (given by HILL, op. cit., 297-9). The 
correspondence of the respective equations can, of course, be demonstrated by 
means of (4), (8) and (9). In particular, the Prandtl-Meyer equations for the 
expansion of a supersonic stream round a corner (HowartTu, op. cit., pp. 164 et seq.) 
correspond to those for a plastic state centred on a point singularity (e.g. Hint, 
1952, for plane stress with the Mises criterion). 

Subsonic flow corresponds to the elliptic part of the plastic zone. There is here 
a striking contrast between the respective available methods, which are very 
much more developed in fluid flow. Whether these can be taken over and applied 
in the plastic field is a matter for further study (INOUE gives some discussion 
of the hodograph method). It is likely, however, that only a rather limited applica- 
tion will be practicable. This is partly due to the different kinds of problem that 
occur in practice, but still more to the additional complexities arising from the 
presence of a non-plastic zone and from the fact that the boundary conditions are 
generally mized (involving displacements as well as stresses). 
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SUMMARY 


SHELLS in general, when subjected to external Joads, develop bending as well as membrane 
stresses. If the middle plane of the shell is a surface of revolution and the applied loads are radially 
symmetrical about the axis, the membrane stresses are readily calculated provided the bending 
stresses are small enough to be ignored. When the bending stresses are taken into account, the 
problem becomes very much more complicated. It may, however, be relatively easy to design 
the shell in such a way that bending stresses are entirely absent. The paper describes shells 
which will be free from bending stresses when the applied load is any uniform axial force. Con- 
sideration is given to shells of varying thickness, but particular attention is paid to shells whose 
thickness is uniform. The possibilities of providing boundary rings to prevent local bending 
stresses in the vicinity of the end sections is also investigated. 


1. INTRODUCTION 


WHEN calculating stresses in 
thin shells, it is usual to 
assume that external loads 
produce membrane stresses 
only, except in the close 
vicinity of point loads. 
This is a sufficiently close 


approximation provided the 


thickness of a shell is small 
compared with the minimum 
radius of curvature, and also 
provided buckling does not 
occur. When the thickness 
is not small, membrane stress 
theory gives approximate 
results only due to the 
influence of bending stresses. 
Unfortunately, the general 
elastic theory of shells is 
involved, and solutions to 
problems in which bending 


stresses are of some impor- 
tance have usually to be 
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obtained by a process of successive approximations (TIMOSHENKO 1940), 

In view of the difficulty of calculating bending stresses in shells, it is worth 
investigating shells in which no bending stresses whatsoever will be induced by 
given loads. In certain cases, this inverse problem may be solved, and does not 


appear to have been treated in the literature. The present paper contains a discus- 
sion of such a problem, which may be described as follows. 

The shell abcd in Fig. 1 has the form of a surface of revolution about the axis 
OX. The shell is bounded by planes at right-angles to OX, and is required to 
transmit a force F with line of action along OX. The force may be taken to be 
uniformly distributed, tangentially to the shell, at the end sections. It is required 
to determine the possible forms which the shell may take, the shell being either 
of uniform or of varying thickness, with the stipulation that membrane stresses 
only shall be induced. 


NOTATION 


distance along the axis of the shell. 
radius of shell. 
= thickness of shell. 
angle between normal to shell and longitudinal axis. 
cosec wp. 
= coincident values of r, h, % and » respectively. 
- radius of curvature in meridian plane. 
radius of curvature in plane perpendicular to meridian. 
angle subtended by two meridians on axis OX. 
displacement of shell in normal direction. 
displacement of shell along a meridian. 
: strain parallel to meridian 
strain perpendicular to meridian. 
membrane force per unit length acting parallel to meridian, 
membrane force per unit length acting perpendicular to meridian. 
stresses corresponding to Ny and Ng respectively. 
value of o, when r = rp. 
longitudinal force transmitted by shell. 
= modulus of elasticity. 
Poisson’s ratio. 


2. Tue GENERAL SOLUTION 


The geometry of the shell and the forces acting on an element are shown in Fig. 1. 
The element ABCD is contained between two meridian planes intersecting at an 
angle 3@ and two planes at rightangles to the longitudinal axis. The centre of 
curvature of the element in the plane containing the meridian ef is 0,, and the 
radius of curvature r,. The side BC of the element ABCD subtends an angle 
$4 at O,, the normal to the shell making an angle ¥ with the axis OX. The centre 
of curvature in a plane pervendicular to the meridian ef is at O,, and the corres- 
ponding radius of curvature is denoted by r,. The radius of the shell at AB is r. 

The only forces acting on the element are membrane stresses, since no bending 
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stresses or distributed external loads are present. The forces per unit length of 
shell are Ny in the direction of tangents to the meridians and Ng perpendicular to 
the meridians. The corresponding stresses 
are denoted by o, and og, so that if 
h is the thickness of the shell, Ny hoy 
and Ng = hog. 

The displacements of the are BC of 
the shell are shown in Fig. 2. As a result 
of the application of the longitudinal 
force F, BC is displaced to B’C’. The 
point B is displaced w towards the centre 
of curvature O, and v in the tangential 
direction. 

Two equations of equillibrium are 
obtained. The first is most conveniently 
derived by resolving parallel to OX for 
the forces acting on the shell at the cross 
section containing the arc AB, and the 
second by resolving for the forces acting 
on the element ABCD in a direction 
perpendicular to the clement. Hence it 
is found that 


7 


Ny 


uj 


- cosec yf, (1) 


2a 


” 


. F 
Ng = — —— cosec? y. (2) 
2nr, 


The strains ¢, in the direction of a meridian and ¢g perpendicular to a meridian 
are readily shown (TimosHeENKO 1940) to have the values 


_ ldv wo (3) 


“¢ nd oy 


v 
q=u— cot yb — my (4) 
le le 


The strains cy and ¢g are related to the membrane forces N , and Ng by the equations 


(5) 


(6) 


Finally, two equations are obtained from the fact that, since no bending stresses 
are induced, there must be no change of curvature in either the meridian plane 
or in a plane at rightangles to the meridian. Hence (TimosHenko 1940) 


1d (v 1 dw 
nag tay) 7° ™ 
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cot ob | v1 — 

To ry r, db 

Equations (7) and (8) are both satisfied when 
dw 


dy 


The values of r, and r, are related to r and yf as follows : 


v . 


1 


/ 


, (sin w), (sin #). (10) 
l r 


l ar Ts 
Upon eliminating ey and «g between equations (3) to (6), and substituting for the 
values of r, and r, from (10), it is found that 


oss” w d (sin ¥) = _.(N » No), (11) 


dr dr 


l , . 
v cos Ww w sin wW) J rN ,). 12 
(v cos © sin EI ( ) 


r 


Equations (9) and (11) give 


¢ (v cos J — w sin #) 
dr 


Hence from equations (12) and (13) 


(14) 


Substituting the values of Ny and Ng from equations (1) and (2) in equation 


(14), it is found that if » cosec wW, 
d {rdy v | 
— 15 
dr \|hdr  h"J (15) 


The value of h may be expressed generally in the form h = f(r). Equation (15) 


then becomes 


24, f'(r)\ _d f(r) 
r? - -r _ = 0. 
dr* ( ain)’ a dr (1 - "Fir — (16) 


All shells which fulfil the conditions which have been imposed are required to 
satisfy equation (16). 


8. GENERAL SOLUTION WHEN Ac rm 


os) 


where r, and A, are coincident values of r and h respectively and n is real (positive 
or negative), then equation (16) becomes 


eo} + (1 ny? 1 — wn)» 0. (18) 


If it is assumed that 
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The general solution is 
» = Ar™ + Brm (19) 
where 
my, My = b{n eof? +4(1 — nv)}. (20) 


and A and B are constants. If 2 denotes distance along the axis of revolution, 
then a relationship between r and 2 may be obtained by integrating the equation 


(21) 


The values of the membrane forces Ny and Ng may be derived from equations 
(1). (2), (10) and (19). Remembering that » = cosec y, it follows that 


F dn 


2n di 


Ng (22) 
The general shapes of shell obtain- 

able from equations (19) and (21) — ~~ 

are illustrated in Fig. 3. When n - 

»m, is positive and m, negative. @ 

' 


. ] 
When n ,m, is positive and m, 
2 


, . l 
zero, while if n > —, both m, and m, 


i 
are positive. The type of curve 


obtained depends on the signs of 
m,, m,, A and B, and on the number 
of real positive roots resulting when 
\n| = 1 in equation (19). The types 
of curve (Fig. 3) obtainable in each 
case are shown in Table 1. 


TABLE 1! 


Types of shell obtained when h oC r™ (see Fig. 3 


Real positive 
roots for 


in) = 1 


Less than 
1 


v 


Equal to 
l 


y 


Greater than 
1 


83 and 7 
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4. Specrat Case or ConicaL SHELL 


When 2 = . A = Oand B > 1, a conical shell with half angle sec~' B is obtained. 


- 
The thickness, membrane forces and membrane stresses are then as follows 


5. GENERAL SOLUTIONS FOR SHELLS OF UNIFORM THICKNESS 


The remainder of the paper is concerned with shells of uniform thickness. 
Equations (18) to (22) are applicable with n = O, whence 
B 
ie + = (23) 


rT 


, l > 
Since n < -, the shells obtained are confined to types 1, 2 and 3 (see Fig. 3 and 
. 


Table 1). 


Two = Value OF Ow 
WHEN r=0 


AKIS OF 
REVOLUTION 


STRESSES 
(b) 


(i) Case AB j 


When this condition is satisfied, equation (28) has no real roots with |y| = 1, 
and all shells are formed from curves of type 1. Since each curve has a point of 
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inflection, it is convenient to establish the constants A and B by defining the 
radius and slope of the curve at this point. If 7, and ¥, denote the radius and angle 
of slope cot~' (dr/dx) at the point of inflection, then it is found that 


L ¢ 3 cos § 
To oe 


» » 
ro” sin 2 wo 


r ' r? 
‘ I inh” | 


To 


sinh! (cot ¥o)) sin wp. (24) 


The constant of integration is chosen such that z = 0 whenr = r,. The membrane 
forces and stresses are given by 
P 2 
Ik No r 
2n'o 
Pn {ef 
Fn, (" 


» or 
2nTo 27 


where n, cosec ¥,. Hence both stresses increase rapidly as r + 0, but as r 


becomes large compared with r,, the stresses both approach asymptotically to 
the value Fy, /47r, h. The sum of the stresses is constant and equal to F'n, /2mr, h. 
An example of this type of shell is given in Fig. 4, which shows the form of shell 


and stresses when yj, = °57. 


AXIS OF 
REVOLUTION 


FORM OF SHELL 
(a) 


(ii) Case AB < } 


All the shells obtained are of types 2 and 3. If r, denotes the maximum radius 
in the case of a curve of type 2 and the minimum radius when the curve is of type 
3. then 
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(1 + p?) rT -- 2? r?) 


(1 — p?) 76? \’ 


. F r? + 7,2 
Ny hoy a (e 2 ), 
2nTo (1 t a) r? 
bes (27) 
No = hog fk (= “). 
2nr,o \(1 + p) 7? 
The constant of integration is chosen so that z = 0 when r=7,. When the 
curve is of type 2, — 1 < » < landr <r,. When type (8) is required, — 1 < 1/p 
<landr > r,. 
Examples of shells of types 2 and 8 are given in Figs. 5 and 6 respectively. 
Fig. 5 shows a shell of type 2 for which » = 4, and Fig. 6 a shell of type 3 with 
p = 2-0. 


T AXIS OF 
le REVOLUTION 


FORM OF SHELL a STRESSES 
(a) (b) 


(iii) Special Cases 


A plane disc is obtained if ¥, = 0 is substituted in (24), or if pu — 1 is sub- 
stituted in (26). A circular cylinder is obtained if ¥, = 47 or» = 1. When p = 0 
in (26) and (27), the case of a spherical shell is obtained, viz :— 


Fr, 


ies Qa? 


When » = o, (26) and (27) give 
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F 
0 Sere 


6. Bounpary RINGs 


Sections of the shells which have been derived above may be used to transmit 
an axial force F from one body to another. Bending stresses will be absent from 
the main part of the shell, but will be induced in the vicinity of the boundaries 
unless the force F is distributed in such a way as to balance exactly the membrane 
forces. The condition may be difficult to achieve, but may be much facilitated 
by introducing boundary rings of suitable rigidity. 


Consider a ring forming an outer boundary to a shell, as shown in Fig. 7. The 
force F is applied to the ring as a uniformly distributed axial load, and the ring is 
required to develop the same circumferential strain as the shell at that section. 
Hence if og’ is the circumferential stress in the ring, and the ring and shell have 
the same modulus of elasticity, 


og = 09 — voy. (28) 


If the cross-sectional area of the ring is S, the equation of equilibrium for a small 
are of the ring in a radial direction is 
Soy’ + hoy rcos f = 0. (29) 


When the ring forms an inner boundary to the shell, (28) still applies, but in place 
of (29) we have 
Sag — hoy rcos fy = 0. (30) 
Considering uniform shells of type 1 ((24) and (25)) it is found that boundary 
rings must have areas given by 


+ 1,4 + 2r? r92 COS 2 wy 
(1 + v) ro? — (1 — v) * 


(31) 


where the positive sign is appropriate for outer boundary rings and the negative 
sign for rings forming inner boundaries. Since § is essentially positive, outer 


126 M. R. Horne 
boundary rings loaded as shown in Fig. 7 can only be used when r is less than 
1+yv — , ; 
Fe J , while inner boundary rings can only be used when r is greater than 
—» 


this quantity. 
When the shell is of type (2) or (3), the areas of boundary rings may be obtained 
from equations (26) to (80), and are given by 


_ hr VJ (rr? — r®) (r,2 — p? r?) 
“(+ vr? — wT — ») 


where the positive and negative signs again refer to outer and inner boundaries 
respectively. An outer boundary ring is possible for a shell with positive value 


; , l + : - . 
of u provided r is less than r, ‘ “ , and is always possible for a shell with 
FE 0 ye -_ ys 


negative ». It is possible to find an inner boundary ring for a shell with positive 

1/1 +r , 
uw provided r is greater than r, . (" ), but never when the value of p is 
fe = 7? 


negative. 

It will be seen from the above discussion that if bending stresses are to be 
completely avoided, it is impossible to provide the same shell with both an inner 
and an outer boundary ring, although it may be possible to form the boundaries 
of type 2 shells with two inside rings or of type 3 shells with two outside rings, 
by using shells which go through the maximum or minimum radius r,. 
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SUMMARY 


Tue stresses in and near the hemispherical end of a pressure vessel of uniform wall thickness 
and mean diameter to thickness ratio of 10 were determined by the frozen stress photoelastic 
method. The meridional and circumferential stresses at the inner and outer surface are compared 
with values calculated by Watts and Burrows’ (1949) method of evaluation of the Love- 
Meissner equations. The distribution of meridional, circumferential and radial stresses across 
the wall thickness at three sections was determined by a procedure based on Frocht’s shear 
difference method of separation of principal stresses. The integration of the meridional stress 
and the surface value of the radial stress satisfies the equilibrium of all sections investigated. 
The shear stress at the head to shell juncture is also compared with the calculated value. 


1. Frozen Stress Metuop 


Tue frozen stress method of photelasticity (HETENY1, 1938 ; FessLer, 1953, etc.) 
is based on the property of some plastics to retain the strain and birefringence 
caused by stressing at an elevated temperature. If the stressing loads are removed 
after cooling to room temperature, the strains and associated birefringence of 
every part of the model remain substantially unaltered. Parallel slices can be 
cut from the model for analysis in the polariscope. 

The isochromatics or fringes visible in such slices are proportional to the difference 
of the principal stresses in the plane of the slice. These stresses are called secondary 
principal stresses because they are only the components of the actual principal 
stresses in the plane of the slice at any point in the model. The isoclinics visible 
in the slice indicate the directions of the secondary principal stresses. The shear 
stress and the difference of the direct stresses in any arbitrary direction are readily 
calculated from a Mohr circle at the point considered. 

Because one secondary principal stress (the hydrostatic pressure) is always 
known in magnitude and direction at the free boundary of any frozen stress slice, 
the surface stress is obtained directly from the fringe pattern. The individual 
direct stresses within a three dimensional model can be obtained by calculation 


as follows. 


(i) Cartesian co-ordinates. 


The equation of equilibrium of an element in a solid (on which no body forces 
are acting) may be written in cartesian co-ordinates (7, y, z) as 
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dr 
zy zz 


oY dz 


where o, is the direct stress in the 2 direction, r,, the shear stress acting in the 
zr direction on the plane y = const., etc. In finite difference form, the above equa- 
tion becomes 

Ao, 


Ar 


where 7, and +7, are the values of +, along the lines y + 4 Ay, z = 0 and 
y — } Ay, z = 0 respectively, as obtained from a frozen stress slice cut in the 
ty plane and +r, and +, are the corresponding values in the zz plane. If the origin 
is taken at a free boundary so that o,, is known, o, along y = 0, z = 0 can be 
determined by summation of the shear differences in two orthogonal slices 
because 


Ox 


_ = Cn, : -. (1) 


Frocut suggested this extension of his two dimensional shear difference method 
to three dimensional problems (Frocut 1952). 


(ii) Cylindrical polar co-ordinates. 


For solids of revolution it is more convenient 
to use polar co-ordinates. The radial equilibrium 
equation in cylindrical polar co-ordinates 


(r, 8, z) is 


Fig. 2. Spherical polar co-ordinates 
for determination of op (“%" axis 
would only be required if cylindrical 
Fig 1. Cartesian system for determination of ¢,. co-ordinates were used). Not to scale. 


a 2s oy 


Due to rotational symmetry +, = 0, so that in finite difference form 


Ao, 
Ar 
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The last term is obtained from a meridional slice (in the rz plane) as for the 
cartesian system. Because rg = 0, o, and og are the secondary principal stresses 
in a slice in the r@ plane. Thus (oc, — og) is proportional to the fringe orders 
observed in a circumferential slice. All circumferential slices were cut normal 
to the meridional plane and normal to the shell surface. The meridional slice 
contains the axis of symmetry and thus lies in the meridional plane. 


(iii) Spherical polar co-ordinates. 


Whenever possible, slices are cut normal to the surface of models to facilitate 
the accurate determination of the (usually important) surface stresses. When 
analyzing the “ head”’ it would therefore be necessary to set up a different set of 
cylindrical co-ordinates for each circumferential slice, replacing “ R” by “r” 
in Fig. 2 and setting up a “ z,””’ axis as shown by the dotted line. Because such 
systems are not rotationally symmetrical about the z axis, Ar,g must be calculated 
in the same manner as’ Ar,. It is therefore less laborious to use spherical polar 


co-ordinates (R, @, 4). 


op, oR-~% , oR—-%, OTRO Tag + Trg COty _ 


dR | R ' Rsinddé ' Rdd R 


is the appropriate equilibrium equation and again tpg = 0 due to symmetry, so 
that the finite difference form is 


Aor 


TR¢ cot, 


AR — - a | —— . = — _ R 


where 7, and +, are the values of rp, on the lines ¢ = ¢ + $ Ad, 0 = 0 and 
@ = ¢ — 4 Ad, 8 = O respectively, as obtained from a meridional slice (Fig. 2). 
The values of (co, — og) are proportional to the fringe order in the circumferential 
slice along the required line @ = 0 because this line lies in the conical surface 
¢ = const (i.e. it is the axis of symmetry of the circumferential slice). 

The values of (co, — a4) are determined from the fringe orders and isoclinics 

K 2 £ 

along the line ¢ = ¢ in the meridional slice. Thus 


AR AR 
oR, = Ry, — on (oR — %) —* Ze (oR — o4) 7% 


- = — cots ZiT a 
* RAS on 2) RB 


2. EVALUATION OF INDIVIDUAL STRESSES 


In the previous Section it has been shown how the radial stress o, or og can be 
determined from the fringe orders in the circumferential slice and from the fringe 
orders and isoclinics in the meridional slice for any part of the shell. 

If F is the material fringe value expressed as the difference of principal stresses 
(fringe order/inch) in lb/fr. x in., and N is the fringe order per inch thickness, 
the circumferential stress og is obtained from the circumferential slrees : 


o% o, + FN or a9 op + FN (4) 


1380 H. Fesster and KR. T. Rose 


because og, o, and og are secondary principal stresses in these slices. The meridional 


stresses are obtained from the meridional slices 


FN cos 2 2 or o% on FN cos 2 « 


where « is the isoclinic angle at the point considered. 


8. CALCULATION OF SURFACE STRESSES 


Love's theoretical analysis of rotationally symmetrical shells considers the 
equilibrium of elements under the action of circumferential and meridional bending 
moments, shearing forces and direct stresses. Consideration of the forces in radial 
and meridional directions and of moments in the meridional plane gives three 
equations relating the shape and external loading of the shell to the above five 
unknowns (the circumferential shearing force is zero due to symmetry). Love 
expressed the bending moments and direct stresses in terms of the meridional 
and radial displacements. 

Meissner replaced these equilibrium equations by two second-order differential 
equations in terms of a displacement function and a shear force function. This 
is known as the Love-Metssner analysis. An exact solution of this approximate 
analysis was produced by Bo.ve for spherical shells. 

Bartky and Burrows improved the convergence of BoLLe’s hypergeometric 
series and extended the solution to hemispheres. The calculations in this paper 
were based on this solution as given by Watts and Burrows (1949) and by Warts 
and LanG (1953). This analysis ignores radial stresses and is therefore only strictly 
applicable to thin shells where the radial stress is small compared with the meridional 
and circumferential stresses. Watts and Burrows analysis is simplified by the 
assumption that the internal pressure acts on the middle surface of the shell. 
This would lead to serious errors for the shell under consideration, the wall thickness 
t of which was 0-1 x ‘mean diameter D. The theoretical solution was therefore 
modified to consider the pressure acting on the inner surface. This was done by 
reducing the meridional membrane stresses in cylinder and hemisphere and ‘the 
circumferential membrane stress in the hemisphere to (1 ti D;P 0-81 of their 


original value. The circumferential membrane stress in the cylinder was multiplied 


by 1 — (t/D) = 0-90 and all discontinuity stresses were multiplied by 1 — (t/D)* 


0-99. 
The surface stresses calculated in this manner (to six significant figures) for a 
value of Poisson’s ratio of 0-5 are shown by the full lines in Figs. 4 and 5. 


4. MATERIAL 


The model material was Araldite casting resin B, an ethoxylene resin (SPOONER 
and McConne. 1953). 30 parts of hardener No. 901 were mixed into 100 parts of 
molten resin ; the mixture was poured into a cast iron mould, cured in 4 hours at 
160°C and cooled slowly. To reduce the machining time of the model, an Araldite 
core was used which was removed after the gelling of the cast. Mould and core 
had to be coated with a silicone separator to prevent adhesion of the casting. 
The material fringe value (using light of 5460 A wavelength) was 1-315 lb/fr. x in., 
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and the effective modulus was 1,878 lb/sq. in. These quantities were calculated 
from the radial stress and deformation at the “ infinite ” cylinder. The material 
is subject to edge stresses which are avoided by storage of models and slices in 


dessicators. 


5. Tue Mope. 


Fig. 3 shows the finished (unstressed) dimensions of the model. The open end 
was closed by a similarly shaped dummy, the head of which was reduced in thick- 
ness to minimize discontinuity stresses at this end. A spigot ensured concentricity 
of the two shells, which were joined by a small quantity of araldite cured at 135°C. 

It was estimated that the shape of the (unstressed) model, which was determined 
by the “formers” of a “ profiling attachment ”’ on the lathe, was accurate to 

0-002 in. 

An oil pressure of 8-07 lb /sq. in. was applied for 1 hour at 135°C before the model 
was allowed to cool under pressure at 7° C/hour. 

Slicing was carried out with a liquid cooled 4 in. thick abrasive cut-off wheel. 
Slices varied in thickness from 0.095 in, to 0-097 in. but the maximum variation 
of thickness of any slice was 0-0005 in. 

Integral fringe orders were measured 
witha wedge compensator while fractional 
fringe orders were determined by 
Tarpy’s (1929) method to + 0-03 fr. 

Isoclinics were estimated to +1 
Deformations were measured by dial 
gauge to +. 0-0001 in. 


6. SURFACE STRESSES 


The stresses at the outer surface are 


mn 
a ae 


equal to the material fringe value » fringe 


YD 


order,/inch. The fringe order at the 
inner surface is proportional to the 


S3HI1Lid 
WwAGI 


difference between the meridional or 


oe 


Ni¥I4IWN- 


{ 
. —— SS 


circumferential stress and the hydrostatic 


“@WO< 


pressure p. The fringe order corres- 


yrs wil 


ponding to the latter (— 10-6 fr/in.) 


Ss 
> 


has therefore to be added to the »/S2 V4) ag RIDIONAL 


measured value to obtain the inner 4 Gijjj/ ICE 
v4 “nN a 
surface stresses. t+O325 
The material fringe value was calcu- Fig 3. Dimensions of model, showing also 
lated from the radial stress at the inside yosition of slices. (Not to scale). 
I 


‘ 


surface of the “ infinite”’ part of the 

cylinder. The latter was considered to exist 

where the isoclinic angle was zero and the meridional stress at the inner and outer 
surface had the same value (indicated on Fig. 4). The stresses set up by the con- 
traction of the joint material, during polymerisation of the joint, locally disturbed 
the simple state of stress. 
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The results are shown on Figs. 4 and 5 in terms of the “* stress index,” as proposed 
by Warts and Burrows (1949), that is as fractions of the equivalent hoop stress 
in a thin cylinder (pD/2t). Each pair of points in Fig. 5 was obtained from the 
corresponding slice shown in Fig. 3. The radial deformation of the cylindrical 
part of the shell was also measured and recorded in Fig. 5 to make possible the 


comparison of deformations with stresses. 


oO 
HEAD 


JUNCTURE 
~ 


"INFINITE 
SHELL SECTION 


Me) 20 3 o.0Uw~é‘C SO 
DISTANCE FROM POLE ALONG MERIDIAN OF MIDDLE SURFACE (INCHES 


Meridional surface stresses. The full lines represent the calculated values of stress. 


Boo’ ; 
ato “5 ! 


ore 
OUTSIDE 


dea JOT 
SHELL SECTION 


OOo3 


EE = a gee 


% STRESS INDEX 
RADIAL DEFORMATION 


c 3-0 
DISTANCE FROM POLE ALONG MERIDIAN OF MIDDLE SURFACE INCHES 


Fig. 5. Circumferential surface stresses and deformations. The full lines represent the calculated 
values of stress. The chain dotted lines indicate the measured deformations. 
(photoelastic) stress at inside surface. 
LJ} (photoelastic) stress at outside surface. 
-inside deformation from measured stresses. 
outside deformation from measured stresses. 


THe “ Ineinire ”’ CYLINDER 


At a section in the infinite cylinder r,, = 0 so that o, and oa, are principal 
stresses. To calculate c, a radial line in circumferential slice No. 20 was divided 
by four nodes into five equal sections of length Ar (0-065 in.). The fringe 
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order at each node was measured, divided by the thickness of the slice and by the 
corresponding radius r, and multiplied by Ar. Summing the mean values of this 
quantity across the section gave a fringe order proportional to the change in 
radial stress from the inner to the outer surface. The difference in radial stress 
between the surfaces must be equal to the (known) internal pressure. The material 
fringe value F was therefore calculated as the pressure /(the above fringe 
order/inch) and found to be 1-815 lb./fr. x in. 

The radial stress at each node was calculated by subtracting the negative values 
of Ac, from the known negative value of c, at the inner surface. og and o, at each 
node were calculated from equations (4) and (5) (« = 0 throughout). These 
stresses are plotted in Fig. 6 and compared with the radial and circumferential 
stresses calculated from Lamé’s thick cylinder equations. 

The meridional stresses o, were integrated over the cross-section to check the 
accuracy of the measurements by comparing the total meridional tensile force 
with the force due to the internal pressure. Thus using the mean values of r and 
o, for each section, 


p 1 2nro, Ar =k x par? (6) 


ee 


where “ o”’ refers to outer surface, “‘7”’ refers to inner surface and k is a measure 
of the overall accuracy. All values of k are recorded in Table 2. 


TABLE 1 


Values of actual fringe orders **n” and isoclinic angles ** «”’ for nodes shown in Fig. 2 


8. THe CYLINDER-HEMISPHERE JUNCTION (¢ = 7/2) 


The determination of o, from equation (2) was not attempted because the small 
changes of the isoclinic angle near the juncture would have made the direct deter- 


mination of +, and 7, liable to large errors in this case. The network shown in 


Fig. 2 was therefore set up based on the line z = c at ¢ = 7/2. The values 
of fringe order and isoclinic angle, as measured at each node, are recorded in Table 
1. From these the values of r,, = § FN sin 2x were calculated and plotted in 
Fig. 9 (a). Along the lines a, b, d and e, r,, at the free surfaces is not zero because 
these lines are not normal to the surfaces due to the shape and deformations of 
the shell. d7,,/dz (Fig. 9 (b)), when obtained from the slopes at c of the cross- 
plots of Fig. 9 (a), was less influenced by errors in individual measurements than 


(7, — 7,)/Az. 


r 
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Equation 2 was therefore modified to 


o,, =p +ZFN ar —zZ oT Ar 
r oz 
where N is the fringe order at the mid-points between the nodes in the circum- 
ferential slice. Because the radial stress at the outer surface is zero, the radial 
stress at the inner surface 
can be calculated from 


o,; = P — Oo where the last 


C. 
term is the final value of 049 ve | 


the above summation. Thus 


to 


a value of the accuracy 
factor k was obtained. 


The circumferential and 


meridional stresses were 


obtained by use of equations 
(4) and (5). 
The results are recorded 


~ 


in Fig. 7 and the radial 


stress is compared to the 


stress given by Lamé’s 


cylinder equations. Another 


value of the accuracy 


factor was obtained by the 


application of equation (6) ~-®! oa 
to this section. 
-020 r 


The actual distribution Fig. 6. Stresses in a radial Fig. 7. Stresses in the radial 
of shear stress across the section of an“infinitelylong” section at the junction of 
junction, as given by the ‘*c”’ cylinder. The full lines are head to shell. The full line is 
calculated from Lamé’s thick calculated from Lamé’s thick 
cylinder equations. cylinder equations. 
Note: The symbols on the top curves should read a4. 


curve of Fig. 9 (a) can be 
compared with the para- 
bolic distribution assumed 
in thin shell theory. The theoretical shear force Q (Watts and Burrows, 1949) 
was calculated as 0-0748 (lb./inch of middle surface)/pressure. This is in good 
agreement with the experimental value 


D 22nrr,, Ar 0-0754 in., 
pr 


although the distribution is only approximately parabolic. 


9. Tue HEMISPHERE SECTION ¢ = 7/4 


This section was analyzed in spherical polar-co-ordinates. As the isoclinic angle 
in both slices was constant across this section, there were no shear stresses. There- 
fore a and ag are principal stresses and (3) reduces to the summation of the fringe 
order in the meridional and circumferential slices. og and og were calculated from 
(4) and (5), where « = 0, and the results were recorded in Fig. 8 and compared 
with the stresses in a (complete) thick sphere under the same pressure. 
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The accuracy factor in the radial direction was determined as for the juncture 
of hemisphere to cylinder. The meridional accuracy factor was determined by 


consideration of the axial equilibrium of the section, 
sin d p > 27 (R sin ¢) o% AR = kpz (R; sin ¢)?. 


10. CONCLUSIONS 


The good agreement of the total forces at 


different sections, as shown by the accuracy 
the smooth curves 


factors, together with 
obtained for the different stresses shows the 
—— 


Ra | | © SECTION 


Tirz FRINGES 


ofr | 


op 


o 

Fig. 8. 

section of the head ¢ = 7/4. 

The full lines are calculated 

for a (complete) thick sphere. 

A values of o¢, [-} values Fig. 9. Distribution 
section near junction and )r,,/)z. 


of o@. 


FRINGES/ icy 


Stresses in the radial 
iL 


oTrz 
dz 


of shear stress across radial 


TABLE 2 


Overall accuracy of measurements 


Accuracy 


Direction 
factor k 


Section ge 
of equilibrium 


1-0000 


radial 


’ eylinder 
0-9911 


* Infinite ’ 
meridional 


1-0042 


radial 


Junction 
meridional 0-9929 


radial 1-0085 


1-0183 


meridional 
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methods to be accurate and reliable. 

The surface stresses and the shear force at the juncture are in fair agreement 
with the modified calculations by Watts and Burrows’ method. It should be 
pointed out that experimental and calculated results apply for a Poisson’s ratio 
of 0-5. Calculation shows that the calculated stresses for Poisson’s ratio 0-25 
are slightly smaller than the above, the maximum meridional stress being reduced 
to 97 per cent. of the calculated value shown in Fig. 4. 

The results have been calculated for the loaded, i.e. deformed, shell. As the 


maximum strain (of the cylinder) was 1-9 per cent., slightly different values would 


have been obtained for the individual stresses and the accuracy factors if the 
unstressed dimension had been used. For instance the (fictitious) material fringe 
value, based on the original dimensions was 1-285 instead of 1-315 lb. /fr. x in. 

The methods described are applicable to any solid of revolution and can therefore 
be used for any shape of head. Furthermore, they may be used for thicker vessels 
for which no satisfactory methods of calculation are known at present. 
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BOOK REVIEWS 


Advances in Applied Mechanics: Vol. III. Edited by Tx. von KArMAN and R. von Miszs, 
Academie Press, New York. 1953, x + 324 pp. $9.0. 


Ir seems appropriate in reviewing a volume of this kind to make some general comments on the 
type of material which could most profitably be included and how such material should be handled. 
In a preface to the first volume the Editors, Ta. von KARMAN and R. von MISsEs, suggest that 
* perhaps the research worker will not need our surveys in the proper field in which he is himself 
active, but he might be interested in summaries of related topics.’ This intention is admirable 
and recognizes a very real need. It is implicit in this policy that, having regard to the diversity 
of training of potential readers, the emphasis should be on what has been achieved and why 
rather than on the details of how. This presents a difficult but by no means impossible task to 
those writers whose topics depend on subtleties of mathematical reasoning. The considerably 
widened interest of such a treatment should more than compensate the specialist for the qualms 
he might perhaps feel in presenting his subject with an unwonted lack of rigour and esoteric appeal. 

The first article is an interesting essay of nineteen pages by G. F. Carrier on ‘ Boundary 
Layer Problems in Applied Mechanics.’ The author discusses the type of equation which can give 
rise to boundary-layer phenomena and illustrates his remarks with a few examples. The main 
thread of the argument is clearly maintained in a readable article. A discussion of thirty-nine 
pages on ‘ The One-Dimensional Isentropic Fluid Flow’ by Ormar Zaupastani follows. The 
article is confined to analytical solutions of the continuous motion problem. The presentation 
is concise and logical and admirable from a mathematical viewpoint. The next contribution, 
a forty-seven page article on ‘ Turbulent Diffusion : Mean Concentration Distribution in a Flow 
Field of Homogeneous Turbulence ’ is by F. N. Frenxret. The author presents the statistical 
ideas associated with a turbulent field and considers examples relevant to a homogeneous, isotropic 
and stationary field. In a final section the author shows that Fick’s Law of Turbulent Diffusion 
is valid only for dispersion times which are large compared with the Lagrangian scale of turbulence. 
This polished and lucid article will appeal principally to readers with a mathematical background, 
but it is by no means inaccessible to those with a lesser degree of mathematical facility. 
H. F. Lupworr’s article, ‘On Aerodynamics of Blasts,’ of thirty-six pages, follows. The author 
considers the problem of shocks of varying strengths encountering obstacles ranging from slight 
variations in near-planar surfaces to an almost perpendicular wall. This article is clearly in- 
tended for those with more than popular knowledge in the field. The development is logical, 
attractive and balanced. A forty-page contribution from G. GupERLEy, ‘ On the Presence of 
Shocks in Mixed Subsonic-Supersonic Flow Patterns,’ follows. The theme of the article is the 
assertion that potential flows are in general not possible over a contour in a transonic flow field. 
This is a very readable article in which the development is lucid and the arguments well expressed. 
The author's handling of a topic which is very far from cut and dried is commendable and provides 
a good example of how quite involved points can be presented and argued without excessive 
recourse to detailed mathematics. The shortest contribution with, incidentally, the longest 
list of references follows. It is an eleven page article by L. Rosenneap, * Vortex Systems in 
Wakes.’ It is rather surprising to find this topic in a current volume of Advances in Applied 
Mechanics, but according to the author there has been a renewal of interest in the field. The 
paper summarizes well-known work, comments on its deficiencies, and makes suggestions for 
future work. It is a useful although perhaps rather too brief survey which will be readily assimi- 
lated by all readers. The following article of ninety-eight pages is by Hitpa Gerrincer and is 
entitled ‘ Some recent Results in the Theory of an Ideal Plastic Body.’ A rather more detailed 
criticism of this article is undertaken, not because the reviewer feels that it falls below the high 
standard of the volume, but because it is by far the longest article and because the reviewer's 
chief interest embrace this topic. 

The governing equations in three-dimensions for a material obeying von Mises criterion are given 
and particularized to the plane stress and plane strain problems. The three-dimensional problem 
with a general yield function and differing plastic potential is then formulated and particularized 
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to the general plane problem with similar yield and potential functions. The general plane problem 
and various vield functions are discussed and a mathematical treatment of general methods for 
solving the relevant equations given. Initial value problems are then considered followed by a 
discussion of simple waves. A final section deals with specific plane strain solutions which are all 
chosen to exemplify specific mathematical points. If Dr. Getmmincer’s choice of material and 
approach is accepted, the development is logical and consistent. The reviewer would have preferred 
to see an approach of this type commencing with the general three-dimensional problem with an 
irbitrary yield and differing potential function. Dr. Gerrincer considered this approach as her 
remark on p. 211 shows. The theorem of p. 256 to the effect that in the non-orthogonal case the 
plastic-rigid boundary is a straight characteristic if the tangential velocity component is dis- 
continuous across the boundary, and the remark at the bottom of p. 256 that the normal velocity 
component across a plastic-rigid boundary is continuous require some comment. In plasticity 
theory velocity discontinuities are conceived as vanishingly narrow zones undergoing very high 
strain-rates, with all velocity components continuous. There is therefore in general no objection 
to a * discontinuity ’ in both the normal and tangential velocity components across a narrow 
transition region ; in particular the normal component may be continuous as under plane strain 
conditions at non-singular points. Since the theorem quoted above relies on the partial derivative 
of the normal velocity component across a plastic-rigid boundary being finite with respect to the 
normal direction when it may in fact tend to infinity, the theorem established appears to be in 
error. It should perhaps be remarked that the indentation solutions of p. 290 are only upper 
bounds to the vield-point problems in the given configurations since no provision is made for material 
forced out at the surface, and the stress solution does not include the rigid regions. The reviewer 
would have preferred to see an article much more broadly based and in keeping with the remarks 
in the preface. However, as the author says, the choice of material is naturally very subjective. 
Dr. Geraincer is to be congratulated on a comprehensive treatment of the aspects considered. 
The article is definitely for the mathematical specialist 

The final article is a twenty-six page paper, * Non-autonomous Systems,’ by A. I. Beir. 
This is chiefly concerned with the existence and stability of periodic solutions to non-linear 
second-order differential equations. Articles of this type perform a very valuable service for 
the applied worker. 

The Editors are to be congratulated on presenting this volume in spite of the difficulties 
mentioned in their preface. It is to be hoped that the loss to the scientific world of one of the 


Editors will not impair the standard of the series. In any event, this volume cannot be regarded 


as in any way inconsistent with the deservedly high reputations which both the Editors enjoy. 
J. F. W. Bisnor 


S. P. Tiwosuenxo : History of Strength of Materials. McGraw-Hill Book Co., Inc. 


452 pp. with 245 illustrations and diagrams. 71s. 6d 


Tue debt that all students of engineering owe to Professor Timosnenko grows prodigiously 
with every new work of his. This latest book describes the progress of civil engineering as a 
science from antiquity to the present day It is a remarkable tour-de-force : imposing in its 
scholarship, authoritative, well-balanced, thoroughly documented, finely illustrated, and very 
readable. 

It is not merely a general history of personalities and achievements, but a detailed record 
of each important contribution to the theory of elasticity and strength of materials on the one 
hand, and to railway engineering, ship construction, building methods and analysis of structures 
on the other. In addition there are critical appraisals of teaching methods at various periods, 
and informative accounts of the growth of centres of research in European countries and in 
Russia 

The book has appeared at an opportune moment, and very probably marks a distinct stage 
in the growth of its subject. The developments of recent years portend that a future historian 
of strength of materials will need to be a metal physicist as well as an elastician in the tradition 


of Lame, Ketvin and Saint-VENANT. 
.R. Hr. 
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R. E. Pererson: Stress Concentration Design Factors. Wiley and Sons, Inc., New York, 
1953,x + 153 pp. $8.50 


Tats is a design handbook covering the effects on a wide variety of stress concentrations written 
by an experienced and accomplished journeyman in the field of engineering. Great care has beet 
lavished on its preparation not only by the author but by various referees, editorial policy com 
mittees, and friends. All of this care is reflected in the finished product which is certainly of the 
highest calibre. 

A paragraph from the preface describes the book well: “ It is the purpose of this book to 
place in the designer's hands information which will enable him to improve his design calculations 
to the end that failure will be less prevalent and better-balanced designs will be achieved. The 
book should be regurded primarily as a working tool; it is not intended to be a textbook in the 
usual sense, and therefore only enough background and references are given to enable the reader 
to explore the subject further if he so desires. Features have been incorporated into the book 
to increase its usefulness to designers - the “ edge finder,” the helical binding, and the large 
full-grid charts.” And to the last might be added a list of symbols. 

From the technical standpoint it might be pointed out that insufficient explanation is made 
of the ductile to brittle transition behaviour of steels (and other non-face-centred cubic metals, 
of course) and its role in design. To be sure little enough can be said, but its importance is so 
great that whatever could have been said should have been. The reviewer, for example, would 
hate to design buckets for a jet engine from some of the alloys contemplated now, on the basis 
of this handbook, unless he adopted the view that the material were completely brittk But then 
that isn’t the best design 

For all this, the reviewer knows of no better book of this type 

W. M. Batpwrn. 


R. Cazaup Fatigue of Metals. Chapman and Hall. London, 1953. xiv + 334 pp., with 


numerous illustrations. 60s. 


Tue literature relating to the fatigue of metals is remarkable in that, while the volume of published 
work in the form of research papers is enormous, the number of comprehensive surveys in text- 
book form is extremely small. The reasons are not hard to find : the phenomena associated with 
fatigue have yet to be satisfactorily correlated by any complete physical explanation. The 
behaviour of a specific material in a specific state and subjected to specific cycles of stress or 
strain cun therefore be studied and described phenomeno-logically, but the task of presenting 
the results in a concise and logical form is one of the most extreme difficulty. 

In Dr. Cazaun’s book, one short chapter of nineteen pages is devoted to a discussion of the 
theories that have been advanced * regarding the nature of the mechanism of failure by fatigue.” 
Although it is convenient to have these theories grouped together and supported by a bibliography 
containing some fifty references, the discussion of them makes little or no contribution to the 


topic and serves merely to illustrate how painfully inadequate is our understanding of the subject. 
The rest of the book deals with the characteristics of fatigue cracks and their detection ; with 


testing techniques and machines ; with the fatigue strength of various metals and alloys and 
the influence on the fatigue strength of the multitude of factors that affect it ; with the strength of 
structural joints ; and with methods of improving resistance to fatigue. Altogether the book 
contains an immense amount of information, no small proportion being original, and the 
bibliography is excellent. It is a book which will be of great value to those whose chief 
interest is in the strength of materials, but of even greater value to those whose main concern 
is engineering design and development. 

The translator has taken the opportunity of adding to the original (1948) text some recent 
material. The translation is so outstandingly good that it would be unfair to cavil at the very 
few slips which have been made. It would serve as a pattern for many translators of literary 


works. 
J. L. M. Morrison 


NOTICE OF MEETINGS 
CONFERENCE ON THE Puysics oF PARTICLE S1ZE ANALYSIS 


Ar The Institute of Physics’ Conference on “The Physics of Particle Size Analysis,” to be 
held in Nottingham from 6-9 April, 1954, the following sessions have been arranged: The 
motion of particles in fluids ; the scattering of light by particles ; the general phenomena encoun- 
tered in particles size analysis: the comparison of methods and the automatised methods of 
particle counting and sizing. 

Preprints of the papers to be presented to the Conference will be available beforehand and, 
together with a summary of the discussion, will, in due course, be issued as a supplement to 
the British Journal of Applied Physics. Further particulars may be obtained from the Secreatry, 
The Institute of Physics, 47 Belgrave Square, London, 5.W.1. 

16 December, 1953. 


INTERNATIONAL CONFERENCE ON SEMICONDUCTORS 


The Netherlands Physical Society, with the support of the International Union of Pure and 
Applied Physies and U.N.E.S.C.O, will organize an International Conference on Semiconductors, 
to be held at Amsterdam from June 29th-July 3rd, 1954. 

The following scientists (two of them with some reserve) will deliver lectures : J. BARDEEN, 
W. H. Brarrar, H. B. G. Casimir, F. A. Krécer, D. Potprer, M. Scuéx, W. SHock.ey, 
R. A. Smiru, H. J. Vinx, H. WeLkKer on subjects such as bulk recombination ; surface conduc- 
tivity ; surface trapping ; surface recombination ; intermetallic compounds, the band picture in 
polar and non-polar semiconductors ; photoconductivity in semiconductors like PbS, PbTe, 
PbSe, ZnS, CdS ; the application of general physical and chemical laws for the preparation of 
semiconductors with specific properties. 


Discussions will be held in connection with these main lectures and there will be opportunity 
to discuss problems in more detail in sectional meetings. In these sectional meetings short 
communications of about 15 minutes can be given. 


Scientists who would like to participate in the conference or want to give a scientific con- 
tribution should communicate this to the secretary (Dr. H. J. Vinx, Floralaan 142, Eindhoven, 
Holland) as soon as possible. They will receive a detailed programme in due course. 


Journal of the Mechanics and Physics of Solids, 1954, Vol. 2, pp. 141 to 155. Pergamon Press Ltd., London, 


THE FUNDAMENTAL ACTION OF EARTH 
PRESSURE CELLS 


By K. R. Peatrie and R. W. Sparrow 
Departments of Civil and Mechanical Engineering, The University of Nottingham 


( Received 15th December, 1958) 


SUMMARY 


Tne measurement of earth pressures by pressure cells is complicated by the diturbance of the 
pressure distribution in the soil by the introduction of a cell whose stress-deformation character- 
istics are radically different from those of the soil. Predictions have been made of the cell 
characteristics which are likely to affect these errors in the light of theoretical considerations and 
of previous experimental work. 

A number of cells have been constructed in which the following properties can be varied : 
diameter-thickness ratio ; ratio of the sensitive area of the cell face to the total facial area ; 
cell compressibility. Tests have been carried out with these cells in sands and clays under 
different conditions. The results of these tests show that for the size of cell used in the tests 
it is possible to construct a cell which will record pressures to within + 3 per cent irrespective 
of the type or condition of the soil. 


INTRODUCTION 


Many of the methods of design in soil mechanics are based on theoretical stress 
distributions in the soil which it has not been possible to check because of the lack 
of suitable earth pressure recording devices. The necessity for such devices is 


shown by the large number which have been produced and used in the past but 


in many cases the results have been rather inconclusive. 

Some of the difficulties in earth pressure measurement are caused by the non- 
homogeneous nature of the soil, but the cell itself also causes difficulties. Basically, 
an earth pressure cell is a device that will provide an indication, at a remote point, 
of the pressure in the soil at the point of installation. This however involves the 
introduction into the earth mass of a body whose stress-deformation characteristics 
are radically different from that of the soil with a consequent redistribution of 
pressure in the vicinity of the inclusion, so that the cell does not indicate the true 
stress existing at the point of its installation. 

The purpose of this work has been to investigate the effect of various cell 
properties on these inherent errors, and to develop a rational basis for the design 
of cells which will minimize the errors and reduce them to predictable proportions, 
The work is not concerned with the design of mechanical and electrical details 
for cells suitable for field use. 

A perusal of the literature on earth pressure cells shows that in the past very 
little consideration has been given in the design of cells to the errors that will 
accompany their use. The design of such devices has been largely controlled by 
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the size and shape of the internal pressure measuring system. K6GLER and 
Scuerpic (1927) first called attention to the inherent difficulties in measuring 
earth pressures accurately with a pressure cell. They pointed out that a cell 
which was more rigid than the surrounding soil would indicate pressures in excess 
of those existing in the soil before the introduction of the cell, and conversely, a 
cell less rigid than the soil would indicate lower pressures than those existing. Thus 
it is seen that only if the cell has the same stress-deformation characteristics under 
pressure as the surrounding soil will its use be free from error. 


This latter condition would appear at first sight to be the obvious solution to 
the problem but there are further difficulties in attempting to construct such a 
cell. Owing to the non-homogeneous nature of soil, its stress-deformation character- 
istics (hereafter referred to as the modulus) are by no means constant in a given 
location, neither does the modulus remain constant over different ranges of pressure 
and there are obvious difficulties in constructing a cell whose modulus could be 
made to match that of any given soil. Further, as will be shown later, although 
the error is zero when the modular ratio is unity, the rate of change of error with 
change in modular ratio is then a maximum. Therefore, unless the pressure cell 
is to be used in a material of constant known modulus, it is highly undesirable to 
construct it so that it has nearly the same modulus as the material. These conditions 
are unlikely to be found in soils. 


An early investigation into the problem of cell action was carried out by BENKEL- 
MAN and Lancaster (1941) who used modified Goldbeck pneumatic cells of 
various diameters. The cells were buried in a soil mass contained in a cylindrical 
vessel and the load was applied through a concrete bearing block to the surface of 
the soil. Further experimental work was carried out by the U.S. Waterways 
Experiment Station (1944) in order to determine the effect of the projection of a 
cell from a rigid wall; cell compressibility in a cell mounted flush with a rigid 
wall; and cell dimensions and compressibility in cells embedded in a soil mass 
on the pressures indicated. Flat cylindrical cells designed by the Station were 
used in this work and their diameters ranged from 8 inches to 12 inches. The cells 
were tested in sand in a pressure chamber and the load was applied by air pressure 
acting on a rubber diaphragm in contact with the top surface of the sand. The 
sand used throughout the tests was Ottawa standard sand and the following con- 
clusions were drawn. Flat cylindrical cells embedded in rigid materials would 
indicate true pressures provided that the diameter-projection ratio exceeded 30 
and the diameter-deflection ratio exceeded 1,000. For cells embedded in the soil 
mass the diameter-thickness ratio should exceed 5 and the diameter-deflection 
ratio should exceed 2,000. 


Both these experimental investigations were of limited value because of the 
unrepresentative nature of the soils and the fact that the soil masses were small 
in regard to the size of the cells. 


2. THEORETICAL ANALYSES 


A theoretical analysis of the soil pressure cell problem was carried out by 
TAYLOR (1947) in which the following relationship between cell error and dimen- 
sions was derived for a compressible cell embedded in a soil mass : 
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where 
p, = additional pressure recorded by the cell owing to its relative rigidity 
= field pressure existing at the plane of the cell in the absence of the cell 

stress-strain modulus of soil 
stress-strain modulus of cell 
property of the soil, such that N/D is analogous to the coefficient of sub- 
grade reaction 

B = half thickness of cell 

D = diameter of cell. 


This expression may be considerably simplified without introducing serious error. 
If it is assumed that, for a given condition of the soil, the ratio N /M has a constant 
value, say K, then equation (1) becomes 

M 

M, B 


~ |: (2) 


where the expression in square brackets tends towards K as the value of M,/M 
tends towards infinity, and is approximately independent of the value of B/D 
provided that both B/D and M/M, are small. Hence, under these conditions, 


this expression may be replaced by a constant C, which has been called the Cell 

Action Factor and whose value depends solely on the value of M./M. The 
- c 

relation between cell errors and dimensions 


can now be written in the form : 


(3) 


To illustrate the magnitude of the 
error introduced by these assumptions in 
the simplification of equation (1), Fig. 1 
has been plotted. This shows the relation 
between p,/p and B/D for different 
values of the ratio M,/M, the value of 
N/M being assumed to be unity. It is 
seen that for values of B/D less than 0-5, 
which is as large a value as is likely to be 
encountered in practice, the relation Fig. 1. Variation of cell error with cell thick- 
between P,./P and B/D is very nearly ness and compres ibility for N/M = 1. 
linear and the error involved in assuming 
this linear relation decreases as the value of the ratio M_/M increases. 

A more rigorous analysis of the influence of a cell on the pressure distribution 
in and near a cell embedded in an infinite homogeneous solid was made by 
Monrore (1950). In this analysis a cell is considered to be embedded in an infinite 
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elastic mass and a section is taken through the mass and cell on the plane of 
symmetry. This plane is assumed to remain plane after the application of pressure 
to the mass. The cell and the surrounding mass are then considered to be divided 
into a number of concentric ring areas and, in order to keep the plane of symmetry 
plane, additional loads over and above the field stress must be applied to each 
of these ring areas. The Boussinesq equations for the surface deflections of a 
semi-infinite mass under normal loads are then used to develop expressions for 
the deflections of the ring areas in terms of the loads applied to them. These 
expressions are then solved simultaneously to determine the loads on the ring 
areas. 

If these ring loads are plotted across the plane of symmetry the resulting pressure 
distribution curve shows the additional pressure acting over the face of the cell 
and the relief of pressure occurring in the adjoining soil. The actual values of 
the ring loads are dependent on the modulus of the solid E,, the modulus of the 
cell E,, Poisson’s ratio for the solid and the thickness of the cell. MonFrore com- 
puted results for a solid having a modulus of 4 x 10° lb./sq.in., a Poisson’s ratio 
of 0-2, and the following variations of cell dimensions and properties : for a fixed 
value of B/D of 0-1, cells of different moduli are considered so as to give the 
modular ratio E,/E, values of }, $, 2 and 
4; for a fixed value of modular ratio 
of 2 the (half-thickness)/(diameter) ratio 
B/D is varied to have values of 0-05, 0-1 
and 0-2. 

Using the same values of E,, Poisson’s 
ratio and B/D as Monrore, the results 
have been extended to include values of 
modular ratio E,/E, of 10, 20, 50 and 
co; the resulting pressure distributions are 
shown in Fig. 2. In order to determine the 
probable behaviour of cells used in soil, 
further computations were carried out for 
an infinite modular ratio E,/E,, Poisson’s 
ratio = (0-1) and B/D = 0-177. This latter 
value is the (half-thickness) /(diameter) ratio 
of the basic type of cell used in the experi- 


PERCENT 


mental work. ‘ aaneat CASTANCE : 
From the theoretical analyses of TayLor Fig. 2. Effect of Modular Ratio on Stress 
and Monrore the following conclusions can Distribution. 
be drawn : 
(a) For a given set of conditions the cell errors are directly proportional to the 
(half-thickness) /(diameter) ratio and may be expressed in the form 


& wd,.= 

? D 
where C, is defined as the cell action factor, 
The cell action factor C , is a function of the modular ratio E,/E, and its 
value increases with increasing values of this modular ratio. But, as is 


seen from Fig. 8, provided that the modular ratio exceeds 10, C, can be 


The fundamental action of earth pressure cells 145 


considered to be approximately constant and independent of the value of 
the ratio, for a given value of the ratio of sensitive area to total facial area. 
For a given value of modular ratio, C , is a function of the ratio of the sensi- 
tive area of the cell face to the total area of the face. This effect is caused 
by the non-uniform pressure distribution over the face of a cell. For a rigid 
cell, the value of C , 
varies from unity | 
(when the ratio of 
sensitive cell area to 
total cell area is 
about 0-1) to about 
1-5 (when the ratio WA, 
of the areas is about CENTRAL AREA 
0-8). The value of EXTENSION (MONFORE) 
C, thereafter  in- 
creases rapidly | | 
towards infinity as 5 4 5 67890 0 Re 
re MODULAR RATIO “Y, 
the area ratio “t 
approaches unity. Fig. 3. Variation of C4 with modular ratio. 
This is shown in 
Fig. 4. 
The cell action factor depends on the value of Poisson's ratio for the material 
in which the cell is embedded, but only in the term (1 — ») where » is 
Poisson’s ratio. Thus, provided Poisson’s ratio is less than 0-3 or 0-4, its 


| TOTAL AREA | | 
EXTENSION (MONFORE) 


a T T 
v=O2 


effect on the value of C, is small. ~ ) — 


Since the analyses have been carried 

out for a material which has been ee —_——+— +---—4 
. % « 0» A2 

assumed to be elastic, homogeneous s 

and isotropic, and capable of develop- | 

ing infinite edge stresses the results 

of the analyses are independent of 

the magnitude of the field stresses 

and the time for which they are 

applied. 


8. EXPERIMENTAL INVESTIGATION OF CELL 
ACTION 


Since most soils are heterogeneous and 
possess st ess-deformation characteristics 
that are o ly very approximately those of 
an ideal el stic solid, the application of the Fig. 4. Variation of C4 with sensitive area. 
results of the theoretical analyses to cells 
embedded in soils must be made with caution. A valuable contribution of the 
theoretical analyses to the problem is, however, the indication they give of the 
factors most likely to affect cell action. Consequently it is possible to devise an 
experimental programme which will provide a large amount of information on 
cell action in an expeditious manner. 
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(i) The Cells 


At the start of the experimental work it was decided to construct a basic cell which would be 
simple in construction and operation, rugged, and have a constant sensitive area on the cell 
face. By varying the thickness of this cell the effect of thickness-diameter ratio on cell action 
could be investigated. A second type of cell was constructed which had the same diameter and 
thickness as the basic cell but whose sensitive area of face could be varied so that the effect of 
the ratio of sensitive area to total facial area on cell action 
could also be investigated Dummy Couge Active Gouge 

The basic or standard cell used in the work is shown in 006s > P 4 
Figs. 5 and 6. It consists of a evlindrical brass body 3 inches = Gare") 
in diameter which is bored out to form a thin diaphragm ; a= | 
0-065 inches thick and 2 inches in diameter and the chamber e Z ss 
so formed is closed by a back plate 4 in. thick. The diametral - 
tensile strain at the centre of the diaphragm is measured by 
an electrical resistance strain gauge, and temperature com- 
pensation for the strain gauge is obtained from a similar 
gauge mounted on a brass bracket attached to the back 
plate of the cell A P.V.C. covered three-cored cable leaves 
the cell via a gland nut and makes connection with the 
recording apparatus. The thickness of the cell is altered 
by attaching additional brass plates to the backing plate 

An improved model of this type of cell is shown in Fig. 7 Fig. 5. Standard Earth Pressure 
The thickness of this cell has been reduced to jin. by a 
dispensing with the bracket used for carrying the compensa 
ting strain gauge, and mounting this gauge radially at the 
edge of the diaphragm where it is subjected to compressive strains. This method of construc- 
tion has the incidental advantage of approximately doubling the sensitivity of the cell. 

The variation in sensitive area of a cell face is not so easy to obtain. It was achieved by 
constructing cells of the type shown in Fig. 8. These cells have added to the sensitive face an 
additional plate which has a groove turned in it so that the additional piece acts as a piston 
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Fig. 7. Improved Earth Pressure Fig. 8. Cell with variable sensitive areas. 
cell 


attached to a rim by a thin flexible web. The space between the piston and the original cell 
face is filled with oil so that the piston load is transmitted to the sensitive face of the cell. Addi- 
tional brass plates of various diameters can be attached to the piston and where necessary extra 
rims can be fixed to the rim of the cell, thus varying the ratio of the sensitive area of the cell 
to its total facial area. This type of cell is satisfactory for its purpose but it possesses the dis- 
advantage that as the area of the piston extension is reduced so also is the overall sensitivity of 


Fig. 6. Standard Earth Pressure cell 


10, General view of apparatus 
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the cell. For this reason when a sensitive area having a diameter of 1 in. is required a different 
form of construction is used so that the piston load in this case is applied approximately as a 
point load to the centre of the diaphragm of the sensitive part of the cell. 

Each cell, irrespective of type, was calibrated by fluid pressure. Over the working range the 
calibrations were found to be linear and stable. 

In order to investigate the effect of modular ratio E/E, on cell action, cells of different 
compressibilities had to be constructed. Composite back plates of brass and rubber are fitted 
to the back of the standard cell in place of the different brass plates used to vary the cell thickness. 
The compressibility is controlled by the thickness of 
rubber used and in all cases the total thickness of rubber Mp RUBBER DIAPHRAGM 


plus brass is kept constant. WATER UNDER " UFTING EYE 
PRESSURE ; 


j 


The measuring equipment is basically a multi-channel 
Wheatstone bridge in which two of the arms are com- \ Q . 
posed of the two strain gauges in the cell and the other ——= aw 
two arms in each channel consist of similar strain 
gauges mounted on opposite sides of cantilever beams. 

Initially, balance is obtained in each channel by apply- 
ing a deflection to the cantilever, subsequent changes in 
the balance caused by the application of pressure to 


the cell are recorded by galvanometer. 


ii) The Pressure Chamber . 
() ——— 6 PRESSURE CELLS ON 


The pressure chamber in which the cells and soils ‘0 Oe Ce CABLE ENTRIES 
were tested is shown in Figs. 9 and 10. The top cover Fig. 9. Diagram of pressure chamber. 
plate could be removed without breaking the seal 
between the diaphragm and the top cover plate. 

Difficulty was encountered in determining the field pressure at the plane of the cell since this 
was less than the applied hydraulic pressure at the surface due to frictional effects on the sides 
of the chamber. These effects could not be satisfacvorily eliminated in the chamber and the 
following method was employed. From equation (3), 


where p,. = p + p, is the recorded cell pressure. Then, if pg is the pressure applied at the 


surface of the soil, 


Pe (ca. 4+ ) E. (4) 
Pe Po 

If it is assumed that p is directly proportional to pp, equation (4) is a straight line, and since 
P-/Po is known for various values of B/D, the curve may be drawn. The intercept of this curve 
is a measure of the amount of friction taking place and, by dividing the slope of the line by this 
intercept, C4 may be found. 

In practice it was found that p,/pp varied with the applied pressure, indicating either a variation 
in C4 with pressure or that p is not proportional to pp, or a combination of both. By plotting 
Pc/Po against B/D for various applied pressures, it was found that a series of straight lines 
resulted with various slopes and intercepts. In order to find if C4 varied with pressure, it was 
necessary to plot a number of curves. Considerable effort may be saved by substituting p,,, the 
reading of the thinnest cell, for py in equation (4); this eliminates any variations introduced 
in assuming p to be proportional to py, and any variation in C4 with pressure may be detected 
at once as a variation in p,/p,, with pressure. Hence, if p,/p,, is independent of pressure, an 
average value may be taken and only one plot is necessary to determine C 4. 

This method proved very satisfactory and the actual field pressure existing at the plane of 
the cell may be found. Equation (4) becomes 


Pe B )? . 
—£ = iCg.—+1})—. (5) 
Pe, ( D C1 
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P. Pe, is plotted against BR D. The slope of this plot divided by the intercept is C4 and the 


intercept is pp... hence the field pressure p is Intercept Pe, 


iii) Experimental techmique 


For the first part of the procedure six standard cells were used with back plate additions 
giving half thickness to diameter ratios of 0-062, 0-135, 0-219, 0-302, 0-386 and 0-470. For the 
second part five standard cells with modifications giving sensitive areas of 1, 14, 2, 24 and 3 
inches in diameter Were used, with one standard cell to read lateral pressures. In ail cases the 
cells were placed on the mid-plane of the tank on a circle of 15 inches diameter. 

The procedure was to fill the tank to the half-way mark and strike it off level, and then place 
the cells in position with their sensitive faces upward using a strickle and marks on the lip of the 
tank to position the cells in the correct place and at the correct radial distance. With cells of 
various thicknesses it was arranged that the mid-plane of the cell coincided with the mid-plane 
of the tank. The cells with the various sensitive areas were placed on the levelled surface of 
the soil and the lateral cell was placed with a diameter on the mid-plane of the tank. 

In all cases after the cells had been placed in position, they were levelled with a small spirit 
level, their positions finally checked and the tank was filled to the top, the excess soil was struck 
off and the lid placed in position 
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Fig. 11 Particle size distributions of soils used. 


The cells were connected to the bridge and were allowed to warm up whilst the lid was bolted 
down and the pump connected to the tank ; the bridge channels were then balanced and when 
it had been ascertained that the cell readings were steady, pressure was applied to the tank 
in 10 p.s.i. intervals up to a maximum of 60 p.s.i., the cell readings being taken at each interval, 
the pressure was released in the same intervals, cell readings being taken again. The loading 
cycle was repeated, and the pressure released. Each test was repeated three or four times 
completely, the tank being unloaded and the cells removed each time. 

Before the above installation technique was standardized, the effect of the mode of installation 
on the pressures recorded was investigated. Six cells were placed at the mid-depth of the pressure 
chamber at the same radial distance from the centre. Two of the cells were placed on the levelled 
surface of the soil, two were forced into the soil until they were half buried and the remaining 
two cells were forced into the soil till their top surfaces were flush with the soil surface. The 
chamber was then filled and the pressure applied and it was found that the first two pairs of 
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cells agreed closely while the third pair recorded pressures which were about 15 per cent higher 
than the other pairs. 
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Fig. 12. Variation with B/D. Loose Fig. 18. Variation with B/D. Dense 
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Fig. 14. Variation with B/D. Brick earth Fig. 15. Variation with B/D. Brick earth 
at 13-5 per cent moisture content. at 16 per cent moisture content. 


4. Resuits of ExperIMENTAL INVESTIGATION 
(i) Variation of cell errors with B/D 


Tests were carried out on two different soils each in different conditions and 
their grading curves are shown in Fig. 11. 
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Loose sand : water content 1-7 per cent, dry density 101 Ib. ‘cu.ft. 

Dense sand : water content 1-6 per cent, dry density 104 lb. ‘cu.ft. 

Harmondsworth Brick Earth : Liquid Limit L, = 31 per cent, Plastic Limit 
P, = 18 per cent, tested at water contents of 13-5 per cent, 16 per cent 
and 18 per cent and corresponding densities of 117 Ib. ‘cu.ft., 110 Ib. /cu.ft. 
and 111 Ib. ‘cu.ft. 


ibs Ag in Act press 
DiAg in Act press 


* eee ~ 
@) oO 2 20 30 40 SO 60 
APPLIED PRESSURE ibsAqin 


Fig. 16. Varition with B/D. Brick earth 7. Variation with applied pressure. 


at 18 per cent morsture content Dense moist sand. 


The results for the sands are shown in Figs. 12 and 13 and those for the brick 
earth in Figs. 14, 15 and 16. These results indicate that, as predicted, the cell 
error is directly proportional to the value of B D. The graphs have different 
slopes, which indicates that the value of C , is not constant. 

The second series of tests was designed to investigate the factors that might 
affect the value of C,. The factors considered were : 

The value of the applied load pressure pp. 

The ratio of the sensitive area of the cell to its total area. 
The value of the modular ratio E,, E,,. 

The effect of the time for which the load was allowed to act. 


(ii) The effect of pressure 


(a) Sands. The values of p, p,, are plotted against the applied pressure py in 
Fig. 17. The different lines correspond to different values of B/D and in all cases 
the sensitive area of the cell was constant. The results show a fair scatter, but 
there is no definite trend of p./p., with pressure. Similar results were obtained 
with the loose sand. 

Hence, for cells with the sensitive areas used in these tests in sands, C, may be 
considered independent of pressure. Subsequent tests with different sensitive 
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areas show that for the loose sand C , is independent of pressure for all the areas 
tested. However, with the dense sand, it was found that when the sensitive 
area exceeded 14 inches in diameter there was a variation of C, with pressure. 


(b) Brick Earth. It is 


7 ia T 


obvious from Figs. 14, 15 


and 16 that p/p, i8 46 
7 
+ 
. 


varying with the value of MOISTURE CONTENT 


the applied pressure. The 
value of C , was calculated 


for each value of pressure 
at the plane of the cell 
and the results for three 
values of water content 
are shown in Fig. 18. 


i 
The value of C , is seen 2 32 40 
PRESSURE Ibs /sqin 


to be relatively indepen- 
dent of pressure when the Fig. 18. Effect of pressure on C4. Brick earth. 

soil is at a water content 

of 18 per cent; the maximum dependence on pressure occurs when the water 
content is 16 per cent, which is the Optimum Water Content for this soil. 

When different sensitive areas are taken into account it is found that at a 
water content of 18 per cent C, is relatively independent of pressure at all the 
sensitive areas tested. As the water content 
decreases, C, becomes more dependent on 


, 


pressure for different sensitive areas. It is a ee ee oe 


' » ase ie increase ® DENSE SAND (27 PS! 
also found that as the pressure is increased © DENSE SAND (OPS!) 


the dependence of C, on it decreases. # LOOSE SAND (MEAN 


This trend is also shown in Fig. 18. 
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(iii) The effect of the ratio of sensitive area to 
total area of the cell 


o 


The pressure distribution over the face of 
the cell for sands is shown in Fig. 19. The 
curve marked “ Theory’’ was computed on 
the basis of Monrore’s analysis for the 
value of B/D employed in the tests. 

The results for the tests on brick-earth Oy. Os Tr? 
at water contents of 18 per cent and on DISTANCE Cinches) 

16 per cent are shown in Figs. 20 and 21 Fig. 10. Pressure distribution over cell 
. face. Sand. 

respectively. The results for the test at 

13-5 per cent water content were of a 

similar shape to those for the test at 16 per cent but showed an even greater 

deviation from the theoretical value. 

The general trend of these results is that high pressures are developed towards 
the edges of the cell face and to minimize cell errors the cell should not be sensitive 
to the edges. For the 3 in. diameter cells used in these tests it is considered that 
the optimum sensitive diameter is 1}in., and the so-called “ standard cell 
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behaves as if its sensitive diameter was about this value. 
The question of sensitive areas is of primary importance in the design of earth 
pressure cells since the selection of unsuitable sensitive areas will make the cell 


fr 
7 


‘ 


% Asove 


Fig. 20. Pressure distribution over cell 21. Pressure distribution over cell 
face. Brick earth. 18 per cent moisture *. Brick earth. 16 per cent moisture 
content content 


sensitive to the high edge pressures, with consequently large cell errors. If 
considerably larger cells were employed it is not known whether the region of high 
pressures would be restricted to a small distance in from the circumference of the 
cell, in which case the ratio of sensitive area to total area would be of minor 
importance, or whether the region would extend in for a proportionally greater 
distance. It has not been possible to investigate this effect because the pressure 
chamber available will not accommodate cells of a greater diameter than 3 in. 
without danger of the pressure bulbs due to the cells interfering with the top 
and bottom surfaces of the chamber. There are considerable practical difficulties 
in constructing and working with cells smaller than 3 in. in diameter. 


iv) The value of the modular ratio EE, 


As described earlier, cells of different compressibility were tested in loose moist 
sand. Values for E. for the sand over the range of pressures used in the tests 
were obtained from tests in a “ shear-cell apparatus. The sensitive areas and 
thickness-diameter ratios of all the compressible cells were the same. 

The results are shown in Fig. 22. The theoretical curve is computed from 
Monrore’s type of analysis for the given B/D and sensitive area values. The 


cell error is independent of E. E, when the value of this ratio exceeds 9 or 10. It 
should be noted that the cells whose results are shown in Fig. 22 are all considerably 
more compressible than the cells used in all the other tests described in this paper. 


It is preferable to construct cells which give a value of E,/E, in excess of 10 


because, although the error is then a maximum, it is independent of the value of 
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the ratio and variations in E, will not affect the value of the error obtained. As 
stated at the beginning it is seen that, if an attempt is made to construct a cell 
so that E,/E, is unity, the error will be a minimum but its value will be greatly 
affected by small variations in E, and it would not be possible to predict the error 


with any accuracy. 


LOOSE MOIST SAND | 
STANDARD CELL 

MEAN VALUES, ALL PRESSURES 

} _ i 


= a 
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Fig. 22. Variation of C4 with modular ratio. 


(v) The effect of the time for which the load was allowed to act 


The readings of all cells when embedded in sand were independent of the time 
for which the load was allowed to act. Cells embedded in the brick earth at 
18-5 per cent water content were also independent of time effects. 


7 2 ee 


PRESSURE 48 ibs Aq on 
: * andy . 


2 
TIME (HOURS) 


Fig. 23. Effect of time for which load acts, on C4. Brick earth. 16 per cent moisture content, 


When the brick earth was tested at 16 per cent water content C, was found 
to vary with time in the manner shown in Fig. 23. It is seen that for sensitive 
areas of 1} in. and 2in. diameter C, is independent of time. Tests were not 
carried out on the brick earth at 18 per cent water content since in any case the 
magnitude of the cell errors for this condition is very small, 
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(vi) Magnitude and Variation of Errors 


To give an idea of the magnitude of the errors involved in this type of work 
and the factors affecting them, Fig. 24 has been drawn. This shows the cell error 
for different soils and different conditions of these soils. The two curves relate to 
8 in. diameter cells, one of which 


is fully sensitive and the other is LOOSE DENSE MOIST 
. SANO SANO clay 


~ 
| 
| 


Dame 
cuar 
sensitive over an area whose L8s uss. é 
PRESS SO IN PRESS SO IN PRESS SO IN PRESS $0 
approximate diameter is 14 in. $ so. 5 so; s sO $5 


Both cells have a B D of 0-062. ' 


It is seen that for the 


“standard” cell the error is 
about 8 per cent, the limits being 
11 per cent and 2 per cent. The (FULL SENSITIVE 
‘ AREA CELL 

dotted line is a plot of the error : 
. + — > 
involved in an assumption of a 
constant value of C, of 1-2 and 
the deviations from this line are 
about + 3 per cent. The only 
large deviations from these figures 
are for the clay at 18 per cent 


ERROR PERCENT 


water content and in that case 
the errors themselves are very 
small. 

For the fully sensitive cell the 
magnitude of the errors is much 
greater and the dependence on 


soil type and condition is much 
. , Fig. 24. Effect of soil type and condition on cell errors. 
more pronounced. Errors of up 


to 50 per cent are possible. 


5. GENERAL CONCLUSIONS AND Desicn CRITERIA 


No design for a cell will eliminate errors completely, except in the unlikely 
case where the cell modulus exactly matches that of the soil and the latter remains 
constant. However, the errors can be reduced to small and predictable proportions 
by fulfilling the following criteria : 

(a) The error has been shown to be directly proportional to the thickness- 

diameter ratio of the cell, and hence this should be kept as small as possible. 

(6) The error is dependent on the ratio of the sensitive area of the cell face to 

the total facial area. For cells of diameters up to 4 inches the following 
proposals are made. If the cell design is such that the pressure is averaged 
over the responsive area the ratio of sensitive area to total facial area 
should be less than about 0-25. If the cell has a pressure responsive dia- 
phragm such as the “ standard ” cell this ratio should be less than about 
0-45. 

(ec) Errors caused by the modular ratio E,/E, are not very large and it is 

variations in the value of the ratio which are more liable to be trouble- 
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some. The cell should be as incompressible as possible with a modular 
ratio in excess of about 10. Most cell designs would appear to be incom- 
pressible when compared with the compressibility of soils. 

If these criteria are fulfilled, the general equation for cell action becomes 


(6) 


and so the correction for cell action can be incorporated into the calibration curve 
for the cell. 

Provided the above criteria have been fulfilled the variations in the errors 
produced by changes in field pressure are unlikely to be important. It seems 
most probable that when cells are used in cohesive soils which are at water contents 
above their plastic limits the cell errors will be so small that they can be entirely 
neglected. The criterion stated in Section 5 (b) should not be extended to cover 
cells larger than 4 inches in diameter without further experimental work having 
been carried out. However, it is considered that cells of this size are very suitable 
for most classes of work. The results on which these conclusions are based were 
obtained for static loads but very probably they are valid for use where the soils 
are under dynamic loading, since under these conditions most soils approximate 
more closely to an elastic solid. 
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A THEORETICAL INVESTIGATION OF THE YIELD 
POINT LOADING OF A SQUARE PLATE WITH A 
CENTRAL CIRCULAR HOLE 


By F. A. Gaypon* and A. W. McCrumt 


( Received 21st December, 1953) 


SUMMARY 


Tae mathematical theory of plasticity is applied to the problem of a thin square plate, with a 
central circular hole, yielding under loads applied at its outside edges. Upper and lower bounds 
to the external loads at the yield point are determined for all values of the ratio between the 
diameter of the hole and the length of the side of the plate. 


1. INTRODUCTION 


Tue purpose of this paper is to determine the yield point loading of a thin square 
plate with a central circular hole. Honce (1952) and Gaypon (1954) have examined 
this problem using the Tresca yield criterion and potential function. In this 
paper the Mises yield criterion and potential are employed. 

The plate A BB’ A’ has sides of length 2 and a circular hole of radius a (0 < a <1) 
in its centre. Uniform normal stresses are applied along the outside edges in the 
plane of the plate, and the edge of the hole is unstressed. The problem is therefore 
one of plane stress, with all stress and strain components assumed constant through 
the thickness of the plate. The plate is assumed to be constrained to prevent its 
buckling out of plane when the external loads are compressive. 


The material of the plate is assumed to be plastic rigid. Experiment shows 
(Hit and SreBet 1953) that, provided the plastic region is not unduly constrained, 
the loads on a real body attain values within a few per cent of the corresponding 
plastic-rigid yield-point loads whilst the overall deformation is still of an elastic 
order of magnitude. 


The ratio A of the stresses on the sides 4B and BB’ is kept constant as they 
are increased to their respective yield point values S and AS. Three loading states 
are examined in detail : equal biaxial stressing (A = 1); uniaxial stressing (A=0) ; 
and equal, opposite biaxial stressing (A = — 1). The yield-point loads are either 
evaluated exactly, or upper and lower bounds are obtained by means of the 
extremum principles for a plastic-rigid body. From these solutions upper and 
lower bounds to the yield-point loads are obtained for a general loading state. 


® Department of Theoretical Mechanics, University of Bristol. 
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2. Tue Mises Yre_p CrITERION AND POTENTIAL FUNCTION 
In plane stress the Mises yield criterion is 


o,* — o, o, + o,* = Y3, (1) 


where o, and a, are principal stresses in the plane and Y is the yield stress in 
uniaxial tension. 

In the plastic region the characteristics of the differential equations of stress 
are two families of curves inclined at angles + (}7 + 44) to the direction of the 


algebraically greater principal stress (HILL 1950) where 


0, + % 


sin % = 3 (o, a 
3 (a, — 


(o, > a). 


Hence the characteristics are real if, and only if, 


—_— os =» 
lo, + o,| < 8 a, o,|. 


The relation between stress and strain-rate for a material with u Mises plastic 
potential function is 


, ot 
= 20, % 


=> (2) 
€o =O a} 

where «, and e, are the principal components of strain-rate in the directions of 
and o, respectively. 

The directions of zero strain-rate (velocity characteristics) coincide with the 
characteristics of stress (HiLL 1950). If local necking occurs the neck coincides 
with a velocity characteristic (HILL 1952), since at least one side of the neck must 
be rigid. 


%) 


8. ExTREMUM PRINCIPLES 


It has been shown by Hitt (1950 and 1951) and by Drucker, GREENBERG and 
PraGER (1951) that any equilibrium stress distribution satisfying the given stiess 
boundary conditions and nowhere violating the yield criterion will correspond to 
external boundary loads which are less than or equal to the actual yield point 
loads. Similarly they have shown that the internal rate of plastic working W, 
calculated from any mode of deformation compatible with the velocity boundary 
conditions, is greater than the rate of plastic working W, of the actual boundary 
stresses in the same mode. Any postulated deformation mode therefore leads to 
an upper bound to the yield point boundary loads. 

In particular, the internal rate of working in a local neck is 


Is v (1 + 8 sin? p) ds 


per unit thickness, where v, the velocity of one side of the neck relative to the 
other, is inclined at an angle y to the neck and the integral is evaluated along 
the neck (HrLi 1952). 


4. E@Quat BIAXIAL STRESSING 


(a) Lower bound. A lower bound applicable to all values of the radius of the 
hole a, is given by the stress distribution of Fig. 1. In the annulus between the 
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hole and the circle touching the sides the stress state is axially symmetric, and 
the plate is plastic. The radial and circumferential stress components at a radius r 
in this region are given parametrically by the equations 


2 7 7 
= an j + — . = ©€ 
wat in(r+a)s (F <7) 


Across the circle the normal stress is continuous but the tangential stress is 
discontinuous. The remainder of the plate is uniformly stressed below the yield 
point in equal biaxial stressing. Hence in these regions 


oS ow. 7 

o, = o = — sin (a —7 > 
V3 6 

1 V3 f ie TT 

= sec « exp v8 (x -3) , 


— 


a? 2 


By the extremum principle, therefore, 


Ss i» 7 
Y > va sin (: — a) 


\ 


WwW” 


Fig. 2. 


(b) Upper bounds. If « < 4m (i.e. 0-488 < a < 1) the characteristics of stress 
and velocity exist over the whole of the plastic annulus, and the characteristic 
field of Fig. 2 gives an upper bound to the yield point loading. This coincides 
with the lower bound previously determined since, in the deforming region, the 
associated stress distribution is identical with that of the lower bound. Hence 
it is the exact solution . 

Over the remainder of the range of values of a, three deformation modes are 
used to derive upper bounds. In the first of these (Fig. 8) deformation occurs 
only in the necks, and y¥ and v are constant along them. Hence, with the notation 
of the Figure, 
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W S = . Sate 
F - Yu (1 + 3 sin? J)? (1 — a cos @) cosec B; 
V 
whilst 


Wy = 8Sv {sin » + asin (B — ) cos (B + )} cosec B. 


S “ (1 + 8 sin? y)} (1 — acos @) 
fie {sin » + asin (Bp — wb) cos (B + 6)} Vs 


All possible configurations are included if 0 < @ < _ 8B < mw — 6, and 


1 —asin#@  —l]—asindg 
> cot B > 


1 — acos@° 1 —acos@ 


Within these limits @, 8, and ¥ can be chosen arbitrarily. By differentiation with 
respect to @, 8, and y in turn it is found that the least upper bound occurs when 


0 = §n +  — 28, sin Y = ;. : and tan 8 = 4 tan ¥. 
a 


a 
- 


Fig. 3. Fig. 4. 


Putting this set of values in the inequality for S above, we obtain 


Ss (1 — a?) 
= ae eet 
Y (1 + 8a?) (4) 
This is an upper bound for all values of A, since the necks meet at the edge of 
the plate (Fig. 4) and thus the stress AS does no work. 
For ¢ to be real it is necessary that a > 0-33; otherwise the best configuration 
is that with ¢ = B = $7, 6 = O (Fig. 5), and 
S 2 
<> <—-(1 —@). 
y<ys"-% 5) 
For a < 0-15 a better upper bound is provided by the uniform deformation of 
the plate. The internal rate of working per unit thickness is 


W, = 2YU (4 — za’), 


where U is the normal velocity of each edge, 
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< (1 - =} (6) 


Y 4, 
The upper and lower bounds are shown in Fig. 6. The difference between the 
bounds is less than 5 per cent for all values of a. 


Since W, = 8SU, we have 


o~z_—TF ———S—_—_——=— 


5. UntaxtaL STRESSING 


(a) Lower bounds. Two lower bounds 
have been derived for this loading state. 
The first, which is the greater in the range 
0 <a < 0.484 is obtained from the stress 
distribution of Fig. 7. A similar configura- 
tion was used by Hopce (1952) in his 
examination of this problem with the 
Tresea yield criterion. The stress state is 
uniform within each region and there are 


—e 


| 
| 
, —_— ze }. 


Fig. 6. Fig. 7. 


discontinuities in the tangential stress across the regional boundaries. The 
principal components of stress (¢,, o,) in each region are 
1 = § = Ss . 
1) 2  (—a)(l —2)’ 
S {x — 2a — y/(2* + 4a*)} 
(2) = oy => -- oz : 
(i —a) 


(8) 
ith = — Sa 
a ae @ 


Substitution in the yield criterion (equation (1)) gives four inequalities which S 
must satisfy : 
Y (1 —a)(1 —2) 


Vii — 2 (1 — a —a(1 —a@)(1 —2) + a} (1)) 


Ss : 
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Y (1 —a)z 
Sate ere ee sae 


.  ¢ ” i a ee a ae ee ae 
Y (1 — a) (x — a) 


S< (1,) 

The value of z in the inequalities can be chosen arbitrarily in the interval 
@ <2 <1. It is required to choose z such that the inequalities admit the largest 
possible value of S. The righthand sides of the four inequalities can be plotted 
as functions of x for fixed a, and the largest admissible value of S is then the 
maximum ordinate of the area below all four curves. It is found that for 
0 <a < 0-204 the highest value of s admitted by the four inequalities is 


S = Y (1 —a). (7) 


For 0-204 < a < 0-412 the highest value of S is the join of J, and J,, which 
can be accurately and rapidly determined by interpolation. For a > 0-412 the 
highest value of S is the join of J, and J, 
and is again obtainable by interpolation. 

In the range 0-434 <a <1 a greater } 4 
lower bound is obtained from the two lower 
bounds derived in Sections 4 and 6. It 
follows from the maximum plastic work 
principle for a finite body that the yield 
locus of a plastic rigid body must be 
concave to the origin (Fig. 8). Hence, if 
two points on the locus are known, either Fig. 8. 
exactly or as lower bounds, then any point 
lying between the two and on the line joining them, is a lower bound to the 
yield locus. 

From the geometry of the Figure we have 


> 2b, L_, 
(L, +L_,) 


ty 


(8) 


where L, is the solution (or lower bound) for the yield point stresses in the loading 
state (S, AS) (A = + 1). 

(b) Upper bounds. For a < 0.42 an upper bound to the yield point stresses is 
derived from the velocity field of Fig. 9. A pair of straight necks run from the 
unstressed edge of the plate and meet on the edge of the hole. The remainder 
of the plate remains rigid, and hence 


W, = at Yv(1 + 8 sin® %)* (1 — a) cosec 8, 
/3 


W, = 4Sv cos (8 — ¢). 


S <(l + 8 sin? y)* (1 — a) cosec 8 
= V3 cos (8 — ) 
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This bound has a minimum value when ¢ = sin=' (4), 8 = }7 + $y, and 
S 
> <(1 — a). (9) 
} 

This is the exact solution in the range 0 < a < 0.2044 since the upper and lower 

bounds coincide. 

The second upper bound is derived from the hypothetical deformation mode in 
which the four quarters of the plate rotate with angular velocity w about points 
whose co-ordinates are (4+ c, + d) relative to cartesian axes through the centre 


Fig. 9. Fig. 10. 


of the plate and parallel to its sides, with local necking or bulging along the axes. 
Thus there is a normal discontinuity of velocity whose magnitude is 2w (x — c) 
and 2w(y — d), at the points (7, 0) and (0, y). The remainder of the plate is 
rigid. The associated stress normal to the axis is + 2Y/,/3 at each point in 
the deforming region (Fig. 10) and 
9 
W, = 78 YwiP®+eP+4+d+4+1—(a4+1)\(e + d)}. 


Further, 
Wy = Sw {(d — Ac) — 4 (1 — Aj}. 


S 2{®@+ce+ +1 —(a +1)(c +d)} S* 
" = - (say). 


i 
— 


ie V8 {(d — Ae) — 4 (1 — A)} 
By differentiating S* with respect to ¢ and d in turn it is found that its minimum 
value occurs when associated stresses along the boundary of the deforming region 
are in equilibrium with the stresses S*, AS* at the edges ; i.e. 
AS* . S* 2 


-= 2c —1l — ME a= , — 
y 7a | c a), y 73 (a +1 2d), 


-a-e * {e40 2 
y )= 5h + —(1 + a*)}. 
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Eliminating c and d from the equations we obtain 


S*_ 2[V{(1 — A a® + 2(1 — a)? (1 + A*)} — (1 — Aja] (10) 
fa 1/3 (1 + A?) ; 


which, in the particular case A = 0, becomes 


S* 
Y 
There is a better upper bound fora > 0-45. 
It is obtained from the characteristic field of 
Fig. 11. As in Fig. 10 the four quarters of the 
plate rotate about the points (+c, +d). The 
strain rate distribution, and hence the associated 
stress state, in the regions DF and CE along 
the axes of the plate, is identical with that of 
Fig. 10. In the regions CMN and DKL the 
characteristics are defined by the circular edge 
of the hole, and the associated stress state is 
axially symmetric. The remainder of the plate 
is rigid. 
The associated stress states are in internal 


- a {vie — 4a + 8a?) — a}. 


ro 
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Fig. 11. Fig. 12. 


equilibrium and again it can be shown that the minimal upper bound S* is obtained 
by satisfying the equilibrium equations for a quarter of the plate. Resolving 


parallel to the z-axis, 


. 2 
S* = [ow “2 Y (1 —d), (a) 


and parallel to the y-axis, 


O= [ood — Ya —¢), 


and, taking moments about the centre, 


d ¢ 2Y 
S° = | rog dr — [09a = va -# — c*). 
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The stresses in the regions of axial symmetry are given parametrically in Section 
4. When S is a tensile stress the regions CMN and DKL are stressed in com- 
pression and in tension respectively. 


The equations cannot be solved directly as the integral | rogdr cannot be 


evaluated analytically. A graphical method of solution was used and is believed 
to be accurate to within 2 per cent. 

For a < 0-45 (approx.) it was found that c > 2-07la. Since the velocity 
characteristics in the axially symmetric region do not exist beyond this radius, 
for a < 0-45 this bound is not applicable and we must fall back on that given 
by equation (11). 

The upper and lower bounds are shown in Fig. 12. The two bounds differ by 
less than 25 per cent except for 0-35 < a < 0-5 where the difference rises to a 
maximum of almost 40 per cent of the lower bound. 


3 


oa —_ X¥ —eo 


Fig. 13. Fig. 14 


6. Eeavat Opposite BIAXIAL STRESSING 


(a) Lower bound. A lower bound for all values of a is obtained from the stress 
distribution of Fig. 13. As in Fig. 7 within each region the stress distribution 
is uniform and there are discontinuities in the tangential stress across the regional 
boundaries. The principal components of stress (¢,, o,) in each region are 


 S(e@+a-—1). 
“i —Ha—e 
S{ y(a? + 2*) —a} —S{V(a + 2%) +a}. 


(2) z(1 —a) . “= x(l —a) 


(1) S, 


¥ 


Sx 
a) @ =a) 
_ §(1l —a —2) ae 
*~ aa) : 
_S{v(a? + 2%) + a} _ —S{¥(a + 2%) — a}. 
ae ae ——si-a ; 
— Sz 


"Tae a 
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Apart from a change of sign the stress state in the regions 4, 5 and 6 is identical 
with that in regions 1, 2 and 8 respectively. Hence, on substitution in the yield 
criterion only three inequalities are obtained. They are 

. Y (1 — a) (1 — 2) 
: V/{(38 — 6a + 8a*) — x (6 — 9a + 8a*) + 27 (3 — Ba + a*)}’ 
Y(1 — 
sx. S. 
V (4a? + 32?) 
g FU - 9-4) 
x 
For 0 < a < 0-483 the highest admissible value of S occurs when I, = I,, and 
for 0-483 <a <1 when J, = J,. 

(b) Upper bounds. Three upper bounds to the yield-point loading have been 
calculated. The first, which is closest to the upper bound for a < 0-87 is derived 
from the deformation mode of Fig. 14. In each quarter of the plate there are 
two straight lines, across which the tangential velocity is discontinuous. Hence, 
with the notation of the figure 


W, = Ls Yu (1 — acos 8) cosec 8, 
/3 
where v is the magnitude of the velocity discontinuity. 
Further 
W, = 8Sv {2 cos 8B — acos(8 + 6)}. 
and therefore, 
Ss 1 —acos@ 
< ee a ee ee ee 
Y ~ {sin 28 — asin B cos (B + @)} 
By differentiation with respect to @ and £ in turn it is found that the minimum 
value of this bound occurs when 


(18) 


sin @ acos @ —2 
t = — tan 36 = ——_____. 14 
mp cos @ —a B asin @ ag 


Eliminating 8 from these equations we obtain a cubic equation for cos 6 : 
4a cos* 9 — 4cos (1 + a?) + acos@(1 + a*) +2=0. 
This equation can be solved numerically for each value of a and the appropriate 
value of cos @ substituted in (14) and (13) to obtain the upper bound to S. 
For 0-87 < a < 0-45 the deformation mode of Fig. 10 gives an upper bound. 

Putting A = — 1 in equation (10), we have 

S* 

Y 
For 0-45 < a <1 a better upper bound is obtained from a characteristic solution 


similar to Fig. (11). In this case the three equations obtained by resolving the 
forces and taking moments about the centre, for one quarter of the plate, are 


- a {vil — 2a + 2a”) — a}. (15) 
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ad 2 
[ ad --—| Ft -& 
Ja V3 
dr + —— Y (1 —), 
70 r+ Va ( c) , (16) 
rd fe ‘ 
S* rog dr — rog dr — = Y (2 — d — ¢?). (c) 
Vv ‘ 


4 


Since the stress og is compressive and tensile in the regions CMN and DKL 
respectively, the equations (a) and (b) are identical and S* and c are the only 
two unknown quantities. A graphical method of solution was again used to 
evaluate S*. The upper and lower bounds 
are shown in Fig. 15 plotted as fractions of 
the maximum shear stress. The difference 
between the bounds is less than 10 per cent 
of the lower bound except for0-2 <a < 0-5 
where it rises to a maximum value of 26 per 
cent at a = 0-37. 


tO 


7. Tue Yreip Locus or THE PLATE 


The yield locus of the plate is the 
graphical representation in stress-space of 
the relation between the yield point stresses 
on the two pairs of opposite sides: From 


this locus the yield point stresses in any load- 
ing state can be quickly obtained. In this 
problem the yield locus cannot be determined 
exactly but upper and lower bounds to the 
locus can be established by using the 
information obtained for the three loading 
states which have been examined, and 

certain essential properties of the yield locus. Se Sw 

Since the material is assumed to be Fig. 15. 
isotropic it follows that the yield locus 
must be symmetrical about the origin. Further the symmetry of the plate requires 
that if (S, AS), is a yield point loading state, so is (AS, S). Hence the locus is 
symmetrical about the two lines through the origin at 45° to the stress axes i.e. 
the lines along which A = 1 and A = -— 1. This is also true for an upper or lower 
bound to the yield locus and henceforward attention is restricted to the quadrant 
between two axes of symmetry. 

In Section 5 the convexity of the yield locus was used to obtain a lower 
bound to the yield-point stresses. Since the locus is symmetrical as well as convex 
it follows that the yield locus lies inside the perpendiculars to the lines A = 1 
and A = — 1 at the points representing upper bounds in the appropriate loading 
state. 

A lower bound to the yield locus is simply constructed by drawing straight 
lines between the points representing lower bounds to the yield-point stresses 
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in the three loading states examined in detail. An upper bound is obtained by 
generalizing the upper bounds previously obtained. 

The bending mode of Fig. 11 can be solved graphically for any value of A pro- 
vided a > 0-45 (approx.), but for some values of A the accuracy decreases con- 
siderably as a increases. 

Similarly, there are characteristic solutions (Fig. 16) similar to that of Fig. 2 
which define upper bounds for 0 < AS < Y/4/3. The parametric expressions for 
the bounds are 


s<se— 2 ¥ |sin (2 + 7) —a , a - “)I|. 
v3 6 
S a us 7 
where AS* = -—~ ¥ sin (« ~ ‘e 
V3 6 

For a > 0.483 the bending mode and the character- 
istic solution define an upper bound to the yield locus 
for all values of A. Whena < 0-483 there is no charac- 
teristic solution for values of A > 1/(2 — 2-071 a) 
and the best upper bound for such values of is 
precisely that of equation 4. 

When a<0-45 the solution of Fig. 11 is ,. | 
inapplicable for certain values of A and the best 
upper bound is that of equation (10). 

For a < 0-42 the value of S* from (10) is greater 
than that from (17) at A = 0. Accordingly a better 
bound is required over some of the area between 
A=0 and A= 1. This is provided by a generalisa- 
tion of Fig. 3. With the notation of the figure we 
have, as before, 


W,= = v(1 + 8 sin? J)? (1 — a) cosec . 
Vv 


In the general loading state, however, 
W, = Sv {cos (B — #) — A(1 — a) cot B sin (Bp — )}. 
Hence 
(1 4 3 sin? ¥)} (1 — a) S* 
V3 {sin B cos (8 — #) — A(1 — a) cos Bsin(p — -~)} ma 2 
It is found that the minimum value of S* occurs when 8 = $7 + $y and 
l T A (1 7 a) 
8 {1 —A(1 —a)} 
Substitution of these values in the original expression gives 
S _(l — 4) 
= {=~ 
yY -y{l-(1 —ayaAt+(l — a)? *}" 
The upper bounds given by (17) and (18) coincide at A = 0. 


sin by = 
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For a < 0-87 the upper bounds of (17), (4) and (18) are closer to the lower 
bounds than the solution of (10) for all values of A and the upper bound to the 
yield locus is composed of arcs which are defined by the first three equations. 

When a < 0-88 the best (or least) upper bound (4) involves an imaginary value 
of % and the best upper bound is precisely that in (5). 


S 
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o CRITERION 
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Fig. 17b. 


Finally, when a < 0-15, a generalisation of (6) is a better upper bound to the 
yield locus, first at A = 1, and then, with further decrease in a, over an increasing 
range of loading states. The principal direction of stress and strain-rate are 
parallel to the edges of the plate and the rate of straining and stress state are 
uniform. 

For a plate without a hole therefore 


S$ = ¥/V(i — A + 2%), 
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and for a plate with hole of radius a, since the internal work is proportional to 
the area, we have 


S (1 — twa?) 
y <ya-aty™y “ 


Representative quadrants of the yield loci for a = 0-25, 0-5 and 0-75, are shown 
in Fig. 17 together with the Mises yield criterion (the locus for a = 0) for com- 
parison. 
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ON THE YIELD-POINT LOADING OF A SQUARE PLATE 
WITH CONCENTRIC CIRCULAR HOLE 


By F. A. Gaypon 
Department of Theoretical Mechanics, University of Bristol 


( Received 21st January, 1954) 


SUMMARY 


Tue problem discussed in this paper is that of determining upper and lower bounds to the yield 
locus of a square plate, with concentric circular hole, under certain loading of the edges. The 
loads on opposite edges are equal, those on adjacent edges are held in a fixed proportion during 
each loading programme. The loads are supposed to be uniformly distributed and normal to 
the edges over which they act and the edge of the hole is stress free. The Tresca yield criterion 
and potential function are used throughout. It is found that the methods of Hii. (1950 and 
1951) and of Drucker, GreenBerc and Pracer (1951 and 1952) give reasonably close upper 
and lower bounds to the yield locus. 


1. INTRODUCTION 


Uprer and lower bounds are determined for the yield point loading of a thin 
square plate with a concentric circular hole. The two cases (a) uniaxial tension, 
(b) simultaneous equal biaxial tension and compression, are examined in detail 
using the Tresca yield criterion and plastic potential. Hopce (1952) has obtained 
upper and lower bounds for uniaxial 7 , - 
tension and the exact solution for uniform | ‘ | 
equal biaxial tension. P 

The plate ABCD (Fig. 1) has sides of £ | le 
length, 2, thickness A and the concentric 
circular hole is of radius a(0 <a < 1). 
Uniform stresses are applied in the — 
plane of the plate normal to the edges. 


As 
2 
The edge of the hole is stress free. The : 
problem is considered to be one of plane — 


stress, with the stresses and strains 


regarded as functions of coordinates in the ¢ 
plane only. The material of the plate is s 
assumed to be plastic-rigid, incompressible Fig. 1. 
and isotropic. 

The stresses over the sides 4B, CD are S, those over BC, DA are AS (—1<A<1). 
S is then supposed to increase uniformly until its yield point value is reached. 
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2. Tue Tresca YIELD CRITERION 


If o,, 0, are principal stresses at any point of the plate they must satisfy the 


relations 


o,|< 2k, o,| < 2k and a »| < 2k, (1) 
1 2 1 2 


where k is the yield stress in pure shear. The yield locus in (¢,, o,) space is a 
hexagon. 

The curve representing the potential function is taken to be a similar and 
similarly situated hexagon. It then follows that the strain-rate vector corres- 
ponding to a given stress-state represented by a point on one of the sides of the 
yield locus is normal to that side. If the stress-state corresponds to a vertex of 
the hexagon then the strain-rate vector is not uniquely determined ; however, it 
must lie between the normals to the locus on each side of the vertex. This indeter- 
minacy only affects the actual deformation mode; we are not concerned with 
this here, only with the loads at the yield point. 


8. ExTREMUM PRINCIPLES 


It has been shown by Hii (1950 and 1951) and by Drucker, GreEnBERG 
and Pracer (1951 and 1952), that any equilibrium stress distribution satisfying 
the given stress boundary conditions and nowhere violating the yield criterion, 
will give rise to external boundary loads which are less than or equal to the actual 
yield point loads. They have shown also that the internal rate of plastic working 
calculated (via the plastic potential), from any mode of deformation compatible 
with the velocity boundary conditions, is greater than or equal to the rate of 
working of the actual boundary stresses. Any postulated deformation mode 
therefore gives rise to an upper bound to the yield point boundary loads. 

In particular, the internal rate of working in a localized neck is [kvh (1+sin %)ds 
where v is the velocity of a point just on one side of the neck relative to the adjacent 
point just on the other side and this velocity vector is inclined at angle ¥% to the 
neck (Hitt 1952). 


4. Equa. BraxiaL TENSION (OR COMPRESSION) 


Hopce and Pracer (1951) have shown that an upper and lower bound for 
S is 2k(1 —a); that is, the yield point loading is exactly 2k(1 — a) in this 
case. 


5. E@uaL AND Opposite BraxiAL LOADING 


(a) Lower bound. The plate is divided into areas of constant stress (one quarter 
of the plate is shown in Fig. 2).* It is assumed that the stress is zero in zone 7. 
For the plate to be in equilibrium the principal stresses (r, s) in zones 1 to 6 are 
given by 


® Subsequent to completing this work the author has seen a report by HopGe (1953) in which a similar constant 
stress lay-out is used for the equal biaxial tension case. 
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, s pa — 2) + a), awl 
a ,=S8. 
S [A(z — a) —a), 
(1 — a) (x —a) 


[z(A +1) — 2a F y(t — Aa? + 4a*]. 


om S 
27 (1 a) 


S(i h 4 
(1 —a)(l— 
a S(h—a 

5 (La) (h 


- AS, $, = 


Ss 
2h (1 - 


(rg. %) = [A (A +1) — 2ad F (1 — AP AF + 42? a?). 
a) J 
These stresses must not violate the yield criterion (1). 

In this particular case A = — 1 and zones 1, 2, 3 give rise to the same inequalities 
as zones 4, 5, 6 respectively ; one set involves 2, the other h. The inequalities 
that must not be violated are then 

S < 2k, (3) 


S(1 —a2 —a) _ 4 
(1 —2)(1—a)}| ~~ (4) 


ve S(1 —2z —a) < 
is (1 —z)(1—a)| ~~ (5) 


(e—a)(i—a) = ™ 


Clearly (4) is more stringent than (5) 
when z +a> 1. In order to obtain the 
largest lower bound for this particular 
distribution z must be so chosen that all 
the inequalities are satisfied and the per- 
missible value of S is as large as possible. It 
is found that the optimum value of z is 
such that 2 +a is always greater than 
unity. The inequalities to be satisfied may 
then be written 


S < 2k, 
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2k (a — a) (1 — a) 
ee —_ : 


Ss (11) 


If the right-hand sides of the above inequalities are plotted as functions of z 
for discrete values of a, it is found that the best value of x is given by 


2(1 r)(1 —a) 


0 <a < 0-482, 12 
r a l (12) 


and by 
2(1 a)(l—a) 2(@ 
 @+e-—1 


0-482 <a-s 


The latter equation gives 


= - } fa*® 4 — ay 489 « 
ok a+v+ja (1 — a), 0.482 
The values of S which follow from (12) are found 
graphically. 

(b) Upper bound. The plate is supposed to 


have a velocity discontinuity v at an angle yf to 
XY in the quarter plate of Fig. 3, with similarly 
placed necks in the other three quarters. The 
material is rigid on each side of the neck. In 
the general case it follows that the external 
work-rate 


Svh cos (8B — #) — AS (XY) vh sin (B — yw), 


where 


XY = asin@ + (1 —acos 6) cot B, 
and the internal work-rate 
= kvh cosec 8 (1 — a cos 8). 


The value of S for which these work-rates are equal is an upper bound. There- 
fore 


Ss (1 + sin w)(1 - a cos 6) 


« 


k ~sin Bcos(B — #) — Asin (Bp — #) [cos B —acos(f @)| 


(15) 


In the present case A - 1 and 


PP .. (1 + sin ¥) (1 — acos @) 
k S sin (28 — 4) —acos(B + 4) sin(p — yp) 


It is thought that the right-hand side of equation (16) does not possess a true 
analytic minimum value. In order to avoid the numerical work involved in 
finding its least value, ¥ is taken as zero. It is certain that the consequent upper 
bound is very close to the best that can be obtained from equation (16). With 


(16) 
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y = 0 the best upper bound (Gaypon and McCrum 1954) is given by values 


of 8 and @ satisfying the relations 


sin @ tan 28 


_acos@ —2 
cos 6 —a asin@ — 


tan 8 = 


These equations give rise to the following cubic in cos @ : 


4a cos* @ — 4(1 + a*) cos? @ + a(1 + a*)cos? +2 = 0, 


This has been solved for a = 0-1, '© 7 

0-2, 0-8, 0-4. The resulting upper | 

bound is the best obtained for UPPER BOUND 

pe = EON (16) 

0 <a < 0-387. 
For 0-87 <a<1, consider 08 T } 

the hypothetical deformation 

Pie ? LOWER BOUND 
mode in which the four quarters FROM EON \ 


of the plate rotate rigidly with | 
| 


|EQUAL BIAXIAL TENSION 
AND COMPRESSION 


necking and bulging along the °° 
sections of least width. The 
quarter plate shown in Fig. 4 7 


| 


O4 


UPPER BOUND 
EON (18) 


‘ 


Os °: 
o 


Fig. 4. Fig. 5. 


LOWER BOUND 
EQN (14) 


rotates about J, necks along PY, QX’ and bulges along XP, QY’. It is easily 

shown that the least value of the upper bound occurs when the plate is in 

equilibrium. The stress along PY, QX’ is 2k, that along XP, QY’ is — 2k. 
For equilibrium it is found that 


S\? (aS\? wi —A 
(=) , (3) += 7 =e ay" — 


In the present case A = — 1 and therefore 
—a+t Ja* + (1 — a); 


that is to say, as S .is positive, 
2k " 


® Communicated to the author by R. Hii. 
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Equations (14) and (19) are identical. The exact yield point loading is then that 
given by (19) or (14) in the range 0-482 <a <1. The bounds are plotted in 
Fig. 5. 


6. UNIAXIAL TENSION 


(a) Lower bound. When A = 0 the stress distribution of Fig. 2 reduces to that 
of Hopce (1952), the zones 4, 5, 6 become one zone, and h = 1. The inequalities 
that arise are 


est _ (laa. S$ _(1—a)(1—2). 


<1; <9 < 
2k ok a 4 : a 


For a in the range 0-443<a<l, 10 


the lower bound is k (1—a)*/a. | 
For 0 <a < 0-443, S is found | 
graphically. UPPER BOUND 
However, for 0-45 (approx.) EON (21) 
<a <1, a better lower bound is . 
obtained from the lower bound 
of equation (14) and the exact 
solution of Section 4. It follows — 
from the maximum work principle | 
that the yield locus of a plastic 24 | LOWER BOUND | 


“ee SECTION 6 ( | 
rigid body must be concave to ” | 


the origin. Therefore the chord gona) | 


| 
| 


| 
UNIAXIAL TENSION 


joining any two points repre- 
senting lower bounds lies entirely 
inside the locus. The point in 


which this chord meets the line 
through the origin with slope 1/A 
represents a lower bound for the 
ease (S, AS). 

In the case under consideration 
a lower bound is obtained from 


; : : Fig. 6. 
the coordinates of the intersection * 


of the chord joining the points 
representing the lower bound of the cases (S, 8), (S, — S), and the line A = 0. 
In the range 0-482 < a < 1 the lower bound is 


= 0-8) - Ve + —of) 
a 


Ss (20) 


In the range 0-45 < a < 0-482 the lower bound is found graphically. 
(b) Upper bound. In the range 0 < a < 4, the best upper bound is obtained 
from (15) after putting A= 0. This gives 


S = 2k(1 —a) (21) 


and the mode corresponds to necking along XY, X'Y’ (Fig. 1), the two halves 
of the plate moving apart as rigid bodies. 
For 4 <a <1, the upper bound obtained from equation (18) is 


F. A. Gaypon 
S = 2k[—a + [a* + 2(1 — a)*}}}. 
The bounds are plotted in Fig. 6. 


7. Tue Yre.tp Locus 


Since the material is assumed to be isotropic the yield locus is symmetrical 
about the origin. The symmetry of the plate requires that if (S, AS) is a yield 
state, so is (AS, S). The locus is therefore symmetrical about the lines A = 1, 
A = —1, at 45° to the stress-axes and passing through the origin. It is thus 
only necessary to consider one quadrant between the axes of symmetry. 

If a is small a simple upper bound, with A in the range — 1 < A < 0, is obtained 
by taking ¢ = 0 = 0, B = $m in equation (15), then 

S il—a 
2% 1—A+da 

Equation (23) is represented by the 
line AB(a = 0-2) in Fig. 7. When 
A = — 1 this bound is slightly greater 
than that derived from (17). Similarly 
if A lies in the range O<A<1 
equation (21) is a good upper bound. 
It is obtained from (15) by taking 
y= B= }7,0=0. This is repre- 
sented by the line BC (a = 0-2) in Fig. 7. 

For a > 0-45 (approx.) and for all A, 
equation (18) provides good upper 
bounds. 

The results for a = 0-2, 0-5, 0-7 are Fig. 7. 
shown in Fig. 7, which represents 
one quarter of the yield locus diagram. The actual yield loci for these values of 
a lie in the corresponding shaded areas. 


(28) 
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LOW TEMPERATURE EMBRITTLEMENT MECHANICS 
DEDUCED FROM ZINC SINGLE CRYSTAL FRACTURE 
STUDIES 


By P. H. Morton,* R. Treon and W. M. Batpwin, Jr. 
Department of Metallurgical Engineering, Case Institute of Technology 


( Received 6th January, 1954) 


SUMMARY 


THE most important conclusion of this work is that low temperature brittleness in zine single 
crystals is not due to the cessation of slip below a certain temperature. On the contrary slip is 
quite active, and it is its activity that induces low temperature brittleness : slip causes rotation 
of the lattice which in turn sets up orientation gradients adjacent to constricted and unslipped 
regions. At high temperatures these orientation gradients are accommodated by bend-planes, 
at low temperatures, by cleavage. 


1. INTRODUCTION 


At present writing there is virtually no understanding of the events leading to 
fracture in metal single crystals, much less polycrystalline aggregates, although 
there are two popular, if vague, trends in thought along these lines. One stems 
originally from O’NetLu’s (1926) observation that brittleness is found in those 
metals and under those testing conditions where twinning is prevalent. An 
imposing Russian school (DavipeNKov 1938; YakuTovicn and YAKOVLEVA 
1950; SHevANDIN 1940; VitrmMan and Stepanov 1989; Lirsnits 1948, et al.) 
have pressed this parallel to the point of proposing a direct cause-and-effect 
relationship between twinning and brittle fracture, though recent observations 
of Low and Frusret (1953) have discredited this extreme view. The other stems 
originally from the observations of Barrett, Anse. and MEHL (1937) that slip 
in some ferritic materials, while occurring indiscriminately at room temperature 
on a number of crystallographic systems — (011) [111], (112) [111], (128) [111] —is 
restricted as temperature is lowered to successively fewer systems and ultimately 
to only one —(011) [111]. The rationalizations of low temperature brittleness 
based on either of these two observations have in a sense been particularizations 
of the theories of Kunrze (1928), McApam (1942), FripMan (1946) et al. ; to wit, 
that low temperatures repress slip by increasing the critical stresses for it at 
such a rapid rate that alternative processes presumed not to be so sensitively 
affected by temperature — ¢.g. twinning or cleavage — set in.T 

* At present at Imperial Chemical Industries, Ltd., Metals Division, Birmingham, England. 

+ Yaxurovicn and YaKovieva's proposal is different. They suggested that metal twin boundaries have a high 


concentration of Rose (1868) canals as mineral twin boundaries do, and these, like the perforations of a postage 
stamp, lead to ready fracture. 
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The present investigation sought to clarify some of this vagueness, and specifi- 
cally inquired into the effects of temperature, orientation, and specimen shape 
on the mode of fracture and the ductility accompanying fracture of zine single 
ery stals 


Tense 
aug 


(i) Flow of Zinc Single Crystals or 


Zine single crystals com ie 
monly slip on the system 
(O01) (1120), (Maek, Potanys 
and Scumip 1923)*, and twin 
on the 1012 plane by shear 
in the direction perpendicular 
to [1210] 

In a tensile test, crystals 


whose (0001) basal poles li 
less than 70 to 75° to the 
tensile axis (¢, < 70-75) (see 
Fig. 1 (@)) deform by slip 
(primary slip), the crystal 
rotating thereby such that in > , ‘ 

a standard stere: graphic pro Fig. 1. Steps in the flow and fracture of a zine crystal 
jection the tensile axis 
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Fig. 2. Effect of temperature on the Fig. 3 Effect of temperature on the total 
orientation just before twinning (Mark, shear, a before twinning occurs (Scumip and 


Potany! and and Scumip, 1923) Boas 1935). 


migrates along the great circle toward a [1120] slip direction (Fig. 1 (6)). Because 
the crystal rotates during a tensile test and because it is constrained from rotating 


* Other slip systems must also act at high temperatures. Crystals strained at 100 to 200°C show markings that 
could not be explained on the basis of (0001) [1120] (Boas and Scumip 1920). Kouesnikov (1938) on rather weak 
evidence, it is true, suggests the slip system (1100) [1120] to operate in crystals having the (0001) basal plane nearly 
parallel to the tensile axis when tested above 300°C. WasHauRn (1051) finds good evidence for the slip system (110X) 
[1120) for crystals of similar orientation tested at 400°C. All of these slip systems (including the usual system) involve 
# common slip direction [1120] but different planes zonal to this direction. 
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in the grips, there must be a change in orientation somewhere between the gripped 
and free portions of the specimen. This change was observed (Mark, PoLaNnyt, 
and Scumrp 1923; Mriier 1934), as a sharp bend in the crystal lattice (see 
Fig. 1 (6)). Hess and Barrett (1949), demonstrated that these bends were the same 
as Ornowan’s (1942) kink-planes. Rotation of the crystal proceeds until at a 
critical point the crystal twins (Fig. 1 (c)) yielding bands of a different orientation 
in which further secondary slip occurs (Fig. 1(d)). There is some confusion as 
to the criterion setting the critical point at which primary slip terminates. In 
early work (Mark, Po._anyi and Scumip 1923; Boas and Scumip 1929), it was 
reported that both zinc and cadmium twinned when the angle between normal to 
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Fig. 4. (a) This graph shows the orientation ¢,; at which primary slip is terminated by twinning 
for any starting orientation ¢,, presuming that the criterion for termination of primary slip is a 
constant value of resolved shear train, a. For high values of a the value of $y is almost constant 
for any value of ¢, less than 70 to 75, the range over which the criterion is supposed to hold. 
For a = 5, for example, bp runs from 79° when ¢, is 0 up to 82° when ¢p is 70° this small 
difference is about equal to the accuracy of orientation determination whence it is easy to see the 
difficulty in deciding whether twinning occurs at a constant value of ¢; under these conditions, or 
a constant value of a. 
(b) This is a stereographic¢ plot of the final orientations of crystals just before twinning of crystals 
with various initial orientations assuming that the criterion for termination of primary slip is a 
resolved shear strain of 5. 
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the (0001) basal plane and the tensile axis reached a critical value, ¢, (see 
Fig. 1 (c)), dependent upon temperature (Fig. 2). In subsequent work (Scumrp and 
Boas 1935) it was reported that both metals twinned when the shear strain resolved 
on the slip plane reached a critical value a, also dependent upon temperature 
(Fig. 3). Actually, for ¢, < 70-75° and for high values of a (such as were reported, 
ef. Fig. 3) the two criteria are very much the same (cf. Fig. 4), It is of interest 
to note moreover that the values of resolved shear strain reported as critical for 
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zine by Scumip and Boas (1935) convert to the same range of values of ¢, reported 
as critical for zinc by Mark, Po.anyi and Scumip (1928) as shown in Fig. 5. 

Gu.man and Reap (1952) note that crystals in which ¢, > 80° deformed at 
room temperature by twinning “ mostly ’’ and when ¢, > 85° by twinning only, 
i.e., crystals which were originally in the condition of Fig. 1 (c) twinned without 
primary slip. 
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Fig. 5. This graph is a comparison of the reported values of orientations at which twinning 
terminates primary slip. The circles are retained directly from Fig. 2. The bars represent the 
range of values of ¢, for all values of ¢, from 0 to 70° for the values of a given in Fig. 3. The 
conversion being made by means of Fig. 4. The triangles are values obtained in the present report 


(cf. Fig. 18). 


(ii) The Fracture of Zine Single Crystals 


At temperatures of 18°C and over, zinc is ductile ; secondary slip within the 
twinned lamella “ leads to a marked necking of the crystal ribbon and to final 
rupture ” (Fig. 1 (d)) (Scumrp and Boas 1935). 

At temperatures of — 80°C and lower, Fanrenuorst and Scumip (1930) found 
that single crystals of zinc fractured by cleavage. For low values of ¢5, cleavage 
was on the basal plane and it is of interest that one crystal underwent a total 
shear of 200 per cent at — 185°C. For crystals with high values of ¢, cleavage 
occurred only after twinning had taken place (Mark, PoLany! and Scumip 19238 ; 
WASHBURN 1951).* 

Since apparently all crystals tested at 100°C parted after localized necking 
whereas at — 80°C they failed by cleavage, it is evident that a transition tem- 
perature exists. Scumip and Boas (1935) state that at 20°C zine crystals did 
not “as a rule” fracture by cleavage, so that the transition temperature (as 


* The early workers described the fracture as prismatic cleavage, but it has since been shown by MATHEWSON and 
Pru.ips (1927) to be in fact cleavage on the basal plane in the twinned crystal. 
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evidenced by a change in the type of fracture) is presumably near but below 
room temperature. 


2. MATERIAL AND PROCEDURE 


The zinc was three-quarter inch extruded rod from the National Lead Company. 
The nominal purity was 99-99 per cent Zn. 

A polycrystalline zinc specimen of the shape required for the single crystal 
was used as the pattern in an investment mould, which was heated at 1,000°F 
until the zinc melted.* The mould was removed from the furnace and directional 
cooling was produced by a quenched copper rod acting as a chill. A single crystal 
nucleated at the point of contact of zinc with copper, and grew into the rest of 
the melt. 300” 


The crystal was given an acid a . 

polish in a 10 per cent solution | Fo ee oe 
of HNO, and then etched for five = 

to ten seconds in a 50-50 solution 
of HCl. Any grain boundaries 
were clearly revealed. The 
crystals were made in batches of 
eight to twelve, and the yield 
varied, but an average of about 
80 per cent of the investment 
gave good single crystals. 


GAGE LENGTH 2X0 


The orientation of each crystal Be =) GAGE LENGTH 5x0 


was determined by means of an 
X-ray back-reflection photograph Fig. 6. 
using the Greninger method. 

From the measurement of the film, three angles representing the orientation 
of a crystal were determined. These were ¢, Ay, and % as shown in Fig. 7. (The 
A, used here is the same as that used by Scumip and Boas (1935). The angle, x, 
which they used is 90° — ¢», and their angle « is the same as a.) 

Extreme care was required in the handling of the crystals as some even deformed 
under their own weight at room temperature. Damage during handling was 
revealed by an overall bending of the crystal or by blurred spots on the Greninger 
photograph. If an overall bend was observed, the crystal was not tested. 

Handling of the crystal was reduced to a minimum by inserting the specimen 
in the test rig before putting the rig into the temperature bath. The temperature 
medium used was water from 5°C to 95°C and a transparent mineral oil at 105° 
and 115°C. The different environment appeared to have no effect on fracture 
properties. Thus the crystal could be observed directly throughout the test. 

Although the rate of movement of the tensile machine head was kept constant 
at about 0-2 in. per min., the rate of straining was different for the three series 


900 
Shape of single crystal specimens. 


® Preliminary experiments had shown that the manner in which the specimen was gripped was of pronounced 
influence on the ductility of the specimen, fracture frequently being caused by, and located at, the orientation difference 
at the juncture of the free test length (which had rotated during testing) and the shoulder or head of the specimen 
(which had not rotated). The double shoulder on the three specimen shapes finally adopted (gauge length one, two, 
and five times the diameter of the specimen, see Fig. 6) placed a reasonably reproducible restraint on the ends of the 
free test length, and at the same time insured fracture at a point not concealed by the grip. 
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of specimens (because of their different free length) and also changed as soon as 
slip became localized by necking or by the opening of a cleavage crack. The rate 
of shear, resolved in the slip direction on the slip plane, was of course different 
for different orientations. 


3. ResuLts AND Discussion 


A comprehensive presentation of the dependence of ductility (as measured by 
reduction in area) on temperature and orientation* is given in Fig. 8. Each of 


sl ces | is. model are discussed 
the surfaces in this. mod re discussec ou enecten 


below : (120) 


(i) The Ductile Plateru (Surface A in 
Fig. 8) 

At 95°C, for example, all crystals 
showed 100 per cent contraction in area 
irrespective of their starting orientation, 
although the elongation values were 
sharply dependent upon this variable 
(cf. Fig. 9 (h)). This behaviour is a result — 
of the various processes by which zinc 
deforms from its initial orientation. 

In the region of ¢, = 80 to 90°, speci- 
mens twinned with little or no preceding 
slip, and twinning and secondary slip 
(slip within the twinned region) led to a 
highly necked specimen having a low 
elongation and high contraction in area. 

Crystals with starting orientation about 
30° to 80° deformed first by primary 
slip and thereby elongated. Twin bands 
finally appeared and secondary slip 
within the twin band led immediately to 
necking and rupture. The contribution 
which the necked band made toward 
the elongation was minor and elongation (OOO!) BASAL PLANE 
data therefore may be taken as a first pig 7, Standard projection showing angles 
approximation to decide what is the used in orientation determinations. 
proper criterion for the termination of 
primary slip. The shear strain, a, resolved on the slip plane, and the final orien- 
tation ¢,, corresponding to these elongation values, 8, re computed using equations 
(26/3) and (26/2) respectively of Scumip and Boas (1935) 


a= re [(1 + 8)? — sin? Ay — cos do}? (1) 


cos 


* In no case was any consistent variation of ductility with a, observed. Therefore in most of the following discussion 
orientation will be treated as if it were governed by ¢, alone. 
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COS dp (2) 


cos dy = 
a et 


and are plotted in Fig. 12 (a) and (b). The data clearly favour the constancy-of- 
final-orientation criterion. If that small portion of the elongation due to secondary 
slip and necking were subtracted from the total elongation values that were used, 
the decision would be even more clearcut, for the values of a would drop con- 


Fig. 8. Simplified representation of ductility (reduction in area) as a function of orientation 

and temperature for 5D specimens. Each surface 4, B... F, is discussed in detail in the text. 

Section a,, ¢,, 5), is taken from Fig. 19. Line d from Fig. 5, lines d, from Fig. 9, lines f, from 
Fig. 21. 


siderably in the range of 60° < ¢ < 80°, whereas the values of ¢, would drop 
only a degree or two at high values of ¢p. All other elongation data reported 
in this paper give plots similar to Fig. 12, but are not reproduced here in the 
interest of economy.* 

A more precise determination of the value of ¢, can be made from the ratio of 
the cross-sectional area when primary slip ceases, a,, to the initial cross-sectional 


*® The choice between the two criteria considered here is of more importance than merely the choice between two 
criteria that in the manner in which they are observed are closely similar. The implication of a constancy-of-slip 
criterion is that twinning is set by a single standard: twinning occurs at a constant value of resolved shear stain 
or relatedly (because of the invariance of the resolved shear stress-resolved shear strain diagram) at a constant value 
of resolved shear stress or at a constant value of deformational energy (cf. MILLER 1936; THomMPsON and MILLARD 
1952). The constancy-of-final-orientation implies that twinning is set by a parative standard: twinning occurs 
when the ratio of stresses on two different deformation systems is critical or is brought into a critical state by virtue 
of the particular final orientation (cf. BURKE and HipBarp 1952). 
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Low temperature embrittlement from zinc single crystal fracture 
area, a), through the equation 


ag cos dy (3) 


ay cos dy 


(which follows directly from equation (2) under the assumption of constancy of 
volume). In the present case in place of the ratio of areas, the minor axis of the 
elliptical section of the uniformly deformed portion adjacent to the necked twin 


band was divided by the original 
diameter. Although this is not 
strictly proper unless a, = 0, the 
error involved was less than half a 
degree in the majority of cases and 
in no case exceeded two degrees. 
The values of ¢, so determined are 
plotted on a standard stereographic 
projection of Fig. 13, where it has 
been assumed that the tensile axis 
rotated along a great circle as 
demanded by simple slip. 

The shorter crystals—-2D and 
1D gauge lengths — of this orienta- 
tion range, ¢, = 30 to 80°, behaved 
in a similar way to the longer ones 
just described. They deformed by INITIAL ORIENTATION ~~ Oo 
primary slip up to a constant final 
angle ¢,. Here the reduction due 
to necking however, occupied a 
greater proportion of the gauge- 
length and it was difficult to deter- 
mine the amount of deformation due 
to slip alone, but measurements 


5 


SLIP PLANE ~o 


ON 


STRAIN 


RESOLVED SHEAR 


were taken and the values of ¢, a. a 0 
ORIE “We 


calculated were slightly lower for pig 12. (a) Resolved shear strain on slip plane, a, 
the 2D and 1D crystals than for corresponding to the elongation values given 
the 5D crystals. in Fig. 9 (A) as computed by Equation (1) of the 

In the range of nit orientaions "Fal eration compute fom sam 
dy = 0 to 30°, crystals with a gauge- 
length five times their diameter 
deformed by primary slip up to a constant angle ¢, of 80°, twinned and failed 
by fibrous fracture with 100 per cent reduction in area. However, in these 
crystals the deformation was usually localized to a quite short length of the 
crystal. 

During deformation of the shorter crystals (1D and 2D) in the orientation 
range, ¢, = 0 to 30°, longitudinal ridges near the shoulders were seen as shown 
in Fig. 14. Fig. 15 shows diagrammatically the slip lines visible before necking 
commenced. The upper set of ridges are those shown in Fig. 14. This specimen 
was cleaved by inserting a razor blade parallel to the slip planes at the temperature 
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of liquid nitrogen, and the sections obtained are shown in Fig. 16. It is seen that 
the ridges produced a number of “ gable roofs” on these slip planes. 

These ridges apparently form as a consequence of the following chain of events. 
Deformation takes place largely in the two regions, P and R in Fig. 15. Prior to 


SLIP OREC TION SLIP DIRECTION SLIP DIRECTION SLIP = OIRECTION 


BASM PLANE BASAL PL ANE BASAL PLANE BASAL PLANE 
Fig. 13. Initial and final orientations of 5D specimens pulled at the temperatures indicated. 
Starting orientations are given by the dots. Final orientations given by open circles indicate 
specimens twinned and necked to give ductile fracture. Minor axis of cross-sectional ellipse 
of specimen next to twin (as at point A in Fig. 1 (d)) was used in equation (3) of text to determine 
final orientation. Final orientations given by solid circles indicate specimen twinned and cleaved 
and here minor axis of cross-sectional ellipse next to fracture was used to determine final orienta- 
tion. Final orientations given by solid triangle indicate specimen failed by primary cleavage. 
Minor axis of cross-section ellipse was taken midway along test length. 


the ridge formation a section near the top of the deformed region is as in 
Fig. 17 (a). The plane A BCD is a kink-band boundary or bend-plane. If it assumes 
the position of lowest energy it bisects the angle between the slip-planes on either 
side of it (Hess and Barrett 1949). As further slip takes place, the bend-plane 
tends to rotate in a clockwise direction (Figs. 15 and 17). The appearance of the 
sections in Fig. 16 seems to indicate that this movement is resisted at the surface 
of the crystal ; the points A and C are effectively anchored,* so that the movement 
of B which is comparatively free gives rise to a curved bend-plane as shown in 
Figs. 16 (6), (c) and in Fig. 17 (6). But such a curved bend-plane is in a fairly 
high energy state, so that B will also reach a limit of movement dependent on 
the magnitude of the force tending to straighten AB’C. Then line B’E’ is unable 
to rotate further (clockwise about the fixed point B’) as a result of slip, without 
shortening the length E’C on the surface of the crystal. This shortening can 
only be accommodated by means of a buckling process as shown in Fig. 17 (ce). 


® Hess and Baarrert (1949) report a similar effect in the compression of zinc single crystals. 


Fig. 14. Ridges formed at high temperature on 


2D specimen with low orientation angle = 25 


when pulled at 75°C magnification about 7 


Letters a, b e represent the sections shown in 


Fig. 16 (a-e) 


(d) 


Fig. 16. Cleaved sections through ridged region of specimen shown in Fig. 14. 
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The fact that ridges were observed only where the bend-plane was curved (ef. 
Fig. 16) is consistent with this theory. The buckling process need involve only 
basal slip (though in directions other than that of the primary operative slip). In 
that case the edge FGH should lie in a plane perpendicular to the surface FHJ. 
The ridges in Figs. 16 (b) and (ce) were examined under a binocular microscope 
and such appeared to be the case. 


RAZOR EDGE 
INSERTED HE 


Fig. 15. Schematic draw- 
ings of slip lines visible on 
specimen shown in Fig. 14 
before necking to fracture. 
Upper set of ridges are 
ridges visible in Fig. 14. 
Razor was inserted parallel (c) 
to slip lines to give sections 

shown in Fig. 16. Fig. 17. The formation of a ridge. 


(ii) The Brittle Floor due to Secondary Cleavage (Surface B in Fig. 8) 


As test temperature was lowered, all of the above phenomena underwent 
changes. As may be seen in Figs. 9 to 11, the crystals with initial orientation 
dy = 80 to 90° became embrittled in the sense that their contraction in area 
dropped from 100 per cent to about 10 per cent. These crystals, which at higher 
temperatures necked by twinning and secondary slip, at lower temperatures 
simply twinned and cleaved on the basal plane of the twinned metal, generally 
midway along the gauge-length (Fig. 18). Cleavage in a crystal which has twinned 


will be designated as “‘ secondary cleavage” as distinguished from “ primary ” 


basal cleavage which occurs in untwinned material. 
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(iii) The Transition Cliff (Surface C in Fig. 8) 


The cliff (C) in Fig. 8 which denotes a transition between ductile and brittle 


behaviour for crystals with ¢, > 80° is a simplification of the facts. 


plots of actual contraction in area data 
for 5D specimens in Fig. 9, for example, 
it is seen that secondary cleavage can 
occur at a temperature as high as 75°C, 
while in a statistical manner typical of 
transition behaviour in general, ductile 
fractures can occur at temperatures as 
low as 55°C. In this temperature range 
the fracture was often mixed secondary 
cleavage and fibrous. 

Fig. 19 shows the contraction in area 
as a function of temperature for crystals 
with ¢, > 80°. The transition for crystals 
with 5D gauge-length was sharp covering 
the range 75 to 55°C, whereas for the 
2D crystals it was more gradual, and for 
gauge-length 1D even more so, covering 
the range about 95 to 60°C. 


(iv) The Brittle Zone D in Fig. 8 


In this region of temperature and 
orientation the crystals would deform by 
primary slip to a critical terminating 
orientation, ¢,, twin, and then fracture 
by secondary cleavage. 


_i 
CLEAVAGE h 


Fig. 18. Schematic 
cross-section of 
crystal that failed by 
secondary cleavage. 


From the 
100 


1D 


IN AREA AT FRACTURE —— PCT. 


S 
2 
: 


40 60 6100 ~— = =(120 
TEMPERATURE °C 
Fig. 19. Reduction in area as a function of 
temperature for specimens with initial 
orientation ¢, > 80°. These data are cross 
plots of the data (for specimens ¢9 2 80°) 
given in Figs. 9, 10 and 11, Line ay, b,, ¢,, 
drawn as a trend curve through the data 
points for 5D specimens is the same as 
Figs. a, ¢,, b,, in Fig. 8. The shaded areas 
correspond to the shaded areas at ¢, > 80° 
in Figs. 9, 10 and 11. 


The critical orientation, ¢,, at which primary slip ended, though constant for 
a given temperature, decreased slightly with decreasing temperature as indicated 
by the skew course to line d, in Fig. 8. The experimentally determined values of 
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¢, are shown in the stereographic projections in Figs. 13 and the mean values 
which were obtained are plotted as a function of temperature in Fig. 5 together 
with those of Mark, PoLany! and Scumip (1923) and Boas and Scumip (1935). 

Since specimens that broke in secondary cleavage showed no necking, equation (3) 
may be used to relate the reduction in area with initial orientation. Lines d, in 
Figs. 8 and 9 are computed by this equation using the average values of-¢, given 
in Fig. 13. 


(v) Transition Cliff (Surface E of Fig. 8) 


As in the case of crystals with ¢, = 80 to 90° there was a considerable 
temperature range where failure could be either ductile or brittle, but in the 
present case this range was displaced downward as ¢, decreased. This trend can 
be seen in Fig. 9, for example, where crystals with orientations ¢, > 80° have 
started to embrittle at 75°C whereas crystals with orientations ¢, < 80° are still 
ductile ; and again at 45°C where crystals with high ¢, are all brittle, while crystals 
with lower ¢, (~ 60°) are by and large relatively ductile. This is an interesting 
point ; it means that while a crystal whose orientation, ¢9, was initially greater 
than 80° would be brittle at a given temperature, one that rotated by primary 
slip from a lower value of ¢ into the range ¢ > 80° remained ductile. In other 
words primary slip or some concomitant of primary slip allayed embrittlement 
due to secondary cleavage. 


(vi) Primary Cleavage Slope (Surface F of Fig. 8) 


The crystals in this region would commence to rotate by primary slip, the 
orientation gradient developed at the shoulder would be accommodated at first 
by bend planes, but soon the crystal would cleave on its basal plane in the vicinity 
of the bend plane as shown in Fig. 20 (c). The type of crack shown in Fig. 20 (c) 
at “‘g’’ would result when a bend-plane becomes fixed in one position. To maintain 
the position of lowest energy the bend-plane should rotate during extension of the 
crystal so as to bisect the slip planes on either side of it.* Should it fail to do 
so, large stresses will be developed as slip proceeds on one side of it (cf. KoEHLER 
1952). Evidence of such stresses can be judged, not only from considerations 
of geometry, but also from Burke and Hrpparp’s (1952) work on magnesium 
single crystals. These authors found bend-planes near the grips of a tensile specimen 
where constraint was greatest and further observed twins on the relatively unslipped 
side of the bend-plane, which twins terminated at the bend-plane precisely. 
Magnesium can only form twins if there is extension in the direction normal to 
the basal plane. This indicates that, on the unslipped side of the boundary, 
there is a tensile stress perpendicular to the basal plane which can cleave the 
sample as shown in Fig. 20 (c). 

Thus it appears that the accommodation of orientation gradients by bend- 
planes involves not only the formation of the planes but their ability to rotate 
also. 

The reduction in area of the test specimen was taken at the moment of the 
initial primary cleavage of the crystal and is a measure of the amount of rotation 


* A large number of bend planes were found, however, that did not always lie so disposed. 
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Fig. 20. 
(a) This is the undeformed crystal of original orientation ¢, = 53° before being tested at 45°C. 
(6) The slip lines (a) were calculated from the original orientation and the reduction in diameter 
of the shoulder from 0-300 to 0-289 in. by equation (3). In a similar manner, slip lines (b) were 
caleulated for the test section which was reduced in diameter from 0-180 to 0 141 in. Bend 
plane (c) was directly observed in part (as shown by the circles) and then extrapolated (as shown 
by the dots). The lower half of the specimen was offset from the upper in respect to the longitu- 
dinal axis. 
(c) A erack (g) appeared in the upper shoulder. Slip line (d) was a projection of the crack and 
directly visible. Slip line (f ) was drawn parallel to crack (g). Slip line (b) was calculated in a 


way similar to those in (0). 
(continued on oppose page) 
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which the test length suffered before cleavage appeared. These values are shown 


in Fig. 10 for the 2D specimens. 
Once the primary cleavage commenced, one of three courses would be followed 


to complete fracture of the specimen. 

(a) On further elongation of the specimen cleavage would continue as an 
extension of the original crack. The reduction in area value was again 
taken on the test section (even though the fracture was in the shoulder) 
and is a measure of the amount of rotation which the test length suffered 
before cleavage completely severed the crystal. These values are plotted 
in Figs. 9, 10 and 11 and form surface F in Fig. 8, and the curves shown 
in Fig. 21. The latter plots show that primary cleavage is not affected by 
the length-to-diameter ratio of the test specimen. 
On further extension of the specimen, the orientation gradients would be 
accommodated by bend planes or systems of bend planes forming in the 
now reduced cross-section near the partial fracture to such an extent that 
the test section rotated until it reached the critical value.of ¢,, twinned 
and fractured by secondary cleavage (see Fig. 20 (g)). Reduction in area 
values in this case form surfaces D and E near their intersection with 
surface F in Fig. 8. 
Events would proceed as in (6) except that, having twinned, the metal 
would not suffer secondary cleavage, but rather would undergo secondary 
slip giving a completely ductile neck, i.¢., 100 per cent fracture. Reduction 
in area values in this case form surfaces 4 and E near surface F in Fig. 8. 

It is felt that in the absence of primary cleavage (i.¢., in tensile tests in which 


Fig. 20 continued. 
(d) The section of the specimen immediately below the bend plane (e) rotated and slipped 
causing the observed bend plane (e) to pivot, toward the slip line (d). During the pivotting it 
was inferred that slip line (f ) bent into two segments (h) and (i). These were obtained by drawing 
lines parallel to the bottom face of crack (g). Lines (h) and (i) were divided by bend plane (j) 
which was constructed from the discontinuity in the lower face of crack (g) to bisect the angle 
made by (h) and (i). Bend plane (c) disappeared from view which was consistent with the lessening 
of inferred angular difference between slip planes (b) and (i). The shoulder protruded at (k) as 
a result of these events. A lip (1) (shown by the shading) was produced where the shoulder meets 
the lower face of crack (g). 
(ce) As the processes of (d) continued, slip line (d) was observed to rotate counterclockwise, 
indicating deformation and rotation in the shoulder above the crack. Slip line (m) parallel 
to (d) became visible. The upper face of crack (g) bent at (n). At (o) the shoulder moved upwardly 
and outwardly. Cracks (p) and (q) appeared. 

({) As the processes in (d) and (¢) continued,crack (p) extended toward the surface and propa- 
gated a slip line (r) and a small bend plane (s). The small crack (q) developed a tiny bend plane 
(t). A small crack (u) appeared in the lower head. 

(g) Further deformation produced twinning in the region (v) and finally secondary cleavage 
on the basal plane (w) of the twinned metal. The specimen was cooled in liquid nitrogen and 
cleaved with a razor blade. The silhouettes of the cleft basal planes were traced and are drawn 
in as light weight solid lines. These revealed the bend planes (x), (y), and (z) meeting crack (p) 
at points of discontinuity. Bend plane (aa) accounted for the change at (n) in the upper face of 
erack (g). Bend planes (aa) and (z) permitted shoulder (0) to peel back. Lip (cc) on the lower 
face of crack (p) was similar to lip (1). Bend planes (dd), (ee), and (ff) appeared in the lower 
shoulder. The total reduction in area was 54 per cent. It is seen that the original crack (g) 
never grew in length once it had been formed. 
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rotation in the grips is not prevented) surface F would not appear in Fig. 8 and 
surfaces A, E and D would be extended to lower temperatures as suggested in 
Fig. 22. 


The inability of bend-planes to accommodate orientation gradients in zinc as 


temperature is lowered and the appearance of primary cleavage is of enormous 
importance, for it at once gives a clue to why secondary cleavage appears. Second- 
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Fig. 21. A composite plot of reduction in area values for 5D, 2D and 1D specimens which failed 
by primary cleavage. The data taken from Figs. 9, 10 and 11. show the negligible effect of 
gauge length on values obtained. 


ary and primary cleavage both occur on the basal plane. They both occur in 
regions adjacent to orientation gradients : primary cleavage in the shoulder where 
slip is restricted in the broader portion of the crystal, secondary cleavage in a 
twin band where orientation gradients must develop adjacent to the twin bound- 
aries to maintain compatibility (Pratr and Pucn 1951, 1952). It is proposed 
therefore that secondary cleavage is fundamentally the same as primary cleavage, 


Low temperature embrittlement from zinc single crystal fracture 195 


the only difference being the manner in which the orientation gradient which 
induces basa! cleavage is developed. 

The inability of bend planes to accommodate orientation gradients as tem- 
perature is lowered is of importance, too, in the case of polycrystalline specimens, 
since here orientation gradients are as numerous as the grains of the sample at 
hand, being a common mode 
by which compatibility 
between the grains is effected 
(Kawapa 1951; Barrett and 
LEVINSON 1940; WoopwarpD 
1949; HonrycomBe 1950; 
LAURENT and Evupier 1950; 
Kinc and CHALMERS 1948 ; 
CHALMERS 1937; WasnBURN 
and Parker 1951). If these 
gradients cannot be accommo- 
dated by kinking, cleavage 
may be expected to result. 
It is to be expected that the 
conditions for cleavage in 
different grains will be reached 
at different stages in a poly- 
crystalline aggregate. Homes 
and Gouzou (1950) have shown 
by direct observation of the 


process of fracture that this Fig. 22. Suggested course to Fig. 8 in the absence of 


is the case for zinc below the Pm™a@ry cleavage induced by constraint of shoulders or 


transition temperature. It iii 

was not until a large number 

of “ premature” cracks had formed that rapid cleavage cut through the remaining 
grains. 
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SUMMARY 


Pang strain and plane stress solutions are obtained for the plastic yielding of a junction connecting 
two relatively massive blocks of plastic-rigid metal. The work is part of a detailed analysis 
(GREEN 1954a) of the Bowpen-TaBor junction model for sliding between unlubricated metals. 
The aim of this paper is to estimate the forces exerted through junctions during sliding. Various 
simple shapes of junctions are considered and the effect of a plane of weakness across the centre 
of the junction is discussed. The theoretical modes of deformation are confirmed experimentally 
in various cases. 


1. INTRODUCTION 


AccorDING to Bowpen, Moore and Tasor (1948), friction between unlubricated 
metals is primarily due to the plastic deformation of minute asperities on the 
sliding surfaces. Junctions are formed between the two metals wherever these 
asperities engage and adhere more or less strongly under the intense local stresses. 
Each junction goes through a “ life-cycle ” of formation, plastic deformation, and 
fracture, new junctions being formed as fast as the old ones are broken. The 
present theoretical investigation was undertaken in order to obtain an estimate 
of the forces exerted through such jui.ctions at various stages of their life-cycles. It 
is part of a detailed analysis of the junction model which is fully described elsewhere 
(GREEN 1954a). 

It is assumed for simplicity that the metal is rigid up to a sharp yield-point 
after which it deforms plastically without hardening. Solutions are obtained under 
the following two extreme conditions : 


(i) Plane Strain 


The strain is assumed to be zero in the width direction, perpendicular to the 
direction of relative motion of the two sliding blocks of metal and parallel to their 
surfaces (Fig. 1). A good approximation to this condition is obtained if the cross- 
section of the junction in the plane of flow is uniform across its width, and if the 
width is large in comparison to the dimensions in this plane. 


(ii) Plane Stress 


The stress in the width direction is assumed to be zero and the width uniform. 
This condition is only achieved if the width is small compared with the other 
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dimensions of the junction. Uniformity of width could not, of course, be maintained 
in practice since the deformation would cause thickening in some parts and thinning 
in others. 

The problem, therefore, consists of constructing fields of characteristics* in the 
junctions to satisfy the various stress and boundary conditions which depend 
on : 

(a) The shape of the junction. There is at present no method of calculating the 
changing external shape of a junction as it deforms. Therefore, separate plastic 
yield-point solutions are found for certain simple shapes, from which an overall 
picture of the life-cycle of the junction can be deduced. Only those shapes are 
considered for which yielding takes place in a single continuous zone extending 
across the minimum section of the junction. If the junctions are sufficiently long 
and thin there may be two zones of deformation separated by a rigid central 
region. Solutions of this kind are described by the writer in an analysis of the 
plastic yielding of cantilevers (GREEN 1954b). 

(b) The strength of adhesion. A junction is regarded as strong or weak according 
to whether or not the adhesion is strong enough to prevent relative sliding at the 


interface. Solutions are obtained for both strong and weak junctions. 
(c) The relative motion of the 

two blocks of metal which the 

junction connects. It is 


assumed that there is no PARAUE TO __ 
THE SURFACES 


relative rotation of the blocks, — Y 
such as occurs in rolling oa 
DIRECTION OF RELATIVE MOTION 


contact. Two situations are 
examined. First, during the 
initiation of sliding the 
direction of relative translation of the two blocks is inclined to their surfaces at a 
finite angle, y say (Fig. 1). Second, when a steady state of sliding is reached the 
blocks move parallel to their surfaces, 
i.e. y = 0. ~ v 

In all the following solutions it has been 
checked that the rate of plastic work is 
positive throughout the deforming regions 
defined by the fields of characteristics. The 


Fig. 1. Diagram of a junction. 


state of stress outside these regions, how- 

ever, has not been examined. It is possible, 

therefore, that the total rate of plastic work 

is overestimated (Hit 1951), 7.e. the forces 

exerted through the junction in the direction Fig. 2. Curvilinear element in a 

of relative motion of the two blocks may be slip-line field. 
overestimated, while the force perpendicular 

to this direction, which does no work, may be over- or under-estimated. The 
possibility of error is diminished by the fairly good agreement between theory and 
experiment for some of the solutions, and it seems unlikely that any of the solutions 
that satisfy all the boundary conditions are seriously in error. 


* For an account of the theories of plane strain and plane stress see R. Hitt, “ The Mathematical Theory of 
Plasticity,” Chapters VI and IX (Clarendon Press, Oxford). 
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2. PLANE STRAIN SOLUTIONS 


In the plastically deforming regions the state of stress in any element is a pure 
shear stress, k combined with a hydrostatic pressure p; this maximum shear 
stress, k, is constant and 
the distribution of p is 
defined by the slip-line field. 

Following the usual nota- 

tion, the two sets of 

orthogonal slip lines (the 

lines of maximum shear 

stress), are labelled «- and 

B-lines, the « and sets Fig. 3a. Slip-line fields for a strong junction with 
being distinguished by the wedge-shaped sides. 

directions of the maximum 

shear stress acting on a curvilinear element bounded by slip lines (Fig. 2). Let ¢ be 
the anti-clockwise angular rotation of an «a-line from some fixed direction. The 
variation of p along a slip line is governed by the Hencky relations, 


p + 2k ¢ = constant along an «-line 


(1) 

p — 2k ¢ = constant along a_ {-line 
The mode of deformation can be calculated with the aid of Geiringer’s equations 
for the components of velocity along the slip lines (H1LL 1950, p. 136). 


(a) Strong junction with wedge-shaped sides 


Consider a junction whose shape in the plane of flow is defined by wedge-shaped 
sides XAY and X’A’Y’ (Fig. 3a). The acute angles which the sides XA, YA, 
X'A’ and Y'A’ make with 
AA’ are denoted by 8, i, 0’, RAE OF ¥ 
and i’ respectively. We 
suppose, for the moment 
that AA’ is parallel to the 
surfaces of the _ sliding 
blocks. 

If 0>80' the slip-line 
field shown in Fig. 3a is a 
possible yield-point 
solution. A similar field 
with part of A’X’ instead Fig. 3b. Slip-line fields for a strong junction with 
of AX plastic would wedge-shaped sides. 
certainly be invalid since 
the yield-point loads would be higher for any value of y. In ABC the 
field, which is determined by the straight stress free edge AB, consists of straight 
lines inclined at angles }7 to AB. It is extended round the singularity at A to 
form the region ACD consisting of straight lines and circular ares, and is com- 
pleted by the straight slip line A’D which is perpendicular to AD. If the lower 
block is regarded as fixed, the upper block moves parallel to A’D and there is a 
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velocity discontinuity across A’DCB. If the direction of motion is from D to 
A’, as shown in the figure, A’D is a 8-line and p =k in ABC (reversing the 
direction of motion merely reverses the signs of all the stresses and velocities in 
the deforming regions, so that a-lines become f-lines and vice-versa). Using 
the Hencky relations (1) along CD, it is found that on A’D and AD 


p=k(1l + bn + 2y 20). 
By resolving the forces acting across these latter two slip lines, it is found that 
the mean stresses, p, and s, normal (compressive) and tangential to A A’, exerted 
through the junction across its breadth ¢ (44A’'), are 


P, k (sin 2y + 1 la 20 + 2y), 8, k cos 2y. (3) 


The range of values of y over which this solution is valid depends on the geometry 
of the junction. Since the angle CAD must be positive, y must be greater than 
@— 1. This is the lower 
limit for y»y if @ >}; = = 5 
otherwise the lower limit is 7 


0. when the slip line 


field degenerates into the 


single straight line AA’. 

This degenerate solution 

may be expected to be 

valid for values of p, * 

between k(l 4 in @) 

and zero (also, of coures, 

for negative values of p, 

over a range depending on ; 

the value of i or i’). The ‘ig. 3c. Stlip-line fields for a strong junction with 
upper limit occurs when wedge-shaped sides 

the field can first be 

extended to one of the sides AY or A'Y’, (Figs. 3b and 3c), ic. when 


te 1) if i Se 
or . : (@ 


If s, and p, are plotted 
from a fixed origin 0, to the 
same scale and parallel! to 
the directions in which they 
act, the end point p of ther 
resultant vector represents 
: possible yield point state - 
The curve traced out by 
P representing all possibk 
vield-point states may be Fig. 3d. Slip-line fields for a strong junction with 
egarded as the vield locus wedge-shaped sides. 
of the given junction \ 


typical vield locus is shown in Fig. 4 for a junction with @ = ! 0 andi=10 
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The locus is symmetrical about the origin 0, since the material is assumed to be 
isotropic. It can be shown, by differentiating equations (8) with respect to y, 
that the direction of motion of the upper block corresponding to a yield-point 
state P, is normal to the locus at P and directed outwards. According to the 
maximum work principle for a finite plastic-rigid body this property of the yield 
locus would be true for a set of actual yield-point states. This does not prove, 
however, that the solutions found are the actual ones since it is possible (though 
unlikely) that the yield criterion is violated in the rigid regions where no stress 
distribution has been constructed. 

When @ > jz, the solutions for y < @ — tx 
are not known except for certain symmetrical 
junctions when y = p, = 0 and @ > 75° (see \ — PLANE STRAIN 
Section 2b). However, an upper bound* to / \ ---PLANE STRESS 
the relation between p, and s, is provided by | 
the fictitious deformation consisting of the 
sliding of the two halves of the junction over 
a single straight slip line through A’ whicli is 
inclined at the angle y (< 8 — 3m) to A’A. 
The least upper bound for a given value of 
p,/8, is obtained by putting 2y = tan" (p,/s,) 
+ @— $n. The corresponding overestimates 
of p, and s, are 


k sin 8 cos (@ — 2y) 


Pi sin? (9 — y) 


' , _ €sin @ sin (@ — 2y) 
an $s, sin? (0 y) 


The larger @ and the smaller p,/s, the worse 
these estimates may be expected to be. 
According as i is less than or greater than 
i’, the slip-line field shown in either Fig. 3b 
or Fig. 3c is valid, for a range of y extending LY 
tm above the appropriate limit given by (4). sot 


\ 
\ 40 
\ 


\ 


As y varies in this range, p, and s, remain Fig. 4. Yield loci for « strong junction 
constant, though the velocity solution naturally with wedge-shaped sides (9 = 5° > 0’ and 
depends on y. Over the remaining range of y i= 10° >/7’). 

up to y = w the solution is of the same type as 

that shown in Fig. 3a, but it extends to AY or A’'Y’ instead of to AX. 

The velocity solutions associated with the slip-line fields discussed so far are 
uniquely defined by Geiringer’s equations and the condition that the velocities 
normal to the slip lines defining the plastic-rigid boundaries are continuous across 
them. Deformation occurs only along the velocity discontinuities and in the regions 
where the slip lines are curved; the regions where both families of slip lines are 
straight move as rigid blocks. If, however, @ = @’ fields which extend to XA 
can also be extended to the side X’ A’ (Fig. 8d), and the associated velocity solutions 


® See R. Hust (1051, Phil. Mag. 42, 868) for an account of the method of calculating upper and lower bounds to 
the yield-point loads for a plastic-rigid body. 
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are then no longer uniquely defined (and similarly if i = i’). It seems likely that 
in a work-hardening material deformation would rapidly spread over the whole of 
this extended region, even if it were momentarily localized in some part of it when 
yielding began. It should be emphasized that the theoretical ambiguity of the 
velocity solution is removed if there is the smallest difference between @ and @’ or 
if one of the sides is not perfectly straight. 

If the junction were formed between two metals of unequal hardness, with A A’ 
as the interface between them the solutions are similar. Yielding would most 
likely be confined to the softer half and the loads would then be governed by 
slopes of the edges on this side only. There would be no ambiguity about the 


velocity solutions. 


(b) Strong Symmetrical Junctions 


Let us now consider solutions for junctions which are symmetrical about axes 
parallel and perpendicular respectively to the surfaces of the blocks. When 


— 


Fig. 5. Strong symmetrical plane-sided junction in plane strain with y = 0; (a) slip-line field ; 
(b) mode of deformation. 


y= 0, by symmetry there is always a solution for which P, = 0 and in general 
this value of p, is likely to be unique (although for the wedge-shaped junction 
discussed above this is not so since the solution is degenerate). 
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If the junction has plane sides AB of length 1, and its breadth is t, then a possible 
slip-line field for y = 0 and t/l > 0-68 is shown in Fig. 5a. The form of the field 
in the regions APSD and BQTE at the corners of the junction is defined in the 
usual manner by the straight stress-free edges AB and the singularities at A 
and B. PY and QY’ are equal circular ares, and in then central region YY Y’Y’ 
the slip lines are all straight and parallel to the respective axes Or and Oy. The 
slip line APY YQB is continuous. With the direction of motion of the blocks as 
shown, the material around A is in tension and around B in compression, so that 
p kin ASD and p =k in BTE. The whole field is symmetrical and hence 
p, = 0, and in YYY’Y’ p=0. Along DSPY p varies from k to zero and by 
applying the Hencky relations we find that angles SAP and TBQ are both equal 
to 47 — } and the angular span of the are PQ is $m + }. 

Let us denote the length AS (= BT) by d, YY’ by y, and the radius of curvature 
of the ares PY and QY’ by R. These unknown dimensions are found by con- 
sidering the region APY Y’QB. The total projected length of the slip lines APY, 
YY’ and Y’QB on AB isl. Since the region must be in equilibrium the resultant 
force parallel to AB and the resultant couple, acting on its boundaries, must 
both be zero (the resultant force perpendicular to AB is automatically zero by 
symmetry). From these three equations we find that 


d/l = 0-052, R 1 = 1-076, and y/l = 0-789. (6) 


The breadth Y Y of the central region depends on the breadth of the junction. It 
is zero when t/l = 0-68 which is, therefore, the minimum ratio for which this 
solution is valid.* By integrating the forces acting across APY YQB, the means 
shear stress exerted through the junctions is found to be 


8, = k(1 — 0-249 1/t) (7) 


which tends to k as l/t + 0. 

The mode of deformation associated with this slip-line field is illustrated by 
Fig. 5b. Let V be the equal and opposite velocities of the lower and upper blocks 
and U be the equal velocity discontinuities across AY’Y’B and AYYB (the 
velocity from right to left increases by this amount as one crosses these lines 
travelling from the lower to the upper block). The rigid regions on either side 
of the junction rotate in the anti-clockwise direction with angular velocity w, 
about the instantaneously stationary points X, the midpoints of YY’. Relative 
to the lower block, however, these regions rotate about the respective centres of 
curvature C’ of the circular ares QY’ and Y’P, so that the rigid material on either 
side of these arcs maintains contact. This relative motion is made up of the 
two components, the angular velocity w about X and the velocity V from right 
to left. Hence 


w= V/R, and V = U(1 + y/2R) = 1:34 U. (8) 


The motion of these two rigid regions relative to the upper block is similar. 
Their rotation demands a linear variation along each of the lines YY’ of the 
velocity perpendicular to YY’. Hence the whole of the central region YY Y’Y’ 


* Ift/l > 0-68 the solution is of the type mentioned in Section 1 (a) with a deforming zone at each end of the junction 
and a rigid zone between. 
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undergoes uniform shear as it slides relative to the upper and lower blocks. The 
regions APSD are compressed and BQTE extended. 

Similar solutions with y = p, = 0 have been obtained for other symmetrical 
shapes of junctions (GREEN 1953). The plane-sided junction is a particular 
example (@ = 90°) of the junction with wedge-shaped sides, for which such solutions 
exist if the angle between the sides 20 > 150°. Results for @ = 85° and 80° are 


@ = 85° d/l = 0-094, R/l = 0-446, y/l = 0-789, > 


ti/l>os7 | s, =k(1 — 0-168 1/1); 


@ = 80° d/l = 0-155, R/l = 0-824, y/l = 0-789, 


t/l > 0-48 s, =k(1 — 0-0077 I/t), 


where t is now the breadth of 
the minimum section. It is 
interesting to observe that y/l ) 

L 


appears to be independent of @. 


Y 


The reason for this is not known. 
When 20 < 150° the solution 
degenerates to a single line of + 
shear across the minimum section | 
and s, =k for all values of t/l v' 
(cf. Section 2a). 

: The solution for a symmetrical Fig. 6. Slip-line field for a strong symmetrical junction 
junction with concave circular with circular sides and y = 0. 

sides is shown in Fig. 6. This 

type of slip-line field is valid for 

all values of t/r > 0-23, where ¢ is again the breadth of the minimum section 
and r is the radius of curvature of the sides (provided, of course, that the 
angular span of these sides is large enough to contain the field). It is found that 
R/r = 0-117 and. 


8, = k(1 — 0-066 r/t), (10) 


so that s, +k as r/t +0. 

One might expect that these symmetrical solutions could be modified for y and 
p, slightly greater than zero, merely by upsetting the symmetry of the slip-line 
fields. Unfortunately the answer does not appear to be so simple as this. Consider 
a junction with plane sides. Each rigid region on either side of the junction must 
rotate at the same rate relative to the upper and lower blocks. Since the velocity 
discontinuity across AY Y B is constant along its length, it follows that even if the 
slip-line field were made unsymmetrical (i.e. region APSD region BQTE), the 
radii of curvature of the arcs PY and YQ would have to be equal. With this condition 
it can be shown that, except for the symmetrical solution already described, there 
is one too few independent variables to satisfy the geometrical conditions, the threel 
equilibrium equations for rotating rigid regions, and the Hencky relation along 
SPYYQT. So the solution is not known in the range 0 < y < tan (I/t). For 
greater values of y the slip-line fields are easily constructed by connecting the 
regions defined by the stress-free edges with a straight slip-line (Fig. 7a). If 


The plastic yielding of meta] junctions due to combined shear and pressure 205 


t/l > 8-64 it is necessary to extend the field round the corners A to the surface 
of the blocks (Fig. 7b). No calculations of p, and 8, have been made for these 
solutions. 


(c) Weak Junctions 


The simple model chosen (Fig. 8) is similar to that shown in Fig. 3a except 
that adhesion is not strong enough to prevent relative sliding at the interface. The 
interface A A’, and the back 
edges AB of the upper 
asperity, are assumed to be 
straight. The angles of 
inclination of AA’ and AB 
to the surfaces of the blocks 
are denoted by 6 and @ 
respectively. Solutions are 
obtained only for the condi- 
tion y = 0. 

Suppose that the upper 
asperity deforms plastically 
and that the shear stress 
8,* that can be supported 
across the interface is 
uniform over this plane 
surface. Thus s,* represents 
the strength of adhesion, Fig. 7. Slip-line fields for a strong symmetrical plane-sided 
which is weaker than the junction with y > tan-'1/t; (a) t/l < 3-64; (6) t/l > 8-64. 
bulk strength of the metal. 

The lower asperity may or may not deform also depending on its shape and 
relative hardness. Let p,* be the mean pressure perpendicular to the interface. 

Since s,* is constant along the straight line 4 A’, the directions of the slip lines 
where they cut AA’ are 
also constant and depend 
only on the value of s,*/k, 
where k is the yield stress 
in shear of the upper 
asperity. With the direction “ee 
of motion of the top block / 
as shown in Fig. 8, s,* acts . 
from A’ to A on the upper 
asperity, and the angle of Fig. 8. Slip-line field for a weak junction with 
inclination, ¢«, of the 8-lines wedge-shaped sides. 
to A’A is given by 


cos 2e = 8,* /k. (11) 


If the junction were strong « would be equal to 34. 
The slip-line field shown in Fig. 8 is a possible solution if angle DAC > 0, i.e. 
if @ <}2+.«. The field is compatible with the stress conditions at the interface 
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and at the straight stress-free edge AB, and a velocity solution can be constructed 
starting in A’ DC which involves relative sliding across A'A. Applying the Hencky 
relation along BCDA, p 1 + bw + 2e 20 on AA’, and hence 


p,* k 1 4+- dm 4- 2e 20 + sin 2e (12) 


It is apparent from (11) and (12) that the weaker the adhesion the greater is 
« and hence the greater is p,* for a given shape of junction. 


8. PLANE StTREss SOLUTIONS 


It is a good approximation for most metals to assume that they obey the Mises 
yield criterion and plastic potential. Expressing this in terms of the principal 
stresses (¢,, o,) and the principal strain-rates (€,, €,) in the plane of the junction : 


y*, (13) 
and 
(14) 
205 — 
where Y is the tensile yield stress. 

In the following solutions it is only necessary 
to consider states of stress and strain-rate in 
the deforming regions for which the stress and 
velocity characteristics are real. The velocity 
characteristics are directions of zero-rate of 
extension and, since the yield criterion and 
plastic potential are the same, they are 
identical with the stress characteristics. At 
any point in the plastic region there are two 
such directions, which we label by the para- 
meters « and §, and they define the state of 
stress and strain-rate. By convention « and 8 
are a right-handed pair of directions, and the 
line of action of the algebraically greatest 
principal stress, which bisects the angle 47 + ~ 
between them, lies in the first and third 
quadrants (Fig. 9). Let the stress components 
referred to the directions tangential and normal 
to a characteristic at any point be denoted by 


P,Q, and R. Then, 


Fig. 9. Stress components in plane 
stress referred to the characteristic 
directions. 


4sin ¢ Q cos 
~Va+8sin?¥) =k) (1 + 8sin® f)’ 


and sin » = (o, + o,)/8 (eo, — o,). 


Let ¢,, op and w be the anticlockwise orientations of the « and 8 curves and the 
greatest principal stress direction respectively from some fixed direction. Since 
it is assumed that the width of the junction is uniform, the stress relations along 
the characteristics are, 
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d(A—w)=0 alongan a-line, 


(16) 
and d(A+wm)=0 alonga _ 8-line, 


where A = tan™! (2 tan ¢ — $y) defines the state of stress, and dw = d (¢, +44) 
= d($g — 4y). 

As Hint (1952) has shown, local necking can only occur along a characteristic, 
and the vector representing the relative velocity of the material on either side 
of the neck is perpendicular to the other characteristic (i.e. it is inclined at an 
angle y% to the neck). Some of the solutions which follow involve local bulging a» 
well as local necking. Such bulging can only occur with a strain softening material 
or with a metal like annealed mild steel which has a sharp drop in yield stress 
after the initial yield-point. However, whether or not bulging is possible, such a 
solution provides an upper bound to the rate of work at the yield-point (Hi, 
1951). 


(a) Strong Junction with Wedge-shaped Sides 


We consider a junction with the same shape and notation as in Fig. 3a and 
construct fields of characteristics analagous to the slip-line fields already des- 
cribed. 

If 8 > 6’, the field shown in 
Fig. 10 is a possible yield-point 
solution. In ABC the field is 
determined by the straight stress- 
free edge AB and consists of — 
straight lines inclined to AB 
at the constant § angle 
6 = tan-! 1/2 = 54°44’; __ the 
state of stress is either uniaxial 
tension or uniaxial compression 
parallel to AB. Let us assume 
the latter, which implies that the blocks are moving together, that BC 1s a 
8 = line, and that y is negative throughout the field. Hurt. (1952) has shown 
that the extension of the field round the singularity at A consists of straight 
lines through A and curves whose polar equations are r* sin ¢ = constant, and 


along which, 


Fig. 10. Characteristic field in a strong junction with 
wedge-shaped sides (plane stress). 


tan ¢ = — } cot ¢, R = — 2k cos ¢, and Q@ =ksin 4, (17) 
where the polar angle ¢ is measured from the base line indicated in Fig. 10, which 
is inclined at the angle 8 to AC. The straight characteristic DA’ which completes 
the field is tangential at D to the curved characteristic CD. Along DA’ there 
is local bulging and the direction of relative motion of the rigid material on either 
side is perpendicular to AD. Hence on AD 


$ = d, = 19° 28’ —y + 8. (18) 


Resolving the forces acting across AD and DA’, it is found with the aid of 
equations (17) and (18) that 
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p,/k = 2cos ¢, + 2sin¢, [cot (y + wp) + tan y] “ 
19 


s,/k = sin $p [cot (y + Hp) — tan y]/[cot (y + %p) + tan y] 


where tan ¢, = — } cot ¢p. 

The limits of validity of this solution are somewhat more complex than those 
for the plane strain solution because there is an inflexion in the curve CD when 
¢ = $n — 8, and the characteristics run together when ¢ = 0. Because of the 
inflexion, the angle between A’'D and AB cannot be less than 37 — 48 = 51° 4’, 
and hence if @ is less than this value the solution degenerates to the single charac- 
teristic AA’ for all values of y. Then y = % and from (15) 


p,/k = 4sin y/y/(1 + 8 sin? y), s,/k = cos y/y(1 + 3 sin? y). (20) 


Using these equations, the yield locus for a thin junction with @ = 5° > @’ and 
~ = 10° > yw’ is plotted in Fig. 4. It can be seen that p, is considerably less than 
it is for the similar junction in plane strain. 

If @ > 51° 4’, the solution (19) is valid only over the range of ¢,, greater than 
zero for which angles DA'A and CAD are positive, i.e. 


¢, + tan“ (4 cot d,) < 8 + 19° 28’, (21a) 
and on < 8B. (21b) 


If 51° 4° < @ < 54° 44’, (21a) gives both the upper and lower limits of ¢,. If 
54° 44° < @ < 70° 82° the upper limit is (22b). If @ > 70° 32° the full range 
of $p.0 < op < B is valid. 

The corresponding upper and lower limits of y can be calculated with the aid 
of (18). Above the upper limit of the degenerate solution (19) may be used. Below 
the lower limit the solution is unknown, except for certain symmetrical junctions 
when y P, 0 (see Section 3b). An upper bound could be constructed, similar 
to (6) for plane strain, consisting of a single straight local bulge (or neck). 

The range of the above solutions is also limited by the possibility of extending 
the field to one of the sides AY or A'Y’ at a sufficiently high value of y. Ifa 
field of the type shown in Fig. 10 is so extended, the resultant field is analagous 
to one of those shown in Figs. 3b or 3c. 

Velocity distributions can be calculated with the aid of equations given by Hii 
(1950, p. 306). However, the extent of the diffuse modes of deformation that 
must occur in compression, and when the rate of hardening is high, are not known. 


(b) Strong Symmetrical Junctions 


Solutions are presented only for short junctions with plane sides with y=p,=0. 
Here again the field of characteristics (Fig. 12b) is analagous to that in plane 
strain. At the corners A and B, the field defined by the straight stress-free edge 
and the singularity has the same form as that described above.* PY and QY’ 
are single ares, curved but not circular. In the central region YYY'Y’, the 
characteristics are straight and ¢ = R = P = 0 ie. the state of stress and strain 
rate is pure shear in the plane of the junction. Using equations (16), the change 
in @ between the central region and a free edge (where ¢ 19° 28’) determines 
that angles PAS and QBT are equal to 19° 20’. 


* These regions are too small to be seen in Fig. 12b, which is drawn to scale. 
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As in the plane-strain solution the mode of deformation involves uniform shear 
in the central region and rotation of the rigid regions on either side. Relative to 
the lower block these side regions rotate about points C’ which lie on the con- 
tinuation of Y Y’, so that there is local necking along QY’ and local bulging along 
PY’. At any point on either of these arcs the direction of relative motion of the 
rigid material on either side of the arc is inclined to it at the angle %, which is 
found from equations (16) and the condition that ¢ = 0 at Y. This direction 
must be perpendicular to the radius vector through the appropriate centre of 
rotation C’. Hence, the polar equation of the arc referred to the origin C’ is 
r* cos ¢’ the polar angle ¢’ being measured from the base-line C’Y’. It will be 
noticed that this is the same type of curve as that round the singularities at A 
and B. The dimensions of the field are finally determined by considering the 
equilibrium of APY Y’QB. It is found that 


AS = BT = 0-006 l, C’Y’ = 0-398 1, and YY’ = 0-8321, (22) 


and that YY = 0 when t/l 0-79 which is, therefore, the minimum ratio of t/l 
for which this solution is valid. Also 


8, =k(1 — 0-300 1/2). (23) 


4. ForMuULAE FoR STEADY SLIDING 


The simple shape of junction used by the writer (GREEN 1954a) in analysing 
steady sliding is shown in Fig. 11. The junction has wedge-shaped sides as in 
Fig. 8 and 9, but AA’ is now inclined to the surfaces of the blocks at a finite 
angle, 5say. The solutions 
already obtained for wedge- 
shaped junctions apply, of  ' 
course, to this junction o) PARALLEL TO 
also. The breadth of the ™* “5 
junction is redefined as 
t'=tcos8 and the new 
mean stresses, p,’ and s,’ 
normal and tangential to 
the surfaces, exerted Fig. 11. Shape of junction for analysis of steady sliding 
through the junction across between metals. 
this breadth, are 


Pp, =P, — 4%, tand, and s,' = p, tand + 4,. (24) 


The relative direction of motion of the two blocks is now inclined at the angle 
y' = y — 8 to the surfaces. Let us redefine @ and @’ as the angles that XA and 
X' A’ make with the surfaces of the sliding blocks (instead of with AA’). Then, 
in steady sliding (i.e. y’ = 0), the expressions for p,’ and s,' obtained either by 
applying equations (24) to equations (3), (19) and (20), or directly from the fields, 


are : 
Plane Strain (if 0° < @ < }m): 


Pp; /k = 1 + $a — 20 + tan 3, 8, /k = 1 + tan 8(1 + $7 — 20); (25) 
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Plane Stress (if 0 < @ < tan™' (1/\/2) = 85° 16’): 
p,' /k = (2 sin 4, + cos 4, tan 8)/1/(1 + 3 sin® 4,), 
s,' /k = (4sin 4, tan 5 + cos 4,)/+/(1 + 3 sin? ,), 
and 
py kk = 8 sin 8/y/(1 + 8 sin® 4), 
8, /k = (4sin 3 tan 6 + cos 5)/y/(1 + 3 sin® 5), 


where 4, ¥p tan™' (4 cot ¢,), and $n 6 


EXPERIMENTS ON SYMMETRICAI 
JUNCTIONS 


The mode of deformation for a 


plane sided symmetrical junction 


when y = 0 has been demonstrated 


in experiments with both mild steel 


and with plasticine. 


Each steel specimen was annealed, 
deformed just past the yield-point —  —_ 
in the manner specified, aged at 
250°C for about half an hour, and 


————-e 


. , . 1 . . 
finally etched with Wazeau's (a) plane strain, 1/t = 1-06; 


reagent (Hunpy 1954). The etching 
revealed the regions where plastic 
deformation had taken place. To 


obtain plane strain conditions a =e 


wide specimen was used; after 


deformation it was cut in half so 
that the central section could be 
polished and etched. 

The comparison between theory 
and experiment under conditions of 


both plane strain and plane stress, 
shown in Fig. 12, clearly demon- ‘ 


‘ 
‘* 
‘ 


| 
strates the validity of the assumed 
regions of deformation. Yielding Pa 
was allowed to continue slightly 
too far, however, with the result (6) plane stress, [/t = 1-08. 
that work-hardening caused the pig. 12. Theoretical and experimental regions of 
deformation to spread beyond the plastic deformation in symmetrical plane-sided 
regions predicted by the theory (it junctions with y = p, = 0. 
is difficult to judge the precise 
moment for comparison). The striated pattern of yielding is characteristic of 
mild steel. Yielding does not occur instantaneously over the whole theoretical 
region; it begins along narrow bands and, as it proceeds, these bands broaden 


Fig. 13. Deformation of a plasticine junction with y = 0. (a) initially; (6) after deformation. 
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out and new bands are formed. It is interesting that the bands appear to run 
approximately parallel to characteristic directions. The reason for this is not 
clear but it may be because the boundary of a ‘ rigid * zone must coincide with a 
direction of zero rate of strain, at least in the initial stages of yielding. 

The general mode of deformation was also confirmed by the plasticine experiment 
shown in Fig. 18. As the writer has shown (GREEN 1951) plasticine deforms in 
plane strain in a similar manner to an ideal non-hardening metal. The theoretical 
solution is, of course, only instantaneously valid when the junction is symmetrical, 
but the plasticine model had to be deformed a finite amount through this position in 
order to produce a finite deformation of the grid stamped on the surface. The 
specimen was cut from one piece of plasticine and was constrained by lubricated 
glass plates which ensured plane-strain conditions except over the small regions 
at the two diagonally opposite corners where thinning occurred. The region of 
uniform shear in the centre is quite clear, and the regions on either side rotated 
without deforming much, in reasonably close agreement with the theory. 
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BOOK REVIEWS 


Progress in Metal Physics: Vol. 4. Edited by Bruce Cuatmers. Pergamon Press Ltd., 
London 1958. 9} x 6}in. Pp. viii + 403, with numerous illustrations. 60s. 


Wuen the first volume of this series was published some years ago, it was felt that there was a 
need for authoritative reviews of specific fields in fundamental physical metallurgy to enable 
the research worker to keep abreast of developments which were possibly not included within 
his own sphere of activity. The undoubted popularity of the previous volumes has confirmed 
that this need existed, and is being notably met by this series of books. The student of physical 
metallurgy has also found them useful as a supplement to his formal studies. The present volume 
carries on the tradition. There are seven review articles, two of which are devoted to further 
developments in fields already treated in earlier volumes. The article on ‘* Theory of Dislocations” 
by A. H. Corrre.u carries the subject a great deal farther than was possible when Volume I 
was prepared, and summarizes recent progress. In particular, the evidence obtained from 
crystal growth phenomena for the existence of dislocations is stressed, and, following a clear 
discussion of the dynamic properties of dislocations, there is a section on dislocations in the 
typical metallic structures. The remainder of the article is chiefly concerned with progress in 
the application of the dislocation theory to various problems, such as creep, work-hardening, 
and the creation of lattice vacancies, which are of importance in studying the deformation of 
metals. The whole article forms a critical appraisement of the situation which will be read with 
profit by all interested in the physics of the mechanical properties of metals. The article entitled 
“ Diffusion in Metals " by A. D. LeCvarre is of much the same general character. It takes up 
the story of diffusion from the point reached in Volume I, and summarizes recent progress. It 
is in five main sections, of which the first three deal with further evidence on the Kirkendall 
Effect and grain boundary and surface diffusion, and with current ideas on the mechanism of 
diffusion. After a brief discussion of experimental methods for studying diffusion, the final 
section deals with the thermodynamics of diffusion. 

The remaining five articles break new ground, and are in general of the high standard now 
expected for this publication. A. S. Nowick writes on “ Internal Friction in Metals,” mainly, 
from the point of view of the use which can be made of damping in studying the details of the 
atomic arrangement in metals and alloys. The subject is introduced attractively, and the possible 
sources of non-elastic behaviour are fully discussed, with particular reference to stress-induced 
ordering, internal friction originating in grain boundaries, and the effects of cold-work, annealing 
and other treatments. A brief discussion of internal friction in terms of dislocation theory is 
given. This article is a most competent review. 

“The Mechanism of Oxidation of Metals,” by Kari Haurrr, deals essentially with high- 
temperature oxidation, and gives a good picture of the present degree of understanding of this 
subject in terms of diffusion in the oxide layer; Wagner's theory is presented in some detail, 
both in relation to pure metals and to alloys. The somewhat related subject of “ Gases in 
Metals ” forms the subject of a review by C. R. Cupp, in which the more important experimental 
facts are summarized, and their significance discussed. The effects of dissolved gases on such 
physical and mechanical properties as internal friction, lattice expansion, magnetic properties 
and electrical properties are fully treated. 

A welcome contribution to “ The Theory of Sintering * is made by G. A. Geacu. This is a 
short article, but nevertheless the main considerations are clearly summarized, and the fact 
that our ignorance of several features of the mechanism is stressed may stimulate further work 
on this important subject. 

The book concludes with a long article on * Nucleation * by J. H. Hottomon and D. Turn- 
BULL. The work of these two experts on this subject is well known among the specialists, and 
the appearance of a connected account not only of their own ideas but of the subject in general 
is to be widely welcomed. 

All the articles are well illustrated, and carry long lists of references which will be useful to 
those who wish to follow up the subjects discussed in greater detail. In conversation with his 
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friends, the reviewer has heard the view expressed that the articles are becoming too specialized 
and of too high a standard to appeal to, or be of much use to, the non-specialist reader ; they 
are becoming little monographs, rather than reviews. To a certain extent, this is true, but it 
must be remembered that keeping up with progress over a wide field in these days of increasing 
specialization can never be a painless process. The difficulty the non-specialist reader may have 
over some of the articles in this book is surely matched by the difficulty the writers of the articles 
have in trying to eliminate from their accounts the more difficult theoretical conceptions, or 
to express what is essentially a mathematical argument in words. The non-specialist reader 
should be willing to meet the writer half-way, and to settle down to these articles as he would 
to serious study, rather than to treat them as light reading. However, the Editor might bear 
in mind the developing opinion in some quarters that the Series is getting tough. 
The price (60s.) is high, but the book is worth it. 
G. V. Raynor. 


C. Kirre.: Introduction to Solid State Physics. Chapman & Hall, 1953. pp. 396. 56s. 


In his preface, Professor Kirrer stresses that the book is intended ‘as an introductory text 
book in solid state physics for senior and beginning graduate students in physics, chémistry 
and engineering.’ With this aim, the accounts of the selected topics have been commenced 
at a reasonably elementary level, and the knowledge of mathematics assumed should certainly 
have been acquired during most honours physics courses. In the writer’s opinion, the author 
has admirably achieved his purpose and the excellent basic account provided should considerably 
assist the study of more specialized monographs in the solid state field. 

In sixteen chapters, the subjects include crystal forms and their properties, lattice vibrations, 
dielectric properties and ferroelectricity, magnetic properties, superconductivity, the free electron 
and band theories of metals, semi-conductors and a brief account of imperfections in solids. The 
author acknowledges that many possible topics are omitted entirely, and almost every reader 
will regret that some subject is missing or dealt with only very briefly. However, further reading 
is aided by the inclusion of over 250 references to original works - many dated 1952 — and to 
other relevant books and reviews. Three features make the book attractive to the reader. Firstly, 
in spite of the considerable condensation of the material, the unsatisfactory words ‘ It can be 
shown that ... ° appear infrequently. Secondly, the more difficult mathematical points are 
removed to a series of 21 appendices, and, finally, there is a plentiful accumulation of data in 
the form of tables and graphs. 

The book is based in part upon a teaching course at the University of California and there is 
no doubt of its value to the undergraduate and to the post-graduate research worker as well 
as to his more senior colleagues who find it necesary to make even a brief incursion into solid 
state theory. It is perhaps not out of place once more to record one’s regret that the price of 
a book may well place it out of the reach of many for whom it was specifically written. 

K. J. STANDLEY. 


Cu1-Ten Wanc: Applied Elasticity. McGraw-Hill Publishing Co., 1953. ix + 357 pp. 
57 /6d. 


Tue feature that distinguishes this book from any other single work on Elasticity is the treatment 
of a wide range of subjects up to a fairly advanced level, combined with an exposition of approxi- 
mate methods of solution. The adjective ‘Applied’ in the title emphasizes that the book is 
mainly for engineers and that the author’s intention is to show how solutions to problems may 
be obtained, first in implicit analytical form, and afterwards in numerical terms as well. This 
aspect he treats in some detail by means of examples and, so far as the reviewer is able to judge, 
in a clear and helpful way for engineers. 

The main approximation methods treated are those of relaxation and Rayleigh-Ritz, primarily 
in relation to torsion and buckling of colu:inns, strips and plates. Other subjects given prominence 
are two-dimensional problems (e.g. rotating discs, thermal stresses in cylinders, stress con- 
centrations) ; the theory of thin shells and curved plates ; and the method of complex potentials. 
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No previous knowledge of Elasticity is assumed, and the preliminary analysis of stress and 
strain is sufficiently thorough. 

Occasionally, heavy weather is made of parts of the basic theory : e.g. the derivation of the 
expression for strain energy on pp. 36-7; the principle of minimum energy on pp. 152-4; and 
Rayleigh’s principle on pp. 263-7. This rather suggests that another method might have been 
included for the benefit of engineers, namely the use of a summation sign and, in places, the 
use of the summation convention. This not only saves time and space, but throws the structure 
of a proof into relief. 

In all important respects the book can be strongly recommended. 

R. Hit, 


S. P. Timosuenko : Collected Papers. McGraw-Hill Publishing Co., 1053. pp. xxv + 642. 
£7. 


Most of the published work of Professor SrepHEN TimOsHENKO is to be found here, including 
many of his early Russian papers which were later translated. About one half of the book is 
in French or German, the rest in English. A very interesting biography is contributed by 
Professor D. H. Youne. 

The subject common to all the papers is the engineering applications of the theory of elasticity. 
One main theme runs throughout : the avoidance, wherever possible, of a complicated exact 
analysis by a simple and sufficient approximation. Two procedures are used for this purpose : 
the minimum energy principle for ordinary statical problems, and Rayleigh’s principle for the 
gravest frequency of a vibrating system or for the first buckling mode of an unstable structure. 
Professor TimosHENKO's most important paper will be considered by many to be that in which 
he shows for the first time that Rayleigh’s principle, originally enunciated for vibrations, can 
be taken over and used with good effect in a stability problem. This paper is also the longest 
(133 pages) and one of his earliest (1910). 


Collected works of scientists are often notable for other things beside their positive and lasting 
contributions to knowledge (which are indeed often only a small part by volume of the whole). 
Many impress or (it may be) repel by their sheer bulk. A few are distinguished by their felicity 
of style. Others are a model of lucidity and conciseness ; among these, Professor TimosHEenKo’s 
writings will surely be rated highly. 


R. Huw 


F. S. Suaw: An Introduction to Relaxation Methods. 1953. pp. 396. Dover 
Publications, Inc. $5.50. 


In his preface the author writes : * The intention is to present a simple detailed account of the 
computational processes (known as relaxation methods) and littl more.” He thus expressly 
excludes the mechanical and physical analogues used to good effect by R. V. Sourawe.i who, 
with his collaborators (the author being one), has done so much to develop and systematize this 
type of iteration procedure for numerical solution of algebraic and differential equations. It is 
indeed possible that (to a mathematician at least) an introductory exposition in which pin-jointed 
frame-works and screw-jacks are prominent seems a little unrefined and is something of a hindrance 
to a clear understanding of an essentially simple technique. Once the crude mechanics have 
been mastered, however, much is lost by not drawing on all possible analogies to stimulate the 
reader's interest as well as his intuition. Not to do so makes for very arid reading. 

A second intentional omission is a discussion of the limitations of relaxation methods or the 
demarcation of their sphere of usefulness. For example, though the enormous practical difficulties 
involved in handling the important biharmonic equation will be apparent to the reader of the 
chapter on this topic, no guide is given as to the degree of accuracy obtainable with a grid of 
practicable fineness or the man-hours of computation required. In the reviewer's opinion, 
treatment by relaxation is by no means a specific for this particular equation. It is also not 
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made sufficiently clear why relaxation is definitely unsuitable for almost all boundary-value 
problems of wave motion and hyperbolic equations in general. Again, in the solution of character- 
istic (algebraic) equations there is no comparison with alternative iterative procedures, such as 
the widely-used one of Stodola (which in the reviewer's opinion is often superior). 

Within these self-imposed limits, however, the author has written a book that should be 
extremely useful as a compendium of tricks of the trade and refinements of computing technique. 


R. Hitt 


O. Horrman and G. Sacus: Introduction to the Theory of Plasticity for Engineers, 
McGraw-Hill Publishing Co. 1953. 52s. 


Texts on Mathematical Plasticity, have of late, been appearing at such short intervals, that 
the student can afford to be discerning in the choice of a book, while the writer has to choose 
and present his material with especial care to justify the publication of yet another book. Pro- 
fessors Horrman and Sacus have evidently had this point in mind when deciding to address 
themselves to engineers, whose ta tes and needs have not been particularly well catered for. 

The engineer expects three things from a textbook on a subject in Applied Mathematics, which 
is written specifically for his benefit: simple mathematics at the expense of rigorous proof 
(usually with a preference for graphical methods), presentation keyed to physical reality, and 
solutions of practical interest. The authors have tried to meet these requirements, but only 
with partial success. The mathematics is on an elementary level throughout, extensive use is 
made of Mohr’s diagram and geometric concepts are stressed ; fundamental questions of the 
theory, e.g. the problem of uniqueness, are wisely left to the mathematicians. This, however, 
exhausts the list of * positive’ achievements. 

Many important engineering applications of the theory are ignored. Among them, the absence 
of any reference to limit design is all the more surprisping since Professor HorrMan is in charge 
of a Civil Engineering Department. That the theory of metal forming processes occupies the 
greater part of the book is understandable in view of Professor Sacn’s long and well-known 
standing in this field. It is a pity, however, that problems of drawing through stationary and 
rotating dies predominate, and no space was allotted to the theory of machining, to piercing, 
to stretch forming, to residual stresses and so on. All these omissions are bound to influence 
adversely the prospective buyer, that is the engineer who wishes to apply an elementary working 
knowledge of mathematical plasticity to problems within his purview. 

More serious than the one-sided selection of technological problems, is the restriction to an 
elementary treatment of them. Although the authors present an account of the theory of slip-line 
fields for plane strain deformation, they do not make use of it in the solution of metal forming 
problems. They advance two reasons for this. First, they argue that elementary solutions are 
much simpler than the rigorous ones and in practice yield surprisingly good results, whenever 
the actual conditions are closely represented by the assumptions of the analysis. Second, they 
say that no attempt has yet been made to investigale experimentally the validity of relations 
resulting from the use of slip-line fields (p. 127), or that some features of the solutions based 
on the slip-line field theory are not supported by experimental evidence, e.g. dead metal regions 
(p. 161). 

As to the first argument, there are many instances of practical interest, when the assumptions 
used by the authors do not apply. Moreover, there are instances where, at first sight, the authors’ 
solutions are applicable, and yet fail in practice (BARON and THompson, whose paper on wire 
drawing is quoted in the book, experienced this). Alternatively, the elementary solution may 
not be of practical interest ; this is the case with the authors’ solution for extrusion through 
conical or tapered dies : in practice the die angle is always substantially larger than admissible 
by the elementary solution. 

As for the second argument, neither the first nor the second above-quoted variant of it should 
have appeared in print in the year in which the book was published. By expressing this sort 
of opinion the authors shake one’s confidence in those solutions advanced by them, which have 
not, in fact, been checked experimentally. 

J. G. Wisrreics. 
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W. Fivece: Four-place Tables of Transcendental Functions. Pergamon Press Ltd., 
London, 1954. 186 pp. 25s. 


Tae avowed aim of this book is to provide the engineer and physicist with a set of tables, for 
use with slide-rule calculation, of the most common functions of mathematical physics that 
ean be presented in compact form. The following functions are tabulated to four significant 
figures for the ranges indicated. 


ELEMENTARY FUNCTIONS 
sin z, cos z, tanz, cotz: 2 = 0(0:1°) 90-0". 
sin z, cos z, tanz: 0 (0-01) 10-09 radians. 
sinh z, cosh z : 0(0-01) 10-00; tanhz: 0(0-01) 5-09. 
& — 1,1 —e*: 0 (0-001) 0-200; &, e* : 0 (0-01) 10-09; Inz(= log, z); 1 (0-01) 10-09. 


HIGHER FUNCTIONS 

Bessel functions J,, J,, Yo. ¥,. 4q, 4;, Ky &,. Thomson functions (Bessel functions with 
argument z ,/1) ber, bei, ker, kei and their first derivatives : 0 (0-01) 10-09, 

Incomplete elliptic integrals F (z, y) (first kind) and E (x, y) (second kind): y = 0(1°) 90°, 
z = 0(2°) 90°. 

Error function erfz : 0 (0-001) 1-009; 1 erfz: 1(0-01) 3-09. 


Fresnel integrals S (x) and C (x) ( [Yas : 0 (0-01) 10-09. 


Exponential, Sine and Cosine Integrals : 0 (0-01) 10-09. 
Factorial or Gamma Function, I (z) yl: 2 = 1(0-001) 2-008, y =z — 1. 


Each table is preceded by an introduction which gives the mathematical definition and a 
valuable collection of formulae including where relevant the ascending series, asymptotic series, 
differential equations, periodic properties, recurrence relations, derivatives, integrals and other 
properties, a note on extension of the tables beyond the given range, and a short list of other 
relevant tables. A final page gives four-figure values of a few functions of the transcendental 
constants, ¢, # and In y (the latter is not the usual definition ot Euler's constant). Linear inter- 
polation can be used almost everywhere, but there is no indication of the position and extent 
of exceptional regions. 

The elementary functions need no justification, and in modern physics a working knowledge 
of the higher functions is almost essential. Bessel functions, through their connexion with 
Laplace's equation in cylindrical coordinates, occur in all problems in hydrodynamics, heat 
conduction, electricity and magnetism, elasticity, etc., involving potential flow or its various 
analogies. Thomson functions arise in alternating current theory, Fresnel integrals in optics, 
while differential equations in many physical contexts are soluble in terms of the various Bessel 
functions. The other transcendental functions, defined as definite integrals rather than as solutions 
of differential equations, also arise directly in many physical problems and are necessary for 
evaluating integrals not expressible in terms of elementary functions. 

Here then is a wealth of material for the physicist, and there can be little quarrel with the 
author's choice, some obvious omissions requiring much more space for effective tabulation. 

The arrangement of the tables is less happy. The argument increases horizontally so that, 
for example, values for z = 0 (0-01) 0-09 appear in one row, those for 0-10 (0-01) 0-19 in the 
next. This is perhaps essential in tables of this kind, but requires the use of asterisks to indicate 
changes of sign, leading figures, and transition from say three decimals to four. The arrangement 
of the first column is then very important and the suppression, at all except change points, of 
signs, decimal points, leading figures and even the first one or two figures after the decimal 
point (if the leading figure is 0) does not lead to easy and accurate reading. Change points in 
the number of decimals might also with advantage have been confined to the first column. 

The printing, however, is clear in good * heads and tails " type, a random sampling test suggests 
that errors are few, and at 25s. the book is a sound investment. 

L. Fox 
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THE STRENGTH OF SHORT CYLINDERS 
UNDER INTERNAL PRESSURE 


By D. G. Curisropuerson and G. .R. Hiccinson 


Department of Mechanical Enginecring, University of Leeds 
(Received 25th February 1054) 


SUMMARY 


Tuts paper provides a method of estimating the internal pressure required to cause plastic 
expansion of a uniform circular tube under internal pressure, when the ends of the tube are 
constrained. Both ‘simple support’ and * clamped’ conditions at the ends are considered. The 
method is based on work considerations. The results obtained are shown to agree reasonably 
well with experiment, the form of the deformation being predicted very accurately and the 
magnitude of the pressure required to cause failure with fair accuracy. With some additional 
trouble the method can be extended to cover the effect of work-hardening. 
It is shown that the end effect is small unless the tube is very short. 


INTRODUCTION 


Mucu work has been done in recent years on the strength of long tubes of circular 
cross-section stressed into the plastic range by internal pressure. Indeed this is 
one of the comparatively few problems in plasticity for which a complete treatment 
is available (summarized by Hopce and Wuirr 1950). 

It would also be of value, however, to be able to calculate the limiting strength 
under internal pressure of a tube which is not long compared with its diameter. It 
is no doubt to be expected that if the length exceeds the diameter the conditions 
of constraint at the ends will be without important effect on the strength, but 
some cases occur in practice in which the length is only a fraction of the diameter 
and end effects have an important effect on the strength. 

It seems at the present time to be out of the question to attempt an exact 
solution of this problem, even with some simplifying assumptions about the 
stress-strain relations for the material. But it may be worth while to enquire 
whether an approximate treatment based on known general theorems in plasticity 
could not provide a solution whose accuracy would be adequate for most practical 
purposes. In outlining such an approximate treatment, a high place must be 
given to simplicity. A method of calculation that can be rapidly applied to give 
a result of reasonable accuracy in a given case, provided that it is fundamentally 
sound, is likely to be of greater practical value than a more lengthy method leading 
to far greater accuracy. 

In the field of elasticity many such approximate methods based on energy 
considerations are well-known, for example, RayLeicu’s method for determining 
vibration frequencies. In this paper an analogous energy or work method is 


employed which is proving to have applications to a considerable range of problems 
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(Hint 1950 a and b, 1951; Ownat and Pracer 1952; Hii. and Sieper 1953). In 
Ray.Leicn’s method, it is customary to make an assumption about the mode of 
vibration of a particular system, and hence to estimate the frequency. The starting 
point of this investigation is a similar assumption about the mode of distortion of 
the plastic tube, and work considerations are enlisted to deduce the internal 
pressure sustained. 

One of the difficulties of analytical work in the plastic range is, of course, that 
the fundamental equations relate not to the totai strain but to the increments 
of strain taking place at any given stage. As is well known, the results can only 
be applied to total strains or deformations if the ratio of the principal stresses 
and hence of the strain increments remain constant throughout the deformation. 

The present work is restricted to cylinders constrained radially at the ends, and 
loaded by internal pressure. However, the ratios of the principal stresses and 
consequently the strain ratios will only remain constant in certain conditions. One 
such condition is that in which the tube is entirely elastic. A second is that in 
which the tube consists of a plastic-rigid material which does not work harden ; in 
such a specimen the stresses will remain constant throughout the deformation 
until the distortion becomes so great that the whole geometry of the problem is 
changed. A third such condition occurs in many ductile materials when plastic 
strains are large compared with elastic strains but still not large anough to make 
the effect of work hardening appreciable. In this case it is legitimate to employ the 
“total strain” theory instead of the theoretically correct “incremental strain” theory 
in determining the displacement since for this condition the theories are identical. 

A special feature of the problem studied here is to be found in the fact that no 
large deformation can take place until the whole of the material has become 
plastic. It is perhaps possible to conceive a tube which is plastic over part of its 
length only ; since elastic strains are neglected, such a part would be equivalent 
to a shorter tube, and it will be seen that in all cases a short tube is stronger than 
a long one. Thus the yield criterion must be satisfied over all the material, and 
the determination of the elastic-plastic boundary, which forms so large a part 


of some problems, does not arise. 


OUTLINE OF THE ENERGY THEORY 


In a solid material deformed by forces which set up a system of principal stresses 


(c,, %, ¢,) the work done per unit volume is given by the integral 


” 
Os de, tT Oy de,) (1) 


through the changes of the principal strains (¢,, €,. €,). It is easily shown that 
for an incompressible material deformed in such a way that the ratios of stress 
and strain remain constant and satisfy the Lévy-Mtses relation, expression (1) is 
equal to 


K 
SdR 


0 


where 
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For an elastic material this is the strain energy of distortion per unit volume 
while for a plastic-rigid material it is equal to the total work done per unit volume 
for those deformations where the strain ratios are constant. For a plastic material 
deforming according to the yield criterion of vox Mises, S$ Y where Y is the 
yield stress in simple tension or compression. Thus, for a material which undergoes 
plastic flow at a constant value of the yield criterion, equation (2) reduces to an 
integral involving only the strain function. 

In the present problem the tube sustains an internal pressure p with end con- 
ditions as yet unspecified. The length is /, the mean radius a, and the wall thick- 
ness h. The radial deflection, which varies along the length is denoted by the 
symbol U. Cylindrical co-ordinates (r, @, z) having axis along the axis of the tube 
are used. Transforming the co-ordinates and employing the incompressibility 
condition of plastic flow we obtain : 


9 ‘ “ 
R 3 V €9" 7 €9 €. + «? abe - (3) 
\ ‘ 


since, by symmetry, shear strains other than ¢« are zero. 

Further analysis requires some relationship between the strains ¢,, €, €,. It is 
known that 

€, + €&9 4 €. 0 

and it is proposed to assume that the neutral surface about which bending occurs 
coincides with the geometrical central surface of the tube. This will be almost 
exactly true for relatively thin tubes. 

Consider now the central surface. Over most of the length this is subjected to 
a large circumferential stress and relatively small radial and longitudinal stresses. 
Thus it is effectively subject to simple tension only, and in these circumstances 
the strains in the two directions perpendicular to the tension may be assumed to 


be equal. Hence, on the central surface 
(4) 


It can be shown that the adoption of any other linear relation between ¢, and « 
independent of z leads to an increase in the theoretical value of the work done. 
The variation of «, through the wall thickness is assumed to be linear, 


” r 


d? 
_e=>- heg —2- 2 (5) 
: dz? 
where U, is the radial deflection due to bending and z is measured radially from 

the central surface. Also : 
dU ; 
ee a 6) 
where U, is that part of the radial deflection due to shear. 
From (5) and (6), expression (3) becomes 
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€g is treated as independent of 2, and is simply U /a. 

This strain function is still not in an integrable form. The next step can be 
envisaged if the tube is regarded as being made up of a large number of longitudinal 
elements each in effect forming a similar small beam spanning between the end 
supports. The mode of failure of such elementary beams is obvious. Either they 
will fail in bending in which case the shear deflections will be relatively trivial, 
r 


and the converse will be true, U, > U,. There will doubtless be a transition 


, >» U,, or if the beams are very short and thick the failure will be by shear 


range in which both shear and bending failures take place nearly simultaneously, 


but we may hope that this condition will seldom arise in practice. Thus the 
strain function R has been expressed solely in terms of the radial displacement U. 
Now, if Y is constant, the total work done in plastic deformation in the whole 
tube is 
R PV ie : 
SdRdV =~ Y | RdV=4naY | | {Rav dz (8) 
2 


0 . « Us 


Thus, if with a specified form of the radial displacement U, the function R can be 
integrated, the plastic work done is known, and hence the internal pressure sustained 
is obtained. In fact, we obtain two different values corresponding respectively to 
the pressure required to cause a bending failure and that required to cause a shear 
failure at the ends. The smaller of these values is, of course, the one required in 


practice. 


APPLICATION TO A CYLINDER Simp.y SUPPORTED AT THE ENDs 


We consider first tubes which are constrained radially but not clamped (i.e. free to rotate) at 
the ends and in which shear deformation is unimportant. It seems likely that the form of deflection 
of a bending failure will be represented fairly well by a half-cosine wave, except perhaps when 
the tube is so long that the middle section behaves in the same way as a tube without constraint. 
We assume, therefore, a form which differs slightly from a cosine, while still satisfying the known 
conditions at the ends and the middle of the tube. Thus : 


, 3 nz 
Uy Us cos _ ’ (9) 
where U', + U; ‘» the radial deflection at the middle. The work done by the internal 
pressure is 

a tall’, pil 4£}* (10) 


to the Ist order, where € = U,/U,. The aim now is to find that value of the parameter € which 
corresponds to the smallest value of the limiting pressure p. 
The work done in plastic deformation is given by expression (8), where 


3 nz 


Equating W, the energy absorbed in deforming the material, and W’, the work done by the 


® Strictly the internal radius should be used in this expression but assumptions already introduced into the analysis 
restrict the application of the theory to relatively thin tubes. Any error in the assumptions as to strain will cause an 
verestimate in the yield pressure, the discrepancy becoming greater as the tube thickness increases and this will in 


part be compensated by using the mean radius in the expression above 
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internal pressure, we obtain 


46) \\" 


Integrating this with respect to 2 and changing the other variable to z = z/I leads to 


pa 1 rs cos 3 *) | h ) 2A. : h 
a 08 1 + ‘ “ 2 
Yh 2(1 — $€) | (1 Fé ae aa) + > Sih (sa) dz (12) 
7a 


where 
ecs 3z 
cos Zz | 


cos 32 | 
cos Z 


is a non-dimensional ratio, 
For the special case when £ = 0, we have then a comparatively simple expression for the 


strength : 
pa | h ) 2. (fh ) 
ya? A . 5 et —_ (35 | 418) 


However, the correct procedure is to select that value of the parameter £ which leads to the 
smallest value of the ratio p/Y for a given h/b. If this value of ¢ is small compared with unity 
it might be permissible to use the simpler expression (13) for determination of the yield pressure. 
Fig. 1 shows the variation of the 
optimum value of £ with h/2b while 
Fig. 2 shows the variation of 
pressure with ¢ for h/2b = 2; and 
the shape of deformation for 


0-04 


minimum pressure. 

It will be seen that for an ideal 
plastic material having a constant 
yield stress Y the shape of 
deformation differs very little from 
the simple cosine form ; indeed, as 
the length increases the ratio ¢é 
tends towards zero so that for a 
very long tube simply supported 
at the ends the form of deflection 
is a half-cosine wave and the Fig. 1. 
strength is the same as that of a 
tube without end support. 

An interesting conclusion is derived from minimizing the expression for the work done in 
plastic deformation (8); this gives the optimum shape and the minimum expenditure of energy 
in deforming a cylinder in the plastic range without specifying the conditions of loading (see 
Fig. 2). To achieve this state of affairs the work done by the applied load should be independent 
of é, a condition which is satisfied by a central circumferential line load, among other loading 


systems. 

"It can be concluded that in order to obtain an accurate estimate of the form of deformation 
of an expanded tube it is necessary to use expression (12), but in computing the yield pressure, 
which in most practical cases will be the important factor, only a small discrepancy arises if the 
simpler expression (13) is used. 

Considering now those tubes which are likely to fail in shear, it is clear that they will be very 
short and the deflection due to bending will be very small; it will be assumed, therefore, that 
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the deformation consists of a large shear deflection near the ends accompanied only by cireum- 
ferential strain along the remainder of the tube. Now U, = 0, U, U U’. (constant), 


e- Me +3(2) 


l 
where, from 0 to = . : and, from 4 
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Fig. 2. Theoretical yield pressure and shape of deformation for 7 2 (simple support). 
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where d,) = 2a, the mean diameter of tube. Thus 


= 
W tn Yah U, | + ). 
¢ V3 


0 


The work done by the internal pressure is 2r2lapU 


pa _|, : 
YA ’ l ) 
3 
dy 


c 


Putting W W we obtain 


Vy * 
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4. AppLicaTION To A CYLINDER CoMPLETELY CONSTRAINED AT THE ENDS 


For a simply supported cylinder the only condition imposed is that of zero radial displacement 
at the ends. When the cylinder is clamped - or “ built-in ” - at the ends a further condition 
imposed is that the bending rotation at the ends is zero. Since shear deformation will once 
again be neglected, except when failure is primarily due to shear, the latter condition implies 
that the total rotation at the ends is zero. A symmetrical form of deformation satisfying this 
condition can be represented by a series involving the terms cos (22/1), cos (4272/1), cos (Gn2z/1), 
ete. 

It is assumed that the form taken by a tube with clamped ends expanded by internal pressure 
is given by 


422 


i_’ 1 COS oat > S a 1 cos —— }- 15 
me l _* l ony 


and we shall write z nz/l and » U,/U;,. 
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Fig. 3. Theoretical yield pressure and shape of deformation for = ° 1 (built-in ends). 


‘he pressure required to yield a rigid-plastic cylinder will be minimized with respect to the 
parameter ». If it is found that » is small then the form of deformation can be adequately repre- 
sented by expression (15). 

Proceeding as in the last paragraph, we obtain 


a? ah 4 
8 i2i2)1 l j 
= ° gh + +————_ (1 — v) cos 22 + ———; 
7 \a 2(1 + 9) 3(1 + 7)° » 
) v0 
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Integrating with respect to x and writing } \/3 /20* a as before, and 


4 (cos 2Z mn cos 42) | 


cos ZZ ’ cos 42) ) 


we obtain 


pa ‘ , 


vA } ' iA \sa 


This must be integrated numerically with respect t i the special case 


pr . h | 
i = | 2 = lon), 


When the tube is so short that failure is due to shear at the ends, it is assumed that the deflection 
due to bending is negligible and so the type of constraint at the ends is of little consequence. Thus 
for failures of this kind the analysis ix the as t for simply supported tubes 

Values of the pressure integral over ar , f values « : shown in Fig. 3 for A/2b 1: 

shown is the form of deformatior , liffers only y ‘ ma complete cosine wave. 
variation in the pressure integ 5 is ' Or ined that the vield 
, 


) assumes that 


pressure can quite well tw | ' , ne ti sirnple . m (18) whic 


the form of deformation is an exact cosine mig b> ed here that extraction of the optimum 
P , 


values of £ and » from equations (12 r ‘ ccurate computation but of course 


this accuracy is not required in evaluating the mi pressure CX Pression 


APPL ‘ TO LIND! : . Ove ENbD 


It is possible that in certain design problems j mvenient to constrain a eviinder 
‘ mu pletely at one end while the other end can only ! simply supported In view of the fore- 
going results we can obtain an indication of the effect of such a system of constraints on the 
strength of a tube by assuming that the deformation takes the form of a half complete cosine 
wave between the built-in end and the point of maximum deflection and a quarter cosine wave 


for the remainder of the tulx This leads to the result 


A 
2B, 


2) is the same ratio as before 
The position of maximum deflection has been found } the condition that there must be 


no diwcontinuity in the curvature 
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6. Numerical Resuits 


The values of yield pressure for the three end conditions computed from (13), 
(18) and (19) are shown in Fig. 4 plotted against the general variable 2b /h and 
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Fig. 5. Theoretical vield pressure for three end conditions 


in Fig. 5 against | /d, for the value of a/h 10-5: in the latter figure the limitation 


imposed by the shear failure condition (14) is shown. The forms of deformation 
have appeared in previous paragraphs. 


The treatment outlined above produces results whose numerical values art 
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easily computed, particularly for a tube simply supported at the ends where only 
a slide-rule calculation is necessary. A further advantage is that the strength 


of a tube of any dimensions can be represented in terms of one non-dimensional 


variable A ‘2b, within the limitation imposed by the shear failure condition. Shear 
failures should be very rare as the specimen would be so short that a better 
description would be “ ring" rather than “ tube.” 

On the other hand, the energy theory is essentially an approximate one and 
in view of the assumptions made it seems probable that the results will be in error 
for thick tubes. It seems unlikely, however, that applications will arise where 
the effect of end support is of importance in thick tubes which in general will be 
fairly long and undergo only partial yielding. Thus the energy treatment will 
probably satisfy all those design problems where the end support is significant. 


7. Appiication To A Work HarpENING MATERIAL 


The expressions already derived for the yield pressure of a cylinder of ideal plastic material 
serve as an indication of the yield pressure for specimens of all ductile materials with a well 
defined yield point, but they give no indication of the behaviour of such specimens beyond this 
stage. To proceed further the effect of work hardening must be considered. It is assumed 
that there exists a unique relation between equivalent shear stress and equivalent shear strain 
(Morrison and SHEPHERD 1950). 

As a cylinder of work hardening material is expanded, it loses the uniformity of equivalent 
shear stress possessed by an ideal plastic specimen ; we might expect, therefore, that the shape 
of deformation will vary during straining. In such a situation, the deformation must be con- 
sidered on the basis of an “ incremental” type strain theory. Such an approach, with the 
assuinption that there exists a unique relation between equivalent shear stress and equivalent 
shear strain, shows that for a simply supported tube the variation in shape is extremely small ; 
only a small discrepancy is introduced in the pressure prediction if it is assumed that the shape 
remains an exact cosine throughout deformation and the work is integrated according to the 
total strain theory. 

As an example of an actual material the steel which is used. for most of the experiments will 
be considered. An expression which fits quite closely the tensile stress/strain curve is of the 
type 

ae 
1+ Be 
where the line of elastic deformation is taken as the axis of stress ; x and 8 are constants. 

Since it is assumed that the form of deformation is an exact cosine throughout the expansion, 

the work done by the internal pressure is given by 


. 


u 6 
W’ = [ pdv = 4a? | pdeg,. 
~ O ~ O 
where eg, is the circumferential strain at the middle of the tube. The work done in plastic 
deformation is given by the total integration 
! 


2 h aR 
W = 4na ‘| 4 S dR dex dz. 
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aR 
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i A 
W = 4na |* "AY , *| R — log, (1 4 BR)| de de, 
tl : B | 


The strength of short cylinders under internal pressure » 


)~ 
=~/é 


Equating W and W”", differentiating with respect to «9, and integrating with respect to 2 and 


=z we obtain 
h 
° 


x 1 |jho 


B* ae. | 2 a 


. 


where 


—— P 
4 sinh-! | < )!. 
h 2b] | 


when 


when 


cosh- ! By 
V B,* ! 


when 


. 


Wi 


The integration with respect to x in the second term must be performed numerically. 


In the special case of a material which exhibits linear work hardening the stress-strain curve 


can be represented by 


Me 


Then, for a simply supported tube 


pa J yk 
Yh 2 


where 


8. EXPERIMENTAL WorkK 


A number of steel tubes having a fixed external 
diameter, but various lengths and thicknesses, have 
been tested to destruction by hydraulic pressure to 
check the accuracy of the foregoing theory. The 
apparatus is shown in Fig. 6. 

The specimen was held in recesses between two 
cylindrical end-pieces held together by bolts, which 
were kept just tight so that they did not exert any 
appreciable direct compression on the specimen. 
The upper end-piece had a cylindrical hole through 
which passed a well-fitting plunger. The lower one 
had a small hole to which could be attached a 
Budenberg pressure gauge reading up to 12 tons per 
sq. in. The internal space was filled with oil and the 
whole was placed in an Avery 50 ton Universal testing 
machine on the compression side. The load on the 
plunger and hence the internal pressure could be read 
direct as the load imposed by the machine, and this 
could be checked against the Budenberg gauge. In the 
earlier tests no special sealing devices were employed ; 
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Fig. 6. Internal pressure 
apparatus. 


the tubes by yielding very slightly radially at the points of support sealed them- 
selves effectively into the recesses. A slow leakage past the plunger took place 
but this was regarded as advantageous as it tended to reduce friction. Since some 
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of the tests lasted several hours, it meant that the load had to be removed and 
the oil replenished several times during a test, as is indicated in Fig. 7. These 
unloading periods seemed to be without effect on the stress-strain curves as a 
whole. After somehigh pressure tests had been carried out, however, some slight 
vielding of the upper end-piece took place, so that the plunger became a rather 
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Fig. 8. Plastic stress-strain curve for Steel A in simple tension. 


looser fit and an ordinary fibre sealing ring had to be employed. Agreement 
between the measured pressure and that deduced from the load on the machine, 
however, remained satisfactory indicating that no large friction had been introduced. 

The expansion of the tubes under internal pressure was measured either directly 
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by micrometer observation or by employing as a resistance strain gauge a single 
strand of annealed copper-nickel wire of diameter 0-002 in., wound round the 
circumference of the tube. The gauge factor of this arrangement was found to 
be constant up to strains of at least 5%. The shape of permanent deformation 
was measured in a two-way travelling microscope. 


TABLE 1. 


Results of Preliminary Tension and Compression Tests (Steel A) 


Yield Stress 
Test Tons p.s.i. 


Tension 19-8 


Tension 19-78 
Tension 
Compression 

Ae Compression 


Af Compression 


Ad cut at right angles to axis of billet ; 
Ae cut at right angles to axis of billet and to Ad ; 
Af cut parallel to axis of billet. 


o =3s4+ S47€ 
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1-0 1s 2-0 
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Fig. 9. Tensil test on specimen Ba. 


Two steels were used in the tests. The first, Steel A (0-26-0-28°, C, 0-08-0-11%, Si, 
1-4-1:8°% Mn; 20 tons p.s.i. yield stress) was used in the majority of the specimens. 
A few of Steel B (0-54-0-56%, C, 0-13-0-17%, Si, 0-26-0-28% Mn; 35 tons p.s.i. yield 


stress) were supplied when the tests on Steel A were under way. 
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The homogencity and isotropy of the material employed were checked by direct 
tension and compression tests on solid specimens made from billets of the appro- 
priate materials. Results are shown in Tables 1 and 2 and Figs. 8 and 9; both 


materials were shown to be isotropic. 

In order to obtain comparable results for the stress-strain properties of the 
material in the exact condition found in the tubes, it was thought desirable to use 
identical specimens for test in direct compression. The difficulty in doing so is, 
of course, to ensure that the load is imposed exactly along the axis of the tube 
so that the compression stress is the same at all points on the circumference 


TABLE 2. 


Results of Tension and Compression Tests (Steel B) 


Yield Stress 
Tons p.s.i. 


Tension 35-0 
Compression 35°18 
(Solid) 
Compression 
(Solid) 
Compression 
(Cylinder) 
Compression 34°8 
(Cylinder) 


Be cut parallel to axis of billet ; 
Bd cut at right angles to axis of billet. 


(Morrison 1940). A device believed to be original was employed in this connection. 
The specimen was loaded through spherical seats, and also through small cylindrical 
blocks which were located so that their centres exactly coincided with the axis 
of the test tube as in Plate 1. Four ordinary strain gauges were affixed to the 
surface of each of these blocks at equally spaced points vn the circumference. A 
small load was imposed first. If the strains recorded by the strain gauges were 
not identical, a small adjustment could be made by tapping the spherical 
seats. It was usually possible without much difficulty to adjust to the position 
in which this load was purely axial, and it was found to remain so when full load 
was imposed, The strain in the specimen itself was measured by three Huggen- 
burger extensometers. 

Results of compression tests carried out in this way are shown in Table 3. It 
will be seen that work hardening due to machining stresses has raised the yield 
point of material A appreciably. This effect is naturally most marked in the 
thinner specimens Ag and Ah; and least marked in the specimen Aj in which 


Plate 1. 
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particular care was taken to approach the final condition by a series of “ fine 
cuts.’’ These tests were in fact performed late in the programme, and the extent 
to which machining had modified the specimens was not appreciated until most 
of the internal pressure tests had been completed. No machining effect was 
observed with material B. 

The series of experiments on tubes subject to internal pressure was designed 
to check the accuracy of the theoretical work and so the specimen dimensions 
were dictated by the computed results of the theory. The curves shown in the 
theoretical section show that radial constraint at the ends has a significant effect 
on the strength only if the tube is very short and all the tubes tested were in 
this range. 


TABLE 3. 


Results of Compression Tests on Tubes (Steel A) 


Wall thickness D. Yield Stress 
in. ] 


0-125 


0-125 


0-25 


0-25 


The chief aim throughout the investigation was to obtain a suitable criterion 
for design which would estimate the pressure at which major permanent deformation 
commenced, Thus the experiments were designed primarily as a measure of the 
validity of the limit design theory, the secondary object being to discover as 
much as possible about the behaviour of the specimens in the hardening range. 

Most of the experiments were done on simply supported tubes and these will 
be described first. 


Series 1 — wall thickness 0-125 in. (7 tubes) 
Steel A. Series 2 — wall thickness 0-1875 in. (4 tubes) 
Series 3 — wall thickness 0-25 in. (3 tubes) 


Steel B. Series 1 — wall thickness 0-125 in. (4 tubes) 


The only feature of the experimental technique which requires elaboration is the 
way in which the effective lengths of the tubes were determined. Plainly, it is 
impossible to support the ends of a cylinder on a circle in the mathematical sense. 
There are two limitations on an attempt to do so when the tube is subject to 
internal pressure. The first is that there must be an “ overhang” of the tube 
beyond the effective circle of support. The second is that the end of the tube 
cannot be supported by a line contact only, but must have an area of contact. 
(The recesses in the heads were 0-0625 in. deep for Series Al and B1 and 0-125 in. 
deep for series A2 and A3.) 
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It can be shown analytically that with the present experimental set-up the 
first limitation is of no importance ; the second is of more consequence. After 
the first test a slight deformation of the edges of the recesses in the heads was 
observed ; this increased during each subsequent test. Although this deformation 
was at first very small, it was clear that the edge of the recess could not be taken 
as the effective end of the tube, since the tube was expanding for a small distance 
inside the recess. It was decided, therefore, to measure the shape contour of the 
tube soon after yield and take as the effective length that length over which 
expansion had occurred. That this is satisfactory as far as yielding and early 
deformation are concerned can be shown by computing the work dissipated in 
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Fig. 10. Pressure-deflection curves (Series Al). 


deforming the material in the heads round the recesses; it is trivial compared 
with the work done on the tubes. However, when the tube is very short the 
support given by the recesses is significant at large deformations, the tube becoming 
effectively shorter as expansion proceeds. 

Typical curves of internal pressure against central circumferential strain for 
the simply supported tubes are shown in Figs. 7 and 10. In most of the tests 
there were two points of significance on the loading curve in the range of small 
strains ; the first a departure from near-linearity, indicating presumably the first 
yielding at the middle plane of the tube, the second a distinct “ yield” point 
for the tube as a whole, beyond which any remaining elastic region exerted no 
apparent restraint on the subsequent plastic distortion. A summary of the main 
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results appears in Table 4. The yield pressure was determined by fitting to the 
loading curve two straight lines, one immediately before and one immediately 
after yicld. 


TABLE 4. 
Results of Internal Pressures Tests (Simple Support, Bending Failures) 


Specimen l I/dy 2b /h | pa/Yh 
(i) 0-977 0-372 1-021 1: 
(ii) 0-820 0-312 0-719 l 
(iii) 0-725 0-276 0-562 1 
(iv) 0-55 0-200 0-323 1-8: 
(v) 0-45 0-171 0-216 2: 


10 


20 


(i) 0-94 0-367 0-645 
(ii) 0-87 8-339 0-553 
(iii) 0-77 0-300 0-433 
(iv) 0-66 0-258 0-318 


(i) 
(ii) 
(iii) 


1-36 0-544 1-042 
1-25 0-5 0-877 
0-905 0-362 0-460 
(i) 0-912 0-347 0-887 
(ii) 0-792 0-302 0-672 
(iii) 0-640 0-244 0-439 
(iv) 0-555 0-211 0-328 


| 
' 
1 


Only one result was recorded for a 

tube with built-in ends. The specimen THEORETICAL 
was machined from a tube of Steel A, | men. 
8 in. long, 2-75 in. O.D. and 2 in. I.D. 
In order to produce approximately 
built-in conditions it was found 
necessary to reduce the wall thick- 
ness of the effective tube to 0-05 in. ; 
the length was 0-54in. (h/2b = 1). 
The shape of the deformation is 
shown in Fig. 11. 


9. Discussion a ome 
The feature of the work on which Fig. 11. Shape of deformation of tube with 
, built-in ends. 

agreement between theory and experi- 

ment is most accurate is considered 

first. This is the shape of permanent deformation. Figs. 12 and 13 show the state 
of deformation after testing some of the tubes which failed in bending; these 
figures illustrate that in this quantity the discrepancy between theory and 
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experiment is barely measurable, and amply justify the omission of shear 
deflection in bending failures from the analysis. 

Before the pressures sustained by the tubes are considered, attention must be 
paid to the high values of yield stress obtained in the compression tests on cylinders 
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Fig. 13. Shape of deformation (Steel B, Series 1). 


of Steel A. A correction could be made by using for cach tube thickness the 
appropriate mean compressive yield stress, but this arrangement seems far from 
satisfactory ; it will be seen that the results of internal pressure tests on Steel B 
indicate that the machining effect on Steel A is not nearly so serious as might 


be expected. 
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Turning now to the consideration of the internal pressure results in detail, 
some of the pressure-expansion curves are reproduced without experimental 
points and unloading curves in Figs. 14 and 15. On these diagrams have been 
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Fig. 15. Pressure-deflection curves (Series A2). 
drawn (i) the theoretical expansion in the elastic range, (ii) the slope of the pressure- 


deflection curves after yield according to the simple work-hardening theory with 
a linear stress-strain relation for both materials as in Section 7. The discontinuities 
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in these broken lines represent the yield pressures predicted by the theory of 
Section 6 and the chain-dotted line on each diagram represents the elastic expansion 
of a similar tube without end support. The bold crosses stand for points computed 
according to the work hardening theory using an approximation to the true 
stress-strain curve of Stecl A as in Section 7, and the arrows crossing the curves 


indicate the points of initial yielding according to simple elastic theory. 

The pressures at which major permanent deformation began agree within a 
few per cent with the work theory in all those cases where the points on the loading 
curves can be distinctly located. In some of the shortest tubes such obvious 
discontinuities did not occur but in all except one, A2 (iv), the simple construction 
previously described could be easily applied. The yield pressures are plotted 


against 2b/h in Fig. 16. 
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Fig. 16. Theoretical and experimental yield pressures (bending failures). 


While for the longer tubes the agreement between theory and experiment is 
satisfactory over the whole range, for the short ones like 2 (iii) and 2 (iv) in Fig. 15, 
the internal pressure sustained increases more rapidly than is predicted. It is 
believed that this is due solely to the imperfection of the end supports. Some 
vielding of the lip of the recess in which the tubes fitted unavoidably took place. 
This meant that in the later higher-pressure tests there was a tendency for the 
unsupported length to become less as the deformation proceeded, so that the tube 
apparently became stronger. This effect was more marked in the case of a short 
tube than in a long one for two reasons: first, because any given reduction in 
length makes a larger proportionate change when the overall length is small, 
and, second, because a given radial expansion implies a larger terminal slope 
when the length is short, and hence a given modification in the point of support 
takes place at a smaller value of «@. 

The last test to be considered is that on a tube with built-in ends. The experi- 
mental shape of permanent deformation at an internal pressure of 2 tons p.s.i. is 
shown in Fig. 11 where it is compared with the corresponding theoretical shape 
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and the theoretical shape for a simply supported tube. The agreement with 
theory is quite good, a small discrepancy arising near the ends. The explanation 
of this is most probably that complete “ built-in ’’ conditions could not be obtained, 
the inside of the specimen having the same diameter before deformation as the 
thick end sections of the cylinder; shear deformation is unlikely to account for 
the difference with this relatively large span to thickness ratio (about 11: 1). The 
yield pressure for 2b/h = 1 was found to be 8°%, below the theoretical value, which 
might also be due to incomplete building-in. The experimental results thus 
indicate the approximate validity of the work theory, despite the fact that the 
experimental arrangement could not comply with all the conditions set out in 
the analysis. The treatment is particularly suitable as a criterion of design, which 
is the ultimate object of all such investigations, since its lack of precision is amply 
compensated by its simplicity of application. The inaccuracies in the simplifying 
assumptions in the analysis have been shown not to introduce large errors in the 
final result. One of the advantages of methods of this kind is that the solution 
involves the integration of the strain functions and serious local errors need not 
necessarily have a correspondingly serious effect on the overall result. 
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SUMMARY 


Tue paper describes an investigation into the residual stresses produced in cast iron cylinders 
by the creep-relaxation of thermal stresses. The connexion of the work with failures of com- 
bustion chamber parts in large internal combustion engines is discussed. 

A series of thick-hollow cylinders were subjected to a radial flow of heat by heating the bore 
and water-cooling the outer diameter for a chosen period of time, during which the thermal 
stresses were relaxed by creep. The residual stresses due to relaxation were determined by 
slitting the cylinder and subsequently boring out concentric layers from the inside, the resulting 
changes in strain at the outside diameter being measured. 

The creep strains are confined to the inner layers of the wall and re.ult in a steep residual 
stress gradient within those layers. The residual stress at the bore (in the extreme case) is 4} 
times that at the outside diameter. Creep in compression at the bore is the predominating 
factor in causing residual stresses on cooling. 


1. INTRODUCTION 


Ix internal combustion engines above a certain size it is necessary to introduce 
cooling fluids to prevent the temperatures of the cylinder liner, cylinder cover 


and piston crown rising to a value which would prohibit satisfactory operation. 
This results in a flow of heat across those parts. The heat flow gives rise to a 


temperature gradient across the walls, which in turn creates a tendency for the 
walls to bend. The rigidity of the component, however, partially suppresses this 
flexure and thermal stresses are set up. 

At the working temperatures which exist in combustion chamber parts the 
phenomenon of creep takes place, causing a relaxation of the thermal stresses. 
While in one sense this may be considered an advantage, it is undesirable inasmuch 
as when the engine is shut down and the combustion chamber parts become 
cool, a state of residual stress exists within them. The layers of material nearest 
to the burning cylinder gases operate under compressive stresses when the engine 
is running and, on cooling, contain residual tensile stresses. 

The maximum thermal compressive stress occurring within the hot regions of 
the part at the first heating is much higher than the corresponding maximum 
tensile stress within the cooler regions. This is fortunate, as cast iron is commonly 
used in these components and is much stronger in compression than in tension. 
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Furthermore, design evolution has long ago eliminated failures which occurred 
on the first heating due to tensile fracture. On cooling down, however, the stresses 
are reversed and the regions affected by creep under compressive stresses have 
residual tensions. If the initial thermal stress is sufficiently high, the residual 
tension may be sufficient to cause a crack, in spite of its value being numerically 
smaller than the initial compression. 

The object of the present experiments was to determine the magnitude of the 
residual tensions in relation to the initial compressions. 

It was decided to use hollow cylinders heated on the inside and cooled on the 
outside, thus promoting a radial flow of heat. This system had the following 
advantages : 

(a) The initial thermal stresses were readily calculable from existing formulae. 

(b) A symmetrical distribution of temperature and stress could be obtained. 

(c) No external forces need be used to constrain the cylinders. 

(d) The cylinders would be readily adaptable to residual stress measurements. 

(e) The test would simulate the steady-state thermal conditions in cylinder 

walls. 

The problem of determining a suitable shape and size of hollow cylinder can 
be appreciated by the following data. Consider a cylinder 2 ft. 4 in. o.d. x 2 ft. 
0 in. id. x S5ft. Oin. long, the dimensions of a typical cylinder liner, with a 
temperature at the bore 250°C higher than that at the outside diameter. Such 
conditions of temperature and stress would approximate to those obtaining in a 
cylinder liner of similar size. The compressive stress at the bore would be about 
12}-ton, sq. in. The power required to maintain the temperature difference would 
be approximately 800 kW. This prohibits a full scale laboratory test. 

The relations between power expended, temperature difference, cylinder pro- 
portions to size were studied and the final size of the test cylinder was fixed at 
13 in. o.d. « 44 in. id. x 43 in. long. The 4} in. diameter bore was the smallest 
size inside which it was estimated that the necessary power could be developed 
with the highest possible winding temperature. The required temperatures and 
stresses could have been realized with ease in a cylinder double the size, but the 
maximum outside diameter was limited by the cost of the specimen and the 
available handling and boring facilities. A further factor limiting the diameter 
of the heating clement (and hence the cylinder bore) is the expansion of the coils. 
The power estimated to establish a temperature difference of 200°C across the 
chosen cylinders is 7} kW. The tangential compressive stress under these con- 
ditions, using the formula (2a) for short cylinders, is 12} tons,/sq. in. at the bore, 
which is of the same order as estimated values for cylinder liners in published 
literature. The bore temperature also approximates to recorded values of liner 
temperature measurements. 


(i) The temperature distribution in hollow cylinders 


In a hollow cylinder in which heat flows uniformly in radial directions, the 
isothermals are cylindrical surfaces concentric with the cylinder axis. If the 
thermal conductivity may be regarded as remaining constant regardless of tem- 


perature, the temperature at any radius of the wall is given by 
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log (A/n) 


yu log k 


(1) 
where @,, is the temperature difference between the inner and outer radii, k is 
the ratio of the outer radius to the inner radius and n is the ratio of the radius 
considered to the inner radius. 

The temperature has therefore a logarithmic distribution along the radius, the 
general form of which is shown in Fig. 38a. 


(ii) Thermal stresses in hollow cylinders 


The tangential, radial and axial thermal stresses in infinitely long hollow cylinders 
with a concentric temperature distribution defined by equation (1) are given by 
the following equations (Timosuenko 1951) : 


Ea, |1 — log (k/n) -n* 


21 v) log k + n® (k® — 1) 
Ea2é, k? — n* il log (k/n) 

2 v) [n* (k* — 1) logk |’ 
E28, ' 2log(k/n) 2 

2(1 —»v) log k k?— 11° 


(2) 


(3) 


(4) 


where E is Young's modulus, « is the coefficient of linear expansion, and vy is 
Poisson's ratio. 

In the case of a hollow cylinder of negligible length, the stress in the axial 
direction is non-existent, and the above relations become 


log k n® (k* — 1) 


> (2a) 


E28, ' log(k/n) = k® + ni? 


E«a@, | k? — n® log (k/n) (8a) 


2 n® (k? — 1) log h 
o. = @. (4a) 


The difference between equations (2) and (2a) and between (3) and (Sa) is the 
factor 1/(1 — v). The stresses within a cylinder of finite length will vary along 
the length. If the cylinder is sufliceintly long the stresses at mid-length will 
approach the values given by equations 2, 3 and 4. The cylinders used in the 
present series of tests were very short and the expressions (2a) and (4a) are therefore 
more applicable than (2) to (4). Any small error resulting from the use of the 
second set of equations will be that the calculated values of the tangential and 
radial stress will be less than those actually present. 


(iii) The relaxation of stress within a heated bar 


Consider a bar of unit length (Fig. la) at a datum temperature. After heating 
through @° the length will increase by «@ units if the bar is free to expand 
(Fig. 1b). If this expansion is totally suppressed (Fig. 1c) a compressive force Q 
will be needed, the elastic strain «, being equal to the thermal expansion « @. If 
the heating takes place within a short period of time, it is unimportant whether 
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the expansion is continuously suppressed during the heating or the heating and 
stressing are considered as two separate steps as in Figs. 1b and le. 

With the length of the bar maintained constant at the temperature 6, and the 
temperature sufficiently high to allow creep to take place, the force required to 
keep the length constant will diminish, that is, there will be a relaxation of the 


a 


+ 


STRESS STRESS STRESS 
*Ea«@é Ea. of "E €, 


Slam cs 


(c) (4) (e) (f) 
Heaced Restored to Afcer Normal Original 
Temperature Through 6° Original Length Relaxation Temperature Length 
by Force $ Restored Restored 


Fig. 1. Residual stress in a simple bar (thermal stressing). 


Fig. 2. Typical stress relaxation curve. 


stress. Fig. 2 shows a typical relaxation curve. At any instant, ¢, = €, + €» 
where «, is the initial elastic strain, ¢, and «, are the elastic and creep strains 
respectively at the time considered. 

On cooling to its initial temperature, the bar would have a free length (1 — ¢,) 
as in Fig. le. Suppressing the contraction produces a tensile stress E «, within 
the bar. 


242 Y. G. Atria, D. Fivzcrorce and J. A. Porr 


The process just described is similar to that which produces residual stresses 
in bodies after non-uniform heating. In practical cases the thermal expansions 
are only partly suppressed, due to the elasticity of the constraints. Similarly, on 
cooling, the plastic strains are only partially suppressed, and the resulting residual 
stress is less than E €y* 


(iv) Residual stresses in hollow cylinders 


Having considered the establishment of residual stresses in simple bar, the 
corresponding phenomenon in hollow cylinders will be considered with reference 
to Fig. 3. 


Nn 


HEAT FLOW —_ 
HEAT FLOW ANDO TEMPERATURE 
DISTRIBUTION ACROSS A 
RADIUS AB OF CYLINDER 
R 


TEMPERATURE 


INITIAL TANGENTIAL THERMAL 


TENSION * 


STRESS DISTRIBUTION 


come 
On 


CREEP STRAINS AT END OF 


TEST PERIOD 


RESIDUAL STRESS DISTRIBUTION 


r 
ON COOLING | CURVE um}. 
CURVE NP SUPERIMPOSED 


RESIDUAL STRESS COMPONENT 
WHICH DISAPPEARS ON SLITTING 
DUE TO THE RELEASE OF THE 
BENDING MOMENT 


RESIDUAL STRESSES 


REMAINING AFTER SLITTING 


comp 


Fig. 3. Residual stresses in the wall of a hollow cylinder (diagrammatic). 


Diagram (a) shows a radius AB of the cylinder, the direction of heat flow and 
the form of the resulting thermal gradient. The tangential stress distribution 
along the radius is depicted at (b). It will be noted that the maximum tempera- 
ture and the maximum stress occur together at the inner radius, thus the inner 
radius will be the position of greatest creep strain after a given time. Temperature 
and stress decrease rapidly as the radius increases, thus at a certain distance 
within the wall creep will not take place, since the stress will be too low at 


Residual stresses in hollow cylinders 243 


that particular temperature to cause it. These conditions hold for the inter- 
mediate region of the cylinder wall. Approaching the outer wall, the tensile 
stress becomes considerable once more. In the present test cylinders, the maximum 
tensile stress (at the outside diameter) is limited to about a half of the com- 
pressive stress at the bore. The temperatures in this outer zone are much less 
than near the bore and probably low enough to exclude the possibility of creep. 
The creep strains will therefore be either zero or very small compared with those 
at the bore. 

Fig. 3c shows the probable distribution of creep strains after a period of time. 

On cooling down to a uniform temperature, a residual stress system is set up 
(see Fig. 3d), the maximum value of stress (tensile) occurring at the bore. This 
maximum value is necessarily less than the numerical value of the initial com- 
pressive stress, since 

(a) All the thermal stresses (and therefore the elastic strains) cannot be relieved 

by creep within a finite running time. 
(b) On cooling, all the plastic (creep) strain cannot be converted into elastic 
strain, because of the elasticity of the remainder of the cylinder. 

The residual stress distribution is similar in form to the stress distribution in 
a thick curved beam subjected to end couples. Fig. 3e shows such a distribution, 
the curve being superimposed on Fig. 3d to show the difference. Use is made 
of the above fact in the method used here for determining the residual stresses 
in the test cylinders. In this method, 
suggested by Davipenkov (1982), a a 
radial-axial slit is cut in the cylinder MEAN RADIUS 
wall to destroy the residual bending NEUTRAL AXIS | 
moment (see Fig. 4). Before slitting, 
the sum of the tangential forces along 
any radius is zero, but the sum of the 


moments of the tangential forces has 
a definite value. This moment dis- 


appears on slitting, thus after slitting 
the sum of the tangential forces and 
the sum of their moments are both 


equal to zero. 

Fig. 3f shows the stresses remaining 
in the cylinder after the slitting opera- 
tion. These stresses obey the conditions 
of equilibrium, and are detected by 
the boring out of successive layers of 
material from the inside of the cylinder. Fig. 4. Test cylinder during machining operations. 
The slitting and boring operations 
cause diameter changes which are measured by clectrical resistance strain gauges 
fixed to the outside diameter of the cylinder. The relationship between the 
diameter changes and the relieved stresses is given in Appendix I. 

Some residual stress will be present which is not due to creep, but to the plastic 
component of the deformation of the material, cast iron being inelastic even at 


small loads. 
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2. APPARATUS 


The apparatus designed to subject the test specimens to a radial flow of heat 
is shown in section in Fig. 5. 

The two test cylinders (1) are 13 in. o.d. x 44 in. id. x 1} in. thick and are separated by 
a jin. thick dummy cylinder (3). This is used for temperature measurements since it is not 
permissible to drill holes in the test cylinders. The test cylinders are sandwiched between two 
$ in. thick guard dises (2). The total length of the cylinders thus built up is 4} in. 


UY 
MANQAQA 
\\ WAY 


SSS 


errs. 


SCALE INCH 


Fig. 5. Section of relaxation apparatus. 


The heating element (14) is Kanthal A.1 resistance wire (14 s.w.g.) wound on a former of 
alumina cement (13). The end connections (17) are made of heavy section so that the heat 
generated within them will be reasonably small and will be conducted away. The outer casing 
consists of the iron castings (4) and the water jacket wall (9). The space between the guard 
rings and the cast covers (4) is filled by discs of } in. thick asbestos millboard and sindanyo 
packed alternately. These are to limit the axial heat flow from the guard rings. Clearances 
(0-010 in.) are machined on the faces of the dummy and guard cylinders which adjoin the test 
cylinders. They have two purposes; (a) to provide a barrier to axial heat flow and (b) to 
ensure that the axial expansion of the test cylinders is unrestricted, thus preserving standard 
conditions and also maintaining water-tightness at the outer edge of the cylinders. Mains water 
is circulated through the jacket to cool the outer surfaces. 

It was initially intended to charge the apparatus with inert gas under pressure. Argon was 
chosen for this purpose. The objects were to suppress oxidation and evaporation of the wire 
and also to increase the quantity of heat transferred to the cylinders by conduction, since pressure 
increases the density and thermal conducitivity of the gas. Difficulty was experienced, however, 
in achieving gas-tightness. It was found that oxidation and evaporation of the wire were not 
the main causes of the trouble and the inert gas atmosphere was dispensed with. 

Measurement of temperatures across the cylinder wall was by a traversible thermocouple (30) 
situated within a radial hole in the dummy cylinder. 

Trouble during the development stages of the apparatus was experienced with the winding 
coming out of the grooves in the former. The winding temperature (estimated at about 1,300°C) 
involves a considerable expansion. The grooves were made sufficiently deep to allow for the 
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radial expansion on the assumption that it was everywhere uniform. This, however, did not 
happen in practice and matters were made worse by the on-off periods of the current being of 
the order of 20 seconds, resulting in large amplitudes of element temperature. This caused the 
resistance element to be continuously on the move, with the wires drooping from the grooves 
at places and on some occasions earthing on the test cylinders. The trouble was largely eliminated 
by an improved method of temperature control which reduced the on-off periods to 2 to 3 seconds. 

Temperature control was relatively simple during the present experiments due to the high 
stability of the apparatus. The proportion of heat stored in the apparatus to that transferred 
* to the cooling water is very low. It was considered undesirable to insert a thermocouple either 
within the element former or within the gap between the winding and the cylinders. The 
insertion of a controlling thermocouple within the dummy ring was ruled out because of the low 
temperatures and the anticipated thermal lag. The method chosen was the connection of a 
small simplified model of the apparatus in parallel with it. A thermocouple made from 32 s.w.g. 
chromel-alumel wire was inserted in the air gap of the model so that the hot junction was almost 
in contact with the winding. The thermocouple operated an electronic temperature controller. 
The low heat capacity of the thermocouple and the electric element of the model, coupled with 
the high heat losses, made the switching period very short. The bore temperature of the test 
cylinders was maintained to within + 4$°C. 


3. Test PrRocEDURE 


The apparatus was assembled with the test cylinders in position, jointing compound being 
applied to the appropriate surfaces to ensure water-tightness. The water supply was turned 
on and then the electric power at a reduced value of current. The full heating current was not 
used at the outset so as to avoid too high thermal gradients within the refractory former. The 
current was then gradually increased to full rate, and the specimen temperature allowed to rise 
slowly until the desired value was attained, the controller then being brought into operation. This 
instant was taken to be the start of the relaxation period. Minor temperature adjustments were 
made during the subsequent hour and as necessary during the remainder of the period. Thermal 
equilibrium was attained very rapidly (with negligible ‘“ overshoot ”) due to the high stability 
of the apparatus. 

At the end of the required period the test cylinders were removed and electrical resistance 
strain gauges were affixed to the outer cylindrical surface to detect the circumferential strains 
during the machining operations. Three gauges spaced at 120° were used on each cylinder. 
The leads were waterproofed with pitch and brought out to an 11-pin plug, which was incor- 
porated to dispense with repeated soldering and un-soldering of connections. After the zero 
readings on the resistance bridge had been taken a j in. wide slit was milled in the cylinder. As 
with all subsequent machining operations the cylinder was kept overnight in close proximity 
with the cylinder bearing the dummy gauge, thus ensuring temperature equality when the 
resistance measurements were made the following morning. 

The layers bored out were as follows : 

3 layers 0-050 in. thick 

1 layer 0-100 in, thick 

2 layers 0-250 in. thick 

6 layers 0-500 in. thick 
The layers were made thin at the bore because the tangential strains changed rapidly as the 
innermost layers were removed. After the removal of each layer the tangential strains were 
re-measured. 


4. Test ProGraMME anp ReEsuLtTs 


The present series of tests were confined to cast iron cylinders. The composition 
of the iron was T.C. 2-97, G.C. 2-18, C.C. 0-79, Si 1-19, S 0-115, P 0-28, Mn 0-8 
and Ni 0-11, all per cent. The average tensile strength determined from tests 
on three }in. diameter specimens was 15 tons/sq.in. The Brinell hardness 
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number was 206 using a load of 3,000 kg. and a 10 mm. diameter ball. Micro- 
examination of the structure of the iron showed the matrix to be fully pearlitic 
with the exception of occasional minute indications of ferrite. Some phosphide 
eutectic was present. The graphite flakes were observed to be short and thick 
generally, but the form of distribution varied slightly throughout the castings. 

The test cylinders were subjected to a stress relief treatment before being 
treated in the relaxation apparatus. 

The relaxation tests were arranged to involve variation of both tempcrature 
and time. The temperature of the relaxation treatment is denoted by the tem- 
perature of the bore. 

The heating periods were as follows : 


Test No. 


Bore temperature (°C) 
Time of heating (hrs.) 


Initial compressive stress at 
bore (tons /sq. in.) 
Residual tensile stress at 
bore (tons /sq. in.) 


TENSION 


& INI 


$ - TONS/ SQ. IN 


c 
2 


HERMAL STRE 


7 
' 


L 


test oy linders. rig. 7. Aggregate strains caused by boring. 


2 
Fig. 6. Initial thermal stress distributions in O- INCHES 


The residual tensile stress at the bore has been included in the above table. the 
figures having been determined from the strain measurements (recorded during 
the slitting and boring operations) used in conjunction with the theory outlined 
in Appendices I and II. 

The complete stress distribution along a radius has been determined and that 
for the test No. 7 is shown in Fig. 8. 
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The results of tests in which an earlier apparatus was used have been reported 
by Attia (1953). 


5. Discussion or RESULTS 


Fig. 6 shows the distribution of initial tangential thermal stress across the 
cylinder wall for the four test temperatures. Fig. 7 is a plot of the aggregate 
rhe) . mt strain changes which 
occurred as the cylinders 


used in test 4 were bored 
out. It will be noted 
that almost all the total 
change took place during 
the removal] of the first 
inch of material. 

Fig. 8 refers to test 7 
and shows the distribu- 
tion of the total and 
component residual tan- 


INCHES gential stresses with 
Pp 


25 


R DIAMETER | 


c 


OUTE 
INNER DIAMETER 


| 


POSITIVE ) 


- respect to the position 
within the wall. General 
compliance with the dis- 


( TENSION 


tributions _ anticipated 
(see Fig. 3) is found. 
(The curve of o, agrees 
perfectly with the cal- 
culated points. This is 


= 
1°] 
A 
2 
Zz 
Q 


because the curve is 
actually a_ theoretical 
form of curve represent- 


ing one strain change only 
(i.e. that occurring on 
slitting) each ordinate 
being proportional to 
this change). 

a, is the most difficult 
|3 stress to calculate, being 
derived by graphical or 
-O5 , ae OS tabular integration. It 
is worthy of note, how- 
ever, that this component 


RESIDUAL STRESS 


Fig. 8. Residual stress distributions in test cylinder (Test 7). 


si zero at the bore. This follows from the definition of the component, viz., if no 
previous boring out has been done, no stress can have been released. o, and o, 
are very casily calculated from the appropriate formulae, thus the value of 
(o, + o,) representing the total residual stress at the bore is easily derived. 

The o, curve shows that the most rapid release of that stress component occurs 
within the first half-inch of boring, indicating that creep strains of any appreciable 
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magnitude are confined to this region. The remainder of the changes in o, are 

small and must be due, in the main, to inclasticity of the cast iron (distinct from 
eep Loading to the stress values denoted by the 275°C curve in Fig. 6 would 
rtainly produce some residual strains in the material. 


The (e¢, a.) curve agrees in form with that of Fig. 3f. 


he total residual stress curve, given by | - T, + 5) shows that the residual 


tensile stress at the bore is 44 times the residual compression at the outer radius. 


The stress gradient is very steep near the bore 


L 


STRESS — TONS / SO IN 


RESIOVAL 


Oo 


yoo 
LAK ATION = HOURS 


®. Residual tangential stresses (tensile) at the inner diameter of the test cylinders 


e¢ maximum values of residual stress are of particular interest in this dis- 

" \s in the case of initial thermal stress, the maximum values of residual 
occurred at the bore This was actually foreseen and was the principal 

n for heating the cylinders from the inside in preference to the outside, 
which could have been accomplished with much less practical difficulty. The 
values determined for the residual tensile stress at the bore are plotted in Fig. 9 


200 2 230 275 be8) 323 
TEST TEMPERATURE — DEC CENT 


Extrapolation of residual stresses at the bore of the test cylinders after 100 hours 


relaxation (Tests 2, 5, 6 and 7). 


in which the 200°C curve is fully experimental. In the absence of further experi- 
mental points it is considered to be of interest to estimate by extrapolation the 
residual stresses due to treatment at temperatures and times greater than those 


which were actually achieved. 
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First, to determine the residual stresses which might be expected to occur after 
100 hours treatment at 300° and 325°, a linear extrapolation of the four experi- 
mentally derived stresses plotted on a temperature base was made (see Fig. 10). 
The points so derived were inserted on the 100 hour ordinate (Fig. 9). In view 
of the fact that initial thermal stress and temperature difference across the 
wall increase in proportion to each other it is to be expected that the actual rate 
of increase of residual stress with test temperature will be greater than the linear 
rate used for extrapolation. Thus the extrapolated values may be regarded as 
conservative. 

Having estimated the residual stress values for 100 hours treatment it is 
necessary to assume a form for the curve. The most suitable assumption appears 
to be that the residual stress curve for each temperature has each ordinate a 
fixed multiple of the corresponding ordinate in the 200°C curve. The curves of 
Fig. 9 are drawn in on this basis, which is again considered to yield conservative 
values. 

Fig. 11 is a logarithmic plot of Fig. 9, the curves being extrapolated to 1,000 
hours. As time increases beyond the limit of the graph each curve must become 
asymptotic with a value of residual stress which is equal to or less than the initial 
compressive stress. The trend of the 325°C curve (which represents an initia 
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Fig. 11. Logarithmic plot of Fig. 9. 


compressive stress at the bore of 14-9 tons/sq. in.) shows that under the implied 
temperature conditions, a residual stress of more than 8 tons/sq. in. could be 
established if the heating time were sufficiently prolonged. Failure resulting from 
the residual loads could never be expected at this temperature since the initial 
stress is only numerically equal to the strength of the material. At some higher 
value of temperature, not evident from the present results, fracture would occur 
after a finite period of relaxation. This is also shown by Fig. 12. For thin walled 
cylinders where the thermal stress distribution across the wall is almost linear 
the temperatures required for fracture would be higher than in the case of the 
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present experimental cylinders. In thin cylinders the danger of fracture at the 
outside surface due to the initial thermal (tensile) stress would therefore be more 
likely than failure by residual stress on cooling. In cylinders made from steel 
the initial thermal stresses, which are proportional to Young’s modulus, would 
be higher. In this case, however, the short-time deformation characteristics of 
the steel become important since the yield stress may be exceeded. In mild 
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Fig. 12. Residual stress at the bore as a function of the initial stress at the bore. 


stecl, where the strain at yield may be many times the imposed thermal expansion, 
the maximum thermal stress is limited to the yield stress. Similarly, on cooling 
the residual stress is limited by plastic deformation in the reverse direction. Thus 
failure of mild steel cylinders would not be likely on the first cooling, but would 
be a possibility, due to fatigue, if the heating and cooling process were repeated 
sulliciently often. 

In very long hollow cylinders the axial stress must be considered. At the 
inner and outer surfaces the axial stress is equal to and of the same sign as the 
tangential stress. The radial stress is zero at both faces and has its maximum 
value (compressive, in the case of radially outward heat flow) near the middle 
of the wall. The radial stress is the difference between the axial and tangential 
stresses and becomes smaller as the wall thickness diminishes, thus in a hollow 
cylinder of the proportions of the cylinder liner in a large diesel engine, the axial 
and tangential thermal stresses may be considered equal and the radial stress 
negligible. Defining an equivalent simple stress o as that which will produce 
the same rate of dissipation of shear strain energy by creep as the combined stress 
7, and o,, we have (see MARIN 1942) : 


system Oy 


a {(o, o,)* + (a, —o,)* + (o, — o,)*}. (5) 


and, for the principal creep strains, 


Residual stresses in hollow cylinders 


So [(o, 


where «€ is the creep strain corresponding to the simple stress o. Writing o, 


and o, 0 we have, from (5), 
(7) 
and, from (6), 


(8) 


Thus, under an equal biaxial stress system such as exists at the inside surface 
of a long cylinder, the axial and tangential creep strains would be equal, and a 
half that in a simple system such as that in a very short cylinder. However, the 
initial stresses in a long cylinder would be greater, for the same temperature 
conditions, in the ratio 1/(1 — v), i.e. 1°33 when v = 0-25. Thus, for the same 
temperatures, the tangential creep strain in a long cylinder would be at least 
(} x 1-33) times that in a short cylinder. It can be shown that for a given state 
of initial strain within two hollow cylinders, one of which is very short and the 
other very long, the ratio of the resulting axial and tangential stresses in the 
long cylinder to those in the short cylinder is 1/(1 — ), this factor being 1-07 
for v = 0-25. Combining the above relationships we have that the residual tan- 
gential stress in a long cylinder is equal to or greater than 1/2 {(1 —v\l — v*)} 
of the residual tangential stress in a short cylinder, the value of the factor being 
0-711. It was shown above that a thin-walled short cylinder made of cast iron 
would be vulnerable to fracture at the outside surface on the first heating, whilst 
not being very susceptible to the residual stresess. In the long cylinder the residual 
stresses are less likely to cause failure. 

The stress at any point within a thermally or residually stressed body is dependent 
‘* constraint factor’ for that point. This factor may 
be defined as follows. Consider an elementary volume of metal at the point in 


on what might be termed a 


question and suppose that it tends to undergo a length change (such as might be 
caused by thermal expansion or plastic deformation) in one direction. Now 
suppose that the rigidity of the remainder of the body suppresses part of the length 
change ; then the constraint factor for that point and direction would be defined 
as the elastic deformation of the element due to the surrounding constraints 
divided by the change of free length. 

Consideration of a small cubical element subjected to a temperature rise @ and 
fully restrained from expanding in all directions shows that the thermal stresses 
in all directions are compressive and equal to E«@/(1 — 2¥v). If the constraint 
is in two directions only, the stresses in those directions are E « @,/(1 — v), whilst 
if the constraint is in one direction the stress in that direction is E«@. Points 
at a free surface must have zero constraint in the direction normal to the surface 
and are therefore stressed biaxially or uniaxially. 

A body which is thermally stressed is an aggregate of such elements. In the 
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absence of external forces the condition of complete restraint will not hold, since 
the restraint must be generated by the elastic deformation of other elements. This 
may only occur if the considered element is allowed to follow partly its tendency 
to deform. The thermal stress at a point within a body may be written in the 
following general form :* 


. Constraint Factor 
E«@x = = : . 
Stress System Factor 


(9) 


where the Stress System Factor is 1, 1 — v or 1 — 2v, the Constraint Factor is a 
pure number between 0 and 1 defined as above, and @ is the temperature of the 
element above that at which it is stress free. The formula is useful if the body 
has a shape which prohibits exact calculation of the thermal stresses, in which 
case it may be possible to make a reasonable estimate of the constraint factor and 
so derive a direct estimate of the thermal stress at a given point. The method 


Ratio, 
outside Stress Constraint 
diameter System Factor 
inside Factor 
diameter 
1. Thick hollow cylinder (long) : . | See equations 
(2) and (3) 
. Thick hollow cylinder (short) : See equations 
(2a) and (3a) 
3. Thin hollow cylinder (long) ° 5S | See equations 
(2) and (3) 
. Thin hollow cylinder (short) . See equations 
(2a) and (3a) 


Rectangular bar. Free to extend ; prevented from 
bending 

Rectangular bar. Prevented from bending ; pre- 
vented from extending 

Flat plate. Free to expand in plane of plate ; pre- 
vented from bending 

Flat plate. Prevented from expanding in plane of 
plate ; prevented from bending 


This equation applies for 
(a) the general three-dimensional case where the constraint factors are equal in all three directions, i.e. constraint 
factor r c C Cos 
(b) the two dimensional case where the constraint factors are equal in both directions, i.e. ¢ = ¢, 
(c) the simple linear case, 
(d) hollow cylinders subjected to a radial flow of heat (sce equations (2) to (4a)) 
In the more general cases where the constraint factors are unequal we have for the thermal stresses in three 
dimensions 
Eaé 7 i ar) t,) } 
{1 


(9a) 
v) (1 — vf 


and for biaxial stresses, 


EaO 


In beth cases the suffixes may be interchanged cyclicly to derive the remaining stresses. 
It should be noted that the constraint factors are not only dependent on the geometry of the body but also on its 


tcinperature distribution. 


Piate I. Residual stress cracks in the cylinder cover of a large diesel engine. 
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has been used by FirzceorGce and Pore (1954) for estimating stresses in cylinder 
covers. The following table gives stress system factors and constraint factors for 
some hollow cylinders and flat bars and plates. In cylinders the heat flows radially 
outwards ; in bars and plates the heat flow is directly across the thickness. The 
constraint factors refer to the points in the hot surface, where the stress is com- 
pressive. 

The concept of a constraint factor is useful also in considering residual stresses. 
A point which has a high constraint factor in relation to thermal expansion will 
sustain a high stress as a result of a given temperature change. It will also sustain 
a high residual stress as a result of a given plastic strain. An example of such 


a condition is given in Plate 1 which shows a large cylinder cover which failed 
in four places due to residual stress cracks. Here, the expansion of the hot surface 
of the cover was restrained by the cooled metal parts attached to it and possibly 


by interactions at the spigot. 

Thus the avoidance of high constraint factors in bodies subjected to unequal 
temperatures will alleviate the thermal stresses and the likelihood of subsequent 
failure by residual stresses. Young’s modulus has a double effect on the residual 
stresses ; high modulus leads to high initial thermal stresses and large creep strains 
(i.e. in comparing materials whose creep properties may be regarded as equal), 
while the residual stresses produced by the creep strains are also proportional 
to the modulus. 
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APPENDIX I 


The evaluation of the tangential residual stress distribution by the slitting and 
boring method 


The residual stress distribution in the test cylinders was determined by measurement of the 
strains which occurred on machining away parts of the cylinders. The machining process adopted 
consisted of (a) the cutting of a radial slit and (b) boring out successive layers of metal from the 
inside surface of the cylinder. Strain measurements were made after the slitting and subsequently 
after each boring operation. The method of manipulation of the measured strain changes to deter- 
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mine the initial residual stress distribution follows closely that of DavipenKov (1932), the basie 
difference being that DavipeNKov's method applies to long cylinders (involving expressions for 
the flexure of a curved plate) whereas the method used here applies to very short cylinders 
and is based on the flexure of a thick curved beam. 

For the purpose of the analysis the following assumptions are necessary : 

(a) The changes in deformation occurring during the slitting and boring operations involve 
elastic strains only, allowing the use of Hooke's law. 

(b) Radial and axial stresses are negligible, the tangential stresses only being considered. 

(ce) No additional residual stresses are induced in the cylinder by the slitting and boring 
operations 

Fig. 4a shows a cvlinder after slitting but before boring ; Fig. 4b shows a later stage, during 
the boring operations. The analysis aims at finding the initial residual stress state, that is, the 
state which existed before the commencement of the slitting. 

The analysis relates to the residual stress within an elementary ring of thickness 5P and 
distant P from the outer surface (see Fig. 4). The initial residual stress within this layer consists 
of three components 

(a) that relieved by the slitting operation 

(b) that relieved by the removal of all the layers of metal up to the inner radius of the 
layer ; and 

(c) that relieved when the laver itself is removed 

In the following analysis a prescribed machining operation is deemed to be performed on 
the residually stressed cylinder. A certain deformation will result, this being measured in a 
convenient way. To ensure that the calculated stress components have their correct signs, a 
convention is necessary. Tensile stresses and strains are taken as positive. The dimension y 
is taken positive towards the centre of curvature. Deformations due to machining are taken 
negative since they correspond to the relief of a stress ; positive deformations are those which 
oceur if the necessary forces and couples are applied to the slit cylinder to restore its shape to 
that prior to the considered machining operation. Couples acting on the slit cylinder must 
therefore be positive when tending to increase its diameter 


Evaluation of the tangential residual stress component relieved by slitting 


Consideration of any radius of the cylinder before slitting from the viewpoint of static equilibrium 
shows that the sum of the tangential forces is zero and their total effect to be equivalent to a 
couple 

To determine the relation between the change in diameter on slitting and the corresponding 
change in tangential strain at the outside diameter, consider a curved beam (sce Timosuenko 
1951) which subtends an angle @ at its centre of curvature and has a radius r to its neutral axis 
when free from external forces and couples. Let positive couples now be applied to the ends 
of the beam causing the radius r to change by 4r and the angle @ to change by 40. 

Since the neutral axis of the beam carries no stress, its length will be unchanged by the 
application of the couple, therefore r@ = (r + 4r)(@ + 80), which becomes, on transposing, 


The strain at the outside diameter due to a positive moment 


({h/2] + e) or 


For a cylinder of known dimensions, the values of A, D, ¢ and r may be substituted. For the 
cylinders used in this work the relation becomes 


4D 21-2 (tangential strain at o.d.) (3) 


The relation applies only to the changes due to slitting. Separate consideration is given later 
to the changes which occur as a result of boring. In deriving (3) use has been made of the basic 
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assumption that the radial pressures (and therefore the deformations along a radius) are negligible. 
This enables 5D to be substituted for 25r. 
The relation between the applied couple M and the deformation of the beam is 


M ~E.h.e. 80/0 E .h.e.8D/2r 


per unit length of cylinder. 
The tangential stress at the layer distant y from the neutral axis is 


(5) 


after substitution for M from (4). Substituting y 2 = R—e, and 
e h* /12R in (5), we have 


z P + (h/2) 


«! 


a, E | P — (h/2) — (h?/12R) 
R 


which for convenience may be written 


E | P — (h/2) — (h*/12R) 3D 6 
7 (; 2R R — P + (h/2) ' ties 


for the stress at any layer 5P due to the reinstatement of the moment M relieved by the slitting 
operation. The use of the formulae ¢ = h*/12R in place of the more exact expression 
(h? /12R)[1 + (4/15)(h/2R)*) results in an inaccurcy of approximately 1}% in the value of e. 
In the present cylinders the neutral axis is thus located to within 0-005 in. 


2. Evaluation of the tangential residual stress component relieved by the 
removal of all the metal up to the inner radius of the layer 5P 


Fig. 4b shows the cylinder after some boring has taken place. The radial thickness of the 
cylinder is now Q. It is required to find the stress within the layer 5P due to the residual stress 
in the layer 5Q adjacent to the present bore. 

Suppose that just prior to removal, the layer 5Q carries a tangential stress o corresponding 
to a force o . 8Q. The action of this force on the remainder of the cylinder may be represented 
by a normal force — ¢ . 8Q uniformly distributed over a radial section, and a couple — ¢.Q.8Q /2. 

Consider firstly the couple, which is the incremental moment due to the residual stress within 
the layer 8Q. The curved beam is now of different depth from the original. It is therefore 


necessary to rewrite certain relations as follows : 
y P [(Q/2) + e’}, r’ {((D — Q)/2] —e’, 
€ Q* (6 (D — Q)), Rr (D — Q)/2. 


Substituting (7) in (5) we have, for the stress in the layer 5P due to the couple, 


A a hs (8) 
Q — 2 (D/2) — P 
E 3(2P — Q)(D Q) - @ sp. (9) 
D —2P 3(D — QF — @ 
Consider now the uniformly distributed stress — ¢.5Q/Q acting circumferentially on the 
beam. The circumferential deformation at any radius will be proportional to the circumference, 
which in turn is proportional to the radius. There will therefore be no change in curvature (and 
hence diameter) due to the action of the direct stress. It is necessary to determine the stress 
in the layer 8P (let it be denoted by 5c,"') due to the direct force. This is possible even though 
the diameter undergoes no change. Now 30,” = — oc. 8Q/Q. Proceeding to determine the value 
of ¢ in terms of the change in diameter, we have from (4) 
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° 7 < -- - 6D. 
2 D—Q—2e’ 
By transposition of (10) 


2 Ee’ 


Substituting (7) in (11) 
EQ? sD 
— -8(D—- QF —@ 3Q 


a. 8Q EQ .8D 
Q 3(D — Q)* — @ 


$0, = (13) 
giving the value of the stress component in terms of the diameter change cause by the couple 
e.Q@.8D/2. 

The residual stresses 52,’ and ba,” given by (9) and (13) are those connected with the removal 
of one layer of material. The total stress relieved by boring out the material between the original 
bore and the layer 5P will be given by a summation. Allowing the thickness of the layers 5P 
and 8Q to diminish without limit, we may write from (9) and (13) 


Q 
3(D — QP 


Co 


E "@=P sop D @ tote 
“ | { ©) ( @) —@ .. dD. (14) 
= D—2P Qe 


. - -dD+E 
Qeah 3(D — QF — @ J =i 


To simply the evaluation of these integrals the following method is adopted. It will be noted 
from (8) that 3c,’ is inversely proportional to (D — Q — 2e’) which is the equivalent of 2r’ (see 7) 


but 
az ; (*) Fe ) (15) 


enabling (8) to be written in the more convenicnt form, 


, R E P — (Q/2) 
ms (=) 5 Q (D2-P = 


Equation (11) may be treated similarly. (9) and (13) then become 
Rr’ E 2P —Q Q 
be, sD 
°2 | r D 2P D Q 3(D a| 


be.,”” ") LEQ SD 
ey) - 31D Q)? +o (13a) 


Rewriting (14) and adding, we have 


3(D — 2P) | Ph (D — Qy7 ate 


2E “a w 2PQ — 2DQ + ad dD - 


which may be evaluated graphically. 
Writing p = Q/D the ratio R’/r’ can be written 


which yields the following numerical values : 
p O-B75 ‘2. 0-125 00-0625 


R/i 1-136 1-038 1-007 1-001 
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If p is less than 0-025 the quantity R’/r’ may be considered sufficiently near to unity to justify 
its omission, and some numerical work avoided. If a, is known to be a small fraction of the total 
residual stress, the justification for omitting the term R’/r’ is improved. In the present case 
the maximum value of R’/r’ is 1-086 and the ratio is not considered to be negligible. 

If the ratio p is sufficiently small it will be permissible to use the method of integration given 
by Davipenkov (1932) in which (15) is manipulated to give 

2E pone" ** -@ 
-- ——7 (17) 


3(D — 2P) D—®Q (D 


» @ h 


Tae binomial theorem is then used to expand the quantities (D — Q)-' and (D — Q)-*. The 
first three terms of each expansion are used for substitution in (17) yielding a form suitable for 
graphical integration. For this method the ratio p must be small enough to justify the use of 
the first three terms only of the binomial expansion. In the present cylinders the first three 
terms represent only 81% of the value of (D — Q)-! and 89} % of (D — Q)-?. 


Evaluation of the tangential residual stress component relieved in 
the layer 5P when the layer itself is removed 


When all the layers interior to 5P have been removed, P and Q become identical and the 
layer 5Q superimposed on 5P. The case corresponds to that considered in the above paragraph 
when determining the residual stress component 8e,". We can therefore write directly from (12) 


(18) 


o% 


4 EP? dD 
; (5 3(D — P?* (a 7» 


the term (d.D/dQ)p being determined from the slope of the graph of D plotted against Q. Equation 
(18) is derived from consideration of the couple — og P.dP/2 acting on a radial section of the 
beam of thickness P. The equation fully defines the relation between og and 8D since, as has 
already been explained, the direct force — o3.8P/P does not cause any change in diameter of 
the cylinder. 


4. Consideration of the effect of the finite thickness of the bored-out layers 


The finite thickness of the bored-out layers has no effect on the accuracy of the residual stress 
determinations, providing sufficient readings are made to allow an accurate plot of diameter change 
with respect to Q to be made. It is emphasised that the thickness of the bored-out layers should 
not be associated with the layer 5Q used in the analysis. 


APPENDIX II 


Modification of the theory of Appendix I to suit the case when strain gauges are 
mounted on the outside diameter 


1. Evaluation of o, 


When the change of diameter occurring on slitting is known, the distribution of the component 
a, along a radial section may be quickly determined by using either (5), (6) or (Ga). When the 
change of tangential strain at the outside diameter is measured, it is possible to convert the 
measurements into diameter changes by the relation (2). 


2. Evaluation of o, 


Considering a curved beam and using the same notation as previously we have, as a general 
relation for the strain in a fibre distant y from the neutral axis due to the couple M, 
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7 y M 
°c i (19) 
It has been shown previously that the effect on the slit cylinder of the stress a in the layer 5Q 
is equivalent to a uniformly distributed normal stress — ¢.8Q/Q and a couple — ¢.Q.5Q/2 acting 
at any radial section. The strain at the outside diameter due to the direct stress is given by 
— ¢.6Q/EQ and the diameter undergoes no change. The strain at the outside diameter due 
to the couple is, from (19), 
_ (Q/2) +e] 7: 8@ 


od on 
“ " R +(Q?2) ok’ 


Substituting the vaiue of a from (11), we have 


se — RH IPMS (D ~ QD} 


D(D — Q) r 


The strain at the outside diameter, due to the direct stress, 


Substituting for ¢ from (11), we have 


= |— 5 5D. 

| r’ 3(D — Q)* 
The total strain at the outside diameter due to the stress within the layer 8Q is equal to de’ + de’. 
Adding these and transposing gives 


D - 
-3(3 | Oe te (22) 


Substituting (22) in (9a) 


*o = —3D—2P |Q 


8 ED 2 
Substituting (22) in (13a) 
ED 


See us a = eee 
%2 23(D—-®) 


Adding (23) and (24) and integrating : 


3(D — Q) Q 


o 


3 ED [" 
2 D-2P } 9, 


ear 


{2 +Q@-D 2P , 


which may be integrated graphically. 


3. Evaluation of o, 


From (18), 
R EP? 8D 
- (=) sore (%), 
Substituting for 8D from (22), 
EPD 
 2(D—P)\ 


oy 


In the present investigation oc, and oy were calculated using (25) and (26). 


Journal of the Mechanics and Physics of Solids, 1954, Vol. 2, pp. 259 to 264. Pergamon Press Ltd., London. 


YIELD CRITERIA AND THE BENDING OF WIDE BEAMS 
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SUMMARY 


Tue ductility of aluminium alloys in bending is discussed. The ductility at fracture of a wide 
beam in bending is dependent on both yield and fracture criteria and the relation between the 
amount of hardening and the amount of strain. It is shown that the minimum bend radius 
of a wide beam is very sensitive to the yield criterion, so that bend tests can be used to distinguish 
between different yield criteria, if the other stress-strain relations are known. In a practical 
ease, a yield criterion about halfway between those of Tresca and von Mises was obtained. 


1. INTRODUCTION 


Ix the plastic bending of beams, fracture can occur either in compression or in 
tension. In aluminium alloys the ductility in compression is generally greater than 
that in tension, so that failure in bending takes place in tension in the outer fibre 
of the beam. If the beam is narrow, the material is practically free from laterial 
restraint so that the outer fibres of the beam are in almost pure tension and the 
familiar anticlastic curvature takes place. Under these conditions the outer 
fibres may be stressed to well beyond their maximum load in simple tension 
while the load on other fibres of the beam is still increasing, so that the bending 
moment as a whole is still increasing. Local necking of the outer fibres is in this 
case prevented for a time by the support of the remainder of the beam, and what 
is normally known as local elongation in a tensile test occurs uniformly in the 
outer fibres along the whole of the bend surface. The bending moment eventually 
reaches a maximum when, if the beam is unsupported by a former, local instability 
sets in, giving local necking followed by fracture of the outer fibres, or if the local 
ductility of the outer fibres in simple tension is exhausted before the bending 
moment reaches a maximum, fracture of the outer fibres at this value will take 
place without necking. The point at which the maximum bending moment is 
reached depends of course on the rate of work hardening, but formost aluminium alloys 
it can be shown that this occurs at high values of outer fibre extension, 100-200% 
(Dorn and JELINEK 1944), so that fracture most often occurs due to exhaustion 
of local ductility in simple tension. Further, at an outer fibre extension of about 
100%, the material is bent flat on itself and further bending is impossible. If 
the beam is bent by wrapping over a former, local collapse or * peaking’ after 
the maximum bending moment is reached is prevented by the former in any case, 
and fracture occurs only when the local ductility in simple tension is exhausted. 
This limiting value is slightly greater than the reduction of area measured in a 
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conventional tensile test, as in the latter case the presence of triaxial tension 
in the neck no doubt tends to reduce the ductility. Dorn, JeLinex, THOMSEN 
and Putnam (1944) have shown for a variety of aluminium alloys that tensile 
and bend test results do, in fact, agree in this way with a fair degree of accuracy. 

In the bending of wide beams, lateral strain is prevented except at the edges. 
For an infinitely wide beam, plane strain conditions are thus obtained and in 
practice with a width/thickness ratio of greater than about 10 the centre of the 
beam may be considered as being under plane strain conditions. 


2. DuctTILITy IN PLANE STRAIN 


Dorn et al. (1944) have shown that under plane strain conditions the outer 
fibre strain at fracture in bending can be estimated briefly as follows. 

It can be easily shown that in any fibre in plane strain the tranverse stress 
a, = }e,, where a, is the longitudinal stress : the thickness stress a, is sufficiently 
small to be ignored. Taking the maximum principal stress criterion for fracture, 
and supposing that the stresses satisfy von Mises’ criterion for yielding at any 
stage of the preceding flow, the longitudinal fracture strain in plane strain is 


3 3 
$y _ ¥ F ¥- Gor 
2 ii 


where o,, is the true failing stress in simple tension and F is the function relating 
true stress to true plastic strain for simple tension (or compression). It is assumed 
that the material is isotropic and that the Ros-E1cHincer equation relating 
true stress to true plastic strain holds good, as in this case the principal axes of 
successive strain increments do not rotate, the principal stress ratios and principal 
strain ratios are constant, and elastic strains can be ignored. The only other 
alternative hypothesis is that the degree of hardening is a function only of the 
total plastic work, and this gives the same result in this case. Another fracture 
criterion which is generally considered to show good agreement with observation 
for many aluminium alloys is that of maximum shear stress (this is analogous to 
Tresca’s yield criterion). Under plane strain conditions this gives the same results 
as the maximum principal stress criterion. In a later paper Dorn (1948) lists 
various further suggested fracture criteria. The hydrostatic tension criterion 
(4(o, + og + ¢,) reaches a critical value) gives results widely different from the 
previous two criteria, and is not in agreement with combined loading test results 
on aluminium alloys in the biaxial tension range; in any case, it predicts zero 
ductility in plane strain for many aluminium alloys using any reasonable yield 
criterion. The cubic invariant o, o, a, is obviously inapplicable to biaxial tension, 
since a, is zero. The material may fracture according to a general function of stresses 
and strains and previous strain history, but such a function has yet to be formulated. 
The remaining fracture criterion is the so-called equivalent or effective stress : 
forse tese tea 
2 
(this is similar to the expression in von Mises’ criterion for yielding), Although 
experimental results on aluminium alloys agree more closely with the maximum 


Fig. 1. Wide and narrow bend test specimens in HP15WP plate. 
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shear stress criterion, the effective stress criterion is not entirely ruled out. We 
thus have four possible combinations of yield and fracture criteria (assuming 
cither of the above hypotheses of strain hardening) which may be summarized 
as follows :— 

(1) Maximum shear stress yield criterion (Tresca) + maximum shear stress 
or maximum principal stress fracture criterion. This gives ¢', = 
the longitudinal fracture strain in simple tension. 

(2) Maximum shear stress yield criterion + effective stress fracture criterion. 


cr’ 


rhis gives ¢'. = F | - Or: 
r /3 
. Vv . ‘a . 
Effective stress yield criterion (von Mises) + maximum shear stress 
or maximum principal § stress fracture criterion. This gives 
/3 /3 . 

+. = * F(¥ oer) — Doxn’s formula. 

Effective stress vield criterion + effective stress fracture criterion. This 
v3 

a 


gives $7, =» 


The difference between values thus obtained from (1) and (4) is not very great. 
(2) and (8) give very different values from (1) and (4) and from each other; the 
differences depend on the shape of the stress-strain curve and are of the order of 
from 2:1 to 4:1 for aluminium alloys. It will be noted that (2) is an unlikely 
combination, as it gives values of ductility in plane strain greater than in simple 
tension. With the exception of (1) versus (4), bend tests are a sensitive method 
for distinguishing between the different criteria. In the usual type of combined 
loading tests for distinguishing between different yield criteria, only small differences 
have to be detected, so that not only must measurements be accurate, but any 
slight anisotropy of the material of, say, a few percent difference in the stress-strain 
curves is sufficient to destroy the value of the tests. In the present case, it is 
difficult to imagine that evén an appreciable amount of anisotropy would mask 
an cffect as large as from 2:1 to 4:1. 


8. Pracricat Tests 


For aluminium alloys it is known that the minimum bend radii for narrow 
beams are much smaller than those for wide beams of the same material and thick- 
ness, and this is true for both longitudinal and transverse directions of commercially 
rolled materials showing some anisotropy ; this rules out (1) and (2) and throws 
considerable doubt on (4). For the present purpose, bend tests on } inch thick 
aluminium alloy plate conforming to B.S. 1477, HP15WP, were carried out on 
a “wrap” type bending machine, using specimens with width/thickness ratios 
of 1 and 8. The outer fibre strains at fracture were approximately 27% and 
10%, respectively. The specimens are shown in Fig. 1. 

If stress-strain curves for comparison are taken in tension, uniaxial stress is 
not obtained during necking, although for many aluminium alloys with a relatively 
small amount of necking the errors involved are small. Compression stress-strain 
curves were therefore taken for both longitudinal and transverse directions using 
cylinders of 0-424 inch diameter and j inch length (this short length was necessary 
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to avoid end-slip buckling). The specimens were unloaded at every 2°% compression 
and re-lubricated with grease containing molybdenum disulphide, as previous work 
had s.own that this technique gave very little barrelling, while the increments 
of 2%, were sufficiently large to surmount the knee of the stress-strain curve for 
each increment. The envelope curve thus obtained is believed to be an accurate 
representation of the true stress-strain curve in pure compression. It was found 
that the compressive stress-strain curve in the longitudinal direction coincided 
with the tensile stress-strain curve in the transverse direction (i.e. the bend 
direction), and that the transverse compression curve was slightly higher, with a 
maximum difference of 2°,. This suggests that the slight anisotropy thus exhibited 
was due to the Bauschinger effect, no doubt arising from the flattening operation 
on the plate. 
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Fig. 2. Stress-strain curves in longitudinal and transverse directions-HP15WP plate } in. thick. 


For the local ductility in simple tension at fracture, the reduction of area values 
from conventional tensile tests were taken in the bend direction (transverse to 
the rolling direction). The values of local elongation were 26% and 82°, compared 
with 27% obtained in bending the narrow beam. (This latter value was obtained 
by simple geometry, as check tests with grids scribed on the outer fibre had shown 
that the measured and geometric values agreed : it can be shown that the shift 
of the neutral surface at this amount of deformation can be ignored.) Fig. 2 shows 
the compressive stress-strain curves in the two directions with the local ductility 
in tension given by point A. On the hypothesis (3) (von Mises’ yield criterion 


Yield criteria and the bending of wide beams 263 


and the maximum shear stress fracture criterion), the corresponding ductility in 
plane strain is given by points B, equivalent to about 4°% extension. This compares 
with 10°, (point C) obtained on wide plate and gives better agreement than do 
the three other cases. The plate was rather narrower than desirable, but even so 
this would not be expected to explain the relatively large difference obtained. 

It seems, therefore, that the yield criterion is not accurate. If we assume that 
cither the total plastic work or Ros-Eichinger strain hardening hypothesis is 
correct and that the maximum shear or principal stress fracture criterion is correct 
(and combined loading tests give good agreement with these criteria under plane 
strain conditions), it suggests that the true yield criterion is between those of 
Tresca and von Mises. This is further illustrated in Fig. 3. If the Tresca 
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Fig. 3. Stress-strain curves for outer fibre in bending wide beam. 
Note: The total plastic work or Ros-Eichinger hypothesis of strain-hardening is assumed 
throughout. 


criterion of yielding is adopted, the stress-strain curve for the outer fibres of the 
wide beam coincides with the stress-strain curve for simple tension. If the von 
Mises criterion for yielding is adopted, however, the tensile stress in the outer fibres 
of'the material is 1-155 x the simple tensile yield stress of the material. The corres- 
ponding true strain required to work harden the outer fibres of the beam to this 
extent is therefore 0-866 x the true strain in simple tension. The maximum shear 
or principal stress fracture criterion together with the von Mises yield criterion 
gives the value ¢’,., (Fig. 3) since at this value of outer fibre strain the critical 
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maximum shear or principal stress is attained. In order to satisfy the stress- 
strain curve for transverse tension (or longitudinal compression) and the bend 
tests results (also in the transverse direction), a modified yield criterion is used, 
such that the tensile stress = 1-07 o, where a is the simple tensile (or compressive) 
vield stress; this is indicated by the dotted curve in Fig. 3, giving a correct 
fracture ductility of ¢',,.. This is in good agreement with the value of 1-08 o for 
plane strain, predicted by Bisnor and Hiw’s (1951) theoretically derived yield 
criterion for a polycrystalline face-centered cubic metal. If the stress-strain curve 
for transverse compression is taken, a value of 1-05 is obtained for the constant, 
but as it is being compared with bend test results at right angles to it, the real 
value of the constant should be higher than this, nearer to 1-07. The experimental 
stress-strain curves obtained in the two directions represent the extremes between 
which the stress-strain curve (and the corresponding yield criterion) of the 
equivalent isotropic material would lie. As an alternative to these yield criteria 
it is possible that the material has similar yield and fracture criteria, in which 


9.7 


case values of 2-70 and 2-7e,, are required, which is highly unlikely. 


A rough check on published values of minimum bend radii for aluminium alloys 
in sheet form suggests that for heat-treated alloys, such as that used here, Dorn’s 
formula underestimates the fracture ductility in plane strain. The fracture 
ductility for the cold-worked tempers of Al-Mg alloys is overestimated and for 
all other alloys good agreement with Dorn’s formula is obtained. This suggests 
that the vield and fracture criteria may be different for the various alloys, although 
a more accurate check is required before this can be stated with certainty. 
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SUMMARY 


INDENTATIONS were made in three cold-worked metals, namely mild steel, copper and aluminium, 
using indenting tools of cone angles between 10° and 140°. The indenting tools were lubricated 
to reduce the coefficient of friction to a low value. Minimum permissible sizes of indentation 
specimens were determined. ‘The shear yield stress of the materials was found from torsion 
tests. Precautions were taken that non-uniformity and anisotropy should not vitiate the 
results. The ratio between mean indentation pressure and shear yicld stress was found to be 
approximately the same for the three materials, and the variation of indentation pressure with 
cone angle is shown. Measurements of the volume of the raised lip and shape of the impression 
are given. The possible influence of plastic-elastic effects on the observed indentation pressures 
is discussed. 


INTRODUCTION 


WHEN an indentation is made in a solid body the displaced material may diffuse 
inwards, or it may form a ridge raised above the original surface. It is well known 
that with cold-worked metals an elevated ridge is formed around the indenting 
tool, but that with annealed metals this ridge is often absent. Hits (1950a, 
p. 259) put forward the qualitative explanation that local flow outwards to the 
surface necessitates severe distortion, and that with a work-hardening material a 
mainly inward displacement accommodated by the resilience of the whole body of 
material may occur first. This disappearance of the displaced volume of material 
in the case of annealed metals is to some extent illusory, for the surface around 
the impression is slightly raised over a wide area, It can be seen from the 
experiments of [cniians (1931) with ball indenters and of DuGpaLe (1953) with 
wedge indenters that for materials of various small rates of work-hardening the 
shape of the raised lip varied greatly while the ratio of lip volume to displaced 
volume remained near to a value of unity. It appears, therefore, that impressions 
made in materials having different rates of work-hardening can be of different shapes 
due to a changed mode of flow, or to the elasticity of the material, or to both 
conjointly. From the point of view of hardness testing it is of interest to know 
what material properties are being measured when an indentation test is made, 
and whether the indentation hardness is defined uniquely by the plastic stress- 
strain relation or not. For investigating this problem, conical indenters have an 
advantage over spherical indenters in that impressions made under different 
loads are always geometrically similar in shape, so that absolute magnitudes of 


mpression size and load are not of primary importance. Also it is desirable to 
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use, in the first instance, materials whose behaviour is not complicated by high 
rates of work-hardening. Cold-worked metals usually possess a fairly distinct 
initial yield stress and subsequent straining produces little further hardening. 
Unfortunately some unwanted properties such as non-uniformity and directionality 
also appear in these materials and consequently a greater number of tests must 
be’ carried out to obtain reliable experimental values. 

It appears that the problem of cone indentation has not been worked out 
theoretically. Some of the mathematical difficulties have been discussed by 
Hitt (1950a, p. 280). Regarding experimental work, HANKINS (1926) reported 
a comprehensive series of tests with conical indenters of various cone angles. 
However, these results were not related to any other material tests, and friction 
cocflicients were derived by assuming that in frictionless indentation the mean 
pressure on the projected area of impression was the same for all cone angles. 
Bisnor, Hit and Mort (1945) found that for lubricated cones the mean pressure 
decreased slightly with increasing cone angle, but it seems that their experiments 
were too few in number to be reliable. In the present work it was found that 
for cones of angle greater than 30° the mean indentation pressure increased with 
increasing cone angle. 


2. MATERIALS 


Materials not too remote from engineering practice were chosen. The copper 
was from a slab of high-conductivity (electrolytic) copper of dimensions 5 x 14 
36 in. The aluminium slab (nominally pure) was of dimensions 8 x 14 x 36 in. 


| INCH 


f 


or 


S INCHES 


THIS PART WAS SELECTED 


a 


Fig. 1. Hardness contours over sections of bars. (a) Section of copper bar; (b) Section of 
steel bar. 


Both slabs had been reduced in thickness by about 25% by cold rolling. The 
“ bright-drawn ” steel bar was of 1 x 1} in. section and about 9 ft. long, and 
from a micro-section it was deduced that the carbon content was about 0-15%,. 
The steel and copper had average crystal sizes 0-03 mm and 0-06 mm. Hardness 
variations were investigated by taking large numbers of Vickers Pyramid Hardness 
readings over sections cut from the bars. It was found that a certain minimum 
size of diamond impression relative to the grain size must be used if small variations 
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in macroscopic hardness were to be determined with certainty. Satisfactory results 
were obtained when the impression diagonal length was 15 times the mean grain 
dimension. Three equally spaced sections were taken from the copper slab, and 
the distributions of hardness over each section were similar in that the material 
near the edges of the bar was below average in hardness. The results for the 
central section are shown in Fig. la. The part which appeared to be abnormally 
soft was discarded. 


The section of the steel bar was not large enough to allow of any selection of 


material. It was arranged that both cone indentations and torsion test specimens 
involved material from the centre of the section. The hardness distribution shown 
in Fig. 1b was typical of distributions obtained from sections taken at various 
positions along the bar. It can be seen that the non-uniformity must necessarily 
produce some random variations in the measured values of the mean indentation 
pressure, since tests made in different directions cannot involve deformation of 
material from precisely the same regions. The method by which the diagrams 
of Fig. 1 were constructed was to take as many Vickers hardness readings as 
possible (100 on the steel section and 250 on the copper section) and then to average 
all possible groups of four contiguous readings. This procedure reduced the 
random variations due to finite crystal size. From these averages the contours 
were drawn. 

The mean grain size of the aluminium was much larger, about 1-0 mm. Repro- 
ducible maps of hardness could not be obtained, but irregular areas of hardness 
numbers 35 to 38 seemed to exist. An etched section showed that the grain size 
did not vary greatly, though the crystals were slightly larger towards the centre 
of the section. About half an inch from each edge of the slab was discarded. 

Some convention must be adopted for describing the orientation of specimens 
cut from these bars. The orientation of a cone indentation specimen is defined 
by the direction of the cone axis relative to the bar, and the orientation of a torsion 
specimen by the direction of its longitudinal axis. The direction of the greater 
dimension of the cross-section of the bar is designated 2, the direction of the 
lesser dimension y, and the longitudinal direction z. 

The plastic anisotropy of these materials is well illustrated by the apparent 
ellipticity of the cone impressions. These diameter ratios are shown in Table 1. 


Impression axis : 
Diameter ratio : 


STEEL 
CopPrEeR 
ALUMINIUM 


They were obtained by plotting one principal diameter against the other throughout 
the indentation test, the gradient of the curve giving the mean diameter ratio. 
Values for the 120° cone angle only need be given. It can be seen that the 
aluminium shows marked anisotropy while the steel is almost isotropic. 
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3. Torsion Tests 


Longitudinal specimens only were taken from the steel bar, but copper and 
aluminium specimens were taken from cach of the three principal directions of 
the bars. The specimens were solid, of diameter 0-3 in. over a gauge length of 
1jin. The torsion machine permitted the specimen to expand axially during 
the test. A calibrated optical torque-meter was used, and the twist over the 
gauge length was indicated by pointers clamped to the specimen registering on a 
circular graduated. scale. The procedure was to apply quickly a fairly large strain 
increment (about 0-2) to the specimen, and then to wait 2 minutes before taking 
the torque reading. The shear yield stresses k were derived from the torque-twist 
curves by the usual Napat construction. These stresses were determined over 
the range of shear strain y (engineering definition) that is likely to be found in 
material deformed by indentation, i.c. strains of the order of unity. They are 
shown in Table 2, the units being tons per square inch. 


TABLE 2. 


Engineering shear strain 
Orientation 
of specimen 2 0-5 0-7 


20-2 a : 21-8 
20°3 20-9 : 22:3 
20-2 20-8 ‘ 218 


Average : “% 20-2 20°8 “ 22-0 


10-05 10-40 10-65 11-00 
10-30 10-65 10-85 11-00 
9-90 10-20 10-30 
9-90 10-45 10°55 
10°25 10°55 10-60 10-65 
10-10 10-40 10°45 10-60 


COPPER 


Average : 10-10 10-45 10-60 ; 10-80 


3-52 3-67 3-80 3-82 
3-35 3-59 3-64 3-64 
3-42 3-49 a4 3-68 
341 3-54 3-62 3:76 
3-32 3.41 3-46 3-48 
3-37 3-55 3-56 


ALUMINIUM 


Average : 2-40 3-5: 3-60 3-66 


This method for determining the shear yield stress has certain shortcomings. The 
final surfaces of the torsion specimens were more or less rough, but measurement 
showed that the mean diameters had diminished by amounts up to 0-001 in. for 
the steel specimens and up to 0-002 in. for the copper specimens. The aluminium 
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specimens were too rough to be measured accurately, the surface irregularities 
being about 0-005 in. in height. As a correction for this effect would be very 
uncertain, none has been applied, but it is clear that the stresses at the larger 
strains must be slightly under-estimated (by 1 or 2°) on this account. Another 
difficulty is that the so-called generalized, or equivalent, shear stress need not 
be exactly the same function of the integral of equivalent shear strain increments 
for different deformations if these deformations induce different kinds of preferred 
crystal orientation. The orientations that may result from the torsion of a cylinder 
and from the flow around a penetrating cone are likely to be different. Further, 
the yield locus (cf. Hi. 1950a, p. 18) for these materials need not be a circle. The 
stress in a torsion specimen remains on the same point of the yield locus, while 
the stress in a particle of a body deformed by a cone indenter must traverse some 
arc of the yield locus during its strain 
history. However, it is assumed in the 
sequel that the Mises criterion of yielding 
is applicable. 

Further torsion tests were carried out to in 
vestigate the behaviour of the materials at 
small plastic strains. The stress-strain 
diagrams are shown in Fig. 2. They show 
that the copper and aluminium reached an 
almost constant flow stress after quite a 
small strain (about 0-01). For the steel, 
however, there was a considerable range of 


, bons per squore inch 


plastic strain over which the rate of strain- 
hardening was comparatively rapid. 


SHEAR STRESS & 


ALUMINIUM 


4. INDENTING TECHNIQUE 


Cones of hardened carbon steel were 
employed. The cone was rigidly fixed to 


the upper platen of a Buckton testing O02 O03 O04 OOS 

machine in such a manner that the axis | ip. 

of the cone was accurately perpendicular ’ : 
? Shear yield stresses at small 


to the surface of the lower platen and plastic stenina. 


parallel to the vertical guiding surfaces 

of the machine. The specimens were 

machined to a cylindrical shape, with flat parallel faces. They were not constrained 
or located in any way, but were free to assume a central position as the cone 
entered the impression. For all tests calcium oleate was used as a lubricant. A 
pellet of this substance was shaped into a pointed cone and introduced into the 
impression so as to completely fill it before introducing the indenting tool for the 
next loading. The cones were finished by grinding to give a cone angle accurate 
to within 3 minutes of arc, and to give a surface finish of about +- 10 micro-inches. 
Coefficients of friction were measured by a method described by HiLt (1950b) 
which depends on the unequal lateral expansions of a lamina of the material 


when compressed between parallel lubricated anvils. The coefficients found 
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were: steel 0-080; copper 0-020; aluminium 0-025. The cones became blunted 
to a certain extent during the tests, but the bluntness never exceeded 0-001 in. 
measured axially. They were re-ground before commencing tests on each 
material, The area of the impression as viewed from above, i.e. the projected area, 
was taken to be that of an ellipse of the same principal diameters, and these 
were measured by means of a travelling microscope reading to 0-001 cm. The 
edge of the impression was always clearly defined, but it was noted that for the 
indentations in copper with cones of cone angle 60° and less, the rim of the im- 
pression contained deep radial fissures. This may explain why these values of 
mean pressure appeared to be erratic. Care was taken to ensure that the testing 
machine was correctly adjusted and well lubricated, and that the load was applied 
without shock. The load was applied for 2 minutes on all occasions. 


5. Size oF SPECIMEN 


It is of great importance that the indentation specimen should behave in the 
same way as a semi-infinite block of material. Preliminary tests were made to 


determine the critical size of 


impression : that is, the size beyond 
which the mode of deformation 
changes due to the finite size of the 


specimen. One set of specimens had 


ge" 


fn large depth (1-0in.) and small 
diameter (0-5 in.), and another set 
. x STEEL 

had large diameter (1-0in.) and > COPPER 


. OA MINIUM 
small depth (0-lin.). For each ieee 


specimen about 10 uniformly 


increasing loads were applied so 


that the critical size of impression 
was exceeded. By plotting the 
impression area against load, the 
point at which the readings 
departed froma straight-line relation 
was found. The limiting ratios of 


specimen outside diameter s and 
specimen depth ¢ to mean impression 
diameter d are shown in Fig. 3. 


From this information it was 7 20 


decided that the specimens should CONE ANCLE, degrees 

be 1-0in. in diameter and 0-6 in. Fig. 3, Critical dimensions of indentation specimen. 

in depth for a maximum impression (a4) Ratio of impression diameter d to specimen 

thickness ¢; (b) Ratio of impression diameter d to 
specimen outside diameter s. 


diameter of O-2in. It should be 
noted that the critical ratios do not 
hold good when both diameter 
and depth are simultaneously made small. To make quite certain that no overall 
expansion took place, the outside diameter of the specimen was measured to 
within 0-0001 in. after each loading. 
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6. INDENTATION TESTS 


Load values were applied which gave equal increments of penetration, so that 
the peculiar friction effects that must exist at the extreme point of the cone should 
remain constant at all stages of the penetration. Thirteen applications of load 
were sufficient to give a satisfactory graph of impression area applied against 
load, A typical example is 
shown in Fig. 4. A graph 
such as this was carefully 
drawn for each specimen. 
The curve does not pass 
exactly through the origin 
because of the small 
additional load required to 
overcome the high friction 
at the extreme point of the 
cone, but this is of no 
consequence as only the 
gradient of the curve is 
relevant. This gradient 
defines the mean indentation 
pressure acting on _ the 
lubricated surface of the fe) 5 
cone. For each material, 
specimens oriented relative 
to the bar in each of the 
three possible ways were 
prepared, 63 specimens in all. It was considered that the average values thus 
obtained would be free from the grosser errors that might arise from anisotropy 
and non-uniformity. The observed values are shown in Table 3, the units being 
tons per square inch. 

The pressure p, corrected for friction was found from the average of the observed 
pressures p by applying the usual formula 


Oo 
Oo 
¥ 


MATERIAL- STEEL 
ORIENTATION x 
CONE ANGLE 90° 


CRADIENT 90-5 tons per sq. in 


PROJECTED AREA OF IMPRESSION, squore inches 
re) 
e. 
re) 
w 


'O \-S 20 
APPLIED LOAD , tons 


Fig. 4. Typical graph of impression area against applied load. 
All the points except the first few lie on a straight line. 


Pp. = p/(l + p cot 8) 


where py is the friction 

coefficient and @ is the semi- 

angle of the cone. Friction 

must also have an effect on 

the slip-line field. This effect 

could not be evaluated, but 

the analogous effect for wedge 

indentation (DUGDALE 1958) le 

may give some guide as to its Fig. 5. Measured dimensions of impression. 

probable magnitude; the mean 

pressure is there increased by a 

factor 1/(1 — yu) on this account irrespective of wedge angle (if u is small). 
Before an indentation was begun, the upper surface of the specimen was polished, 
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the aluminium and copper specimens with alumina and the steel ones with chromium 
oxide. The specimen was tilted so as to give a strong reflection of light into the 
microscope, and the mean diameter D of the plastically strained area (Fig. 5) was 
recorded after each loading. On plotting these values against mean impression 
diameter d for each specimen the mean ratio D/d was found. These were averaged 


for the 2, y and z specimens, and are shown in Fig. 6a. 


Cone Observed pressure Corrected 

angle -— . — pressure 

(degrees) ' (average) 
0 78:5 83-0 75-0 
60 84-0 85-0 . 80-5 
80 90-0 92-5 88-0 
90 90-5 97-0 91-0 
100 92-0 101-0 . 93-5 
120 95-0 101-5 96-0 
1) 96-0 98-0 95-5 


th) 40- 40°8 “f 38-7 

40- 41-9 ° 40-0 

| 46 46-8 ° 45°8 

CopPEeR 47° 47-9 . 47°5 
49-5 49°5 

53-4 53-4 

55-9 56-4 


13-10 
13-15 
14°50 
ALUMINIUM i 15-80 
16-05 
17-05 


18°40 


The height of the raised lip was determined by taking the overall measurement 
with a micrometer and deducting the original thickness of the specimen. This 
measurement was taken at four points on the circumference of the impression 
after each loading. Plotting the mean height of the lip A against the mean 
impression diameter gave an average ratio h/d for each specimen. These are 
shown in Fig. 6b, the value shown being the average for the z, y and z specimens. 


Although the individual readings were subject to a small uncertainty due to 


irregularity in the height of the lip and to difficulty in deciding the exact limit 
of the distorted area, it can be seen that each value shown in Fig. 6 was obtained 
by averaging large numbers of these readings. These are therefore considered to 
be trustworthy. 
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Votume or Raisep Lip 
After the indentation tests were completed each specimen was cut away to 
leave a diametral section of the impression. This section was made very thin 
(about 0-02 in.) to avoid effects of curvature, and was taken at 45° to the principal 


diameters of the impression so 


that any lack of axial symmetry 
of the impression would intro- 
duce a minimum of error. With 
the specimen mounted in a° 
projector giving a magnification 


of about 50 times, the profile of ‘ | 


» disturt ° ws ace Is} * STEEL ~— 
the disturbed surface was traced tn 


on a sheet of paper. From the G ALUMINIUM 


known cone angle and the 


measured length of the line in the 
original surface AB (Fig. 5), the 


displaced volume was calculated. 
The volume of the raised lip 
was found by _ integrating 


numerically, assuming it to be a 
body of revolution. Dividing 
the lip volume by the displaced 


volume gave the ratios shown 
in Table 4. Elastic recovery of 


the impression would presumably 


» ; 60 ! 180 
duce ne » line 
reduce the length of the line AB CONE ANGLE, degrees 


and would therefore make the . Zhe 
Fig. 6. Proportions of impression in terms of mean 


diameter d. (a) Diameter of plastically deformed 
greater than the correct value, area D; (b) Height of lip above original surface h. 
but the effect is assumed to be 


value of the calculated ratio 


negligible. 
8. MEAN STRAIN 


In order to relate the indentation pressures to the shear yield stresses found 
from torsion tests it is necessary to know the magnitude of the mean strain in 
the deformed material around the indentation. It is conceivable that this problem 
might be avoided by analysing the indentation results in terms of an initial yield 
stress and an assumed constant rate of strain-hardening, but unfortunately it is 
impossible to decide upon values for either of these, since the stress-strain curves 
have continually varying slopes. In any attempt to calculate the mean strain, 
the difficulty immediately arises that the distorted volume is not known. Here 
an approximation is made by assuming that the distorted region is bounded by 
the surface of the cone generated by the line OC (Fig. 5). This assumption has 
no particular virtue other than its simplicity. By equating the work done by 
the applicd force to the work dissipated in straining this volume of material of 
mean shear yield stress k to a mean value of equivalent shear strain y it is found 
that 
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_ Pp (4) 
v= E(p)- 
The p, values were taken from Table 3 and the D/d values from Fig. 6a. A brief 
iterative method was required, taking a trial value of k and then verifying that 
it corresponded with the strain value y in Table 2. The strains thus found varied 
from 0-6 for the 40° cone angle to 1-75 for the 140° cone angle. The latter is 
unlikely to be correct, for the assumption made becomes unreasonable at large 
cone angles, but it can be seen that even if the assumed volumes of the distorted 
region are doubled the resulting & values will only be reduced by amounts up 


to 5° 


u* 


Cone angle 
(degrees) Observed volume ratio 


CoPpPER 


ALUMINIUM 4 


9. Tests with Cones oF SMALL ANGLE 


Because of the experimental difliculties this work is less accurate than the 
work with cones of larger angles. The aim was to determine approximately the 
cone angle for minimum mean pressure. In general, the procedure was the same. 
Two specimens only were made for each material and each cone angle. The 10° 
cone was made from a tough alloy steel, but when used with copper, the tip 
repeatedly broke off to the extent of 0-02 in. measured axially. The greatest 
impression diameter was 0-05 in. The results are shown in Table 5 (in units of 
tons per square inch). 
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10. Discussion or REsuLts 


An ideal plastic-rigid material must give a unique value of the ratio of mean 
indentation pressure to shear yield stress (p./k) for a cone of any given angle, 
since such a material is completely defined by its flow stress. From the pressure 


TABLE 5. 


Cone angle Observed Corrected pressure Volume 
(degrees) pressure (average) ] 


57°5 
54-9 
47-7 
44°8 
40-0 
38-8 


COPPER 


18-2 
18-9 
15°4 
15°6 
14-2 
14-0 


ALUMINIUM 


« STEEL 
oe COPPER 
® ALUMINIUM 


1°) 


60 18O 


120 
CONE ANCLE, degrees 


Fig. 7. Mean indentation pressure p, expressed as a multiple of the appropriate shear yield 
stress k, 


p, from Table 3, and the mean shear stress k from Table 2 using mean strains 
given by equation (2), these ratios were calculated. They are shown in Fig. 7. 
The ratios for copper and aluminium agree fairly closely and, subject to an allow- 
ance for the various sources of error that have been mentioned, they should 
represent the ratios for an ideal plastic-rigid material. The ratios for steel also 
agree with those for copper and aluminium except for the obtuse cone angles. The 
ratios of lip volume to displaced volume (Table 4) for the copper and aluminium 
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are approximately equal to unity. The proportions of the impression (Fig. 6) 
show fair agreement between copper and aluminium, and it is likely that the 
values lie close to those for the idealized material. 

The experimental results for cones of small angle (Table 5) show that the mean 
indentation pressure rises for very small angles. The volume ratios show that 
even for the 10° cone most of the displaced material escapes to the surface, so a 
rapid rise in pressure might be expected as the angle is further decreased. It 
may be mentioned that Bisnop, Hitt and Morr (1945) gave a theoretical pressure 
of 71 tons per square inch for cold-worked copper for a cone of zero angle. The 
angle giving the lowest mean pressure (Fig. 7) is probably between 30° and 40°, 


11. Benaviour oF STEEL 


The results for steel for cone angles of 120° and 140° were at variance with 
those for copper and aluminium and inconsistent with the values for smaller 
cone angles (see Figs. 8a, 6a, 7 and Table 4). As these variations were considered 
to be significant, an attempt has been made to explain them. 

Bisuop, Hit. and Morr (1945) suggested that the pressure beneath the head 
of a punch could not exceed the pressure p, required to enlarge indefinitely a 
small spherical cavity in an infinite block of material. By following their method 


it was found that 


p, : F * d(r/a) 


(r/a) 


where a and ¢ are the current radii of the cavity and the plastic region, and 


8 8G 


\ 3 ky 


TABLE 6. 


STEEL COPPER ALUMINIUM 


tons per sq. in. 5,20 2,930 
tons per sq. in. 14-0 8-0 
7-56 751 
tons per sq. in. 139-0 78-6 
tons per sq. in, 05-5 56-4 
0-69 0-72 


where G is the modulus of shear and k, the initial yield stress (see also Hii. 1950a, 
pp. 104-106), From these equations p, was found by numerical integration 
using & values from Fig. 2 and Table 2. This integration showed that p, depends 


iargely on the stresses at small plastic strains. 
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Table 6 shows the shear moduli that were taken and the calculated values 
of p,. The greatest observed indentation pressures p, (for the 140° cone) were 
then selected from Table 3, and the ratios p/p, were found. On the basis of 
these calculations the following discussion of the indentation pressures is offered. 
The pressure acting on the surface of the cone is not uniform, but increases towards 
the tip, where the material is most confined. The mean pressure increases with 
cone angle (Fig. 7) so that the pressure at the point of the cone must also increase. 
At some cone angle, the pressure acting on the part of the cone near to the point 
will become sufficiently great to initiate a flow inwards into the body of the 
material. It is supposed that this pressure is nearly equal to, but not greater 
than, p,, the pressure required for expanding a spherical cavity. Meanwhile, the 
material around the edge of the impression can escape to the surface more readily. 
Therefore, the mean pressure acting on the cone when this mixed flow is occurring 
need not be equal to p,, but will be equal to some fraction of it. This fraction 
must be a functicn of the material and cone angle. However, the experimental 
results (Table 3) show that the mean indentation pressure p, for steel reaches 
an almost constant value of about 95 tons per square inch for cone angles of 
100°, 120° and 140°, which suggests that the fraction does not vary greatly with 
cone angle, but assumes a value of about 0-7 (Table 6) for this material. Further, 
if the assumption that this fraction will not vary greatly for the three materials 
is admissible, then inward flow should not develop for the copper and aluminium 


until the ratio p,/p, reaches a similar value of 0-7, which does not occur until 


the cone angle reaches 140° (Table 6). This argument is supported by the evidence 
of Table 4 which shows that the apparent loss of displaced volume for the cone 
angles 120° and 140° was greater for steel than it was for copper and aluminium. 
Therefore, it is suggested that the lower indentation pressures for steel with cones 
of these angles were brought about by plastic-elastic effects resulting in an inward 
flow of some of the displaced material, and that these effects occurred for steel 
to a greater extent than for copper and aluminium because of the greater curvature 
of the stress-strain diagram. 
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ON THE LIMITS SET BY PLASTIC YIELDING TO THE 
INTENSITY OF SINGULARITIES OF STRESS 


By R. Hiww 


Department of Mathematics, University of Nottingham 
( Received 5th May, 1954) 


SUMMARY 


Tue following general problem is considered : Elements of a solid body deform appreciably 
only when the local stresses satixfy a certain relation; the material properties are otherwise 
arbitrary. What combinations of loads over some given part of the surface would definitely 
produce significant deformation, irrespective of forces and constraints elsewhere ? 

Attention is given mainly to the loading of an angle in the surface where there is necessarily 
a singularity of stress. An important application occurs in the theory of the yield point of a 
plastic-rigid body under given loads, where it is often necessary to décide whether non-deforming 
zones proposed in a solution are overstressed or not. Several examples are discussed. 


1. STRESS STATES IN AN ANGLE 


CoNSIDER a two-dimensional wedge of vertex angle « with curved boundaries over 
which act given distributions of stress, continuous and tending to finite limits as 
the vertex is approached. If the stress at an internal point with polar coordinates 
(r, 8) has components (¢,, og, 7,9) the equations of equilibrium in the absence of 
body forces are 

do, 1 oT. _ 00% 


- a + 2 == @). 
yr «(00 yw ” 


r 


Since the boundary conditions exclude the possibility of infinities, the stresses at 
the vertex (r = 0) are functions of @ only and satisfy 


dry dog 


- @ 8 


1. Seo = 
46 , 70 (1) 


dg 


together with the boundary values at r = 0, say 


a9 (9) = Py og (x) = — Py 76(0) = 4), 714(%) =, (Fig. 1). 


In general, for arbitrary p,, Py. 4). Yq, the vertex is a singularity of stress, i.e. 
7,4 is not a simple harmonic function of 20. Its precise functional dependence can 
naturally be determined only in terms of the properties of the material and the 
distribution of surface forces elsewhere. However, irrespective of what these may 
be, it will be shown that definite restrictions are imposed.on p,, p,, ¢,, 7, by the 
condition that the maximum shear stress at any point must not exceed a critical 
value k, namely 
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e a 2— 12 ’ drg\* | 2-12 
| (eo » 74 kh or (7) 74 2, 


A state of stress violating this condition 
is regarded as being necessarily accom- 
panied by deformations large enough 
to alter significantly the geometry of the 
wedge. It is immaterial whether this is 
due specifically to plastic yielding, as in 
a ductile metal with a sharply-defined 
elastic limit, or to failure in some other 
sense. For convenience, however, and 
since the applications to be described all 
concern the ideal plastic solid, an 


clement will be said to be * plastic’ 
when the maximum shearing stress is 
equal to k. 

We make now the substitution 


74 k sin 24 


where, to be definite, ¢ is always chosen in the closed interval (— jm, }7). 
boundary values ¢, and ¢, are defined by 


q, = k sin 2¢,, Yq = k sin 24,. 


The inequality (2) reduces to 


while the second of (1) becomes 
“a 
sin 26 dO = (p, — p,)/2k. 
~ O 
Note that the maximum shear stress is equal to k either when |d¢/d@| = 1 for any 
value of ¢, or when |¢| }w for any value of d¢/d@. Also, since o, (though not 
og and 7,9) can be a discontinuous function of @ so can dr.4/d@ and d¢/dé. 

For some given loading of the vertex, specified by the four quantities p,, p,. 
q, and q,, consider all continuous functions ¢(@) passing through the terminal 
values ¢,, ¢,, and with gradients nowhere exceeding unity and not necessarily 
continuous. If none of these functions satisfies (5) we conclude that the condition 
(2) is definitely violated throughout a certain range of 0; the wedge could therefore 
not maintain its supposed shape under such loads applied at the vertex. For any 
given ratios of p,, p,, q,, and q,, we can determine in this way the stress magnitude 
above which (4) is always violated and below which equilibrium states can be 
found satisfying (4) and the boundary conditions. That there is such a unique 
value follows from the remark that if a satisfactory equilibrium state can be 
associated with any particular stress magnitude so can one with any lesser magni- 
tude.* The totality of critical magnitudes for arbitrary stress ratios is representable 


* For we can construct it by diminishing the former stress distribution in the ratio of the two magnitudes, (2) 
being satisfied a fortiori. 
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by a surface with p, — py, q,, and q, as coordinates.* Any load combination 
represented by a point outside this surface would produce significant deformation 
of the vertex even under the most favourable attendant circumstances; in other 
words, the limited strength of the body does not allow of stress singularities above 
a certain intensity. On the other hand, without further investigation nothing can 
be concluded about the effect of a load combination represented by a point 
within the surface; whether or not significant deformation would occur (at the 
vertex or elsewhere) depends on the material properties, on the geometry of the 
whole body, and on the other applied forces and constraints. 

To calculate this * failure’ surface it is convenient to regard ¢, and ¢, as given 
and to seck the algebraically least and greatest values of p, — p, allowed by (5) 
for all permissible ¢(@). An over-riding restriction on ¢, and ¢, must first be 
noted: this is 


| — | < 25 


otherwise it is impossible to join the g 
terminal values by any permissible 


function whatsoever. Suppose now that 
points P, and P, in Fig. 2 represent ¢, 
and ¢, and that ¢, + do < ha — a. 
Then the greatest value of the integral 
in (5) is given by the function repre- 
sented by P,QP,, where P,Q and P,Q 
are straight segments of unit slope. If, 
, > , 
> Ps 
such that ¢, + 4, > 4” — a, the required 
function is represented by P,' Q,' Q,' P,’ 
where the slope of P,’ Q,’ ond P,Q, is 
unity and ¢ = jwon QQ,’ Q’,. Thus 


however, the terminal values are P 


-47 


} (cos 2¢, + cos 26.) — cos (% + $, + $4); 
r+, +, <4hn 
} (cos 2p, + cos 2p.) + (x + ¢, + $2 — 47), 

¢,+¢,> 40 


Similarly, by considering functions such as P,’ Q’ P,' and P, Q, Q, P 
} (cos 24, + cos 24,) + cos (x — ¢, — $y), 
¢, —¢, <3" 


(8) 
} (cos 24, COS 2,4) —_ (x _ ?, _ by was hr), 


bn. 


Permissible functions can clearly be found for all values of p, — p, between these 
limits. 


* It is evident from (5) that only the difference of p, and p, is relevant. This was to be expected a priori since 
iny uniform distribution of hydrostatic stress can be super-imposed without affecting equilibrium or the condition (2). 
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It will be observed that P, QP, and P,'Q'P,,’ each represent a fully plastic state 
in which two uniformly stressed zones are separated by a stress discontinuity, 
while ?,Q,Q,P, and P,’Q,;'Q,'P.,’ cach represent a fully plastic state in which two 
uniformly stressed zones are separated by one in which the slip-lines are radii and 
concentric circular arcs. These fields are similar to those obtained by Pracer and 
PRANDTL respectively in another context ; namely, at the yield point of a triangular 
wedge of plastic-rigid material indented along one side by a smooth rigid die. 

Discussion of the full significance of this similarity is left to Section 8. Meanwhile 
we consider some particular singularities. corresponding to certain sections of the 


‘failure’ surface. 


Some ParTicuLarR SINGULARITIES 


(i) m= Te 0 


Only normal pressures p, and p, are applied. Substitution of ¢, = ¢, = 0 in 
(7) and (8) leads to 


: ] COS %. as her. 
|Pa (9) 
2k ey hr, “ > hr. 


Whatever the circumstances elsewhere, the vertex cannot sustain a greater pressure 
difference than this. Of course, the elastic limit is reached locally at a smaller 
pressure difference (except for « = 47, when there is no singularity). It is of some 
interest to mention that the elastic limit is reached first on the two sides of the 
vertex when « < $7, and on the median plane @ = $a when « > 42. 


(1) 4, J» th. 

The shearing stresses are the largest possible and are both directed either towards 
or away from the vertex. According to (6), since ¢, ~ bd, = + fr, it ts first 
necessary that « > 4. and then from (7) and (8) 


(10) 


An application occurs in the theory of indentation by a rough wedge (GruNz- 
weic. LoncmMan and Petcn, 1954). The proposed solution is invalid whenever 
the two slip-lines from the tip of the indenter enclose an angle less than $7; this 
confirms what has hitherto been only a conjecture. The argument due to Ler 
(1952) is inadequate since the possibility of a permissible singularity of stress is 


not ruled out. 


(iti) q\ q2 k. 
One shear stress (g,) is directed towards, and the other (qg,) away from, the 
vertex. Since ¢, = ¢, = $7 (6) is satisfied for all «, and the allowed range is 
sin &, 
(11) 
—(a — nm), 
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Applications occur in the theories of the yield point of a notched bar and of a 
built-in beam in plane-strain bending (GREEN 1953 and 1954). For certain dimen- 
sions the zones of deformation separate two rigid regions which have a single 
point in common (about which they rotate). The vertex of each region is bounded 
by a pair of orthogonal slip-lines of the same family. Equation (11) with « = $a 


shows that, as Green rightly conjectured, the vertices could not sustain a pressure 


difference outside the range 2k to wk. 


(iv) gq, : Yeo k. 


On one side there is no shearing stress, but on the other the maximum possible. 
With ¢, 0 and ¢, tor, (6) requires « > } while (7) and (8) give 
p p 2 cos (a }r) 
2 (a + oe 
2(a — 3m) 


This result is relevant wherever the free surface of a plastic-rigid solid is met 
by the slip-line boundary of a zone of deformation in the proposed solution. In 
order that this should be valid it is necessary at least that (12) should be satisfied 
at the vertex of the rigid material between the slip-line and the free surface. Here 
p, = 0 while p, is known from the calculated distribution of stress in the zone of 
deformation. For example, as the present writer shows elsewhere (Hitt 1954), 
this consideration suffices to disprove the steady-state configurations proposed for 
the machining problem by Ernst and MercuHant (1941) and by Ler and SHarrer 
(1951). Again, this result establishes the necessity for the * standing-wave 
solution in the problem of sheet drawing when the die pressure is sufliciently 
large (Ha. 1948). 


P/,. 


Fig. 3. 


\n important consequence of (12) is that a slip-line, SQ say in Fig. 3a, cannot 
intersect a free surface PR with a continuous slope at an acute angle other than 
tr. Suppose the shearing stress k along SQ, acting on the vertex SQR, is directed 
away from Q; then the shearing stress k along SQ, acting on the vertex SQP, is 
directed towards Q. From (6) both « and 7 — x must exceed }a, while from (12) 
applied in turn to each vertex 
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1 + 2(a — $7) > p/k > 2 cos (a — fx) —1 


1+ 2(}37 — «) > — p/k > 2 cos (3m — xz) —1 
where p is the pressure across SQ at Q. The ranges of p/k allowed by the respective 
inequalities are shown shaded in Fig. 3b. The only value for « for which there 
exists a pressure common to both ranges is } (or equivalently }7) as stated. Of 
course, other values are allowable in conformity with (12) when the surface PR is 
not straight but has an angle at Q (as at the outer boundary of the raised lip in 
the well-known solution of the problem of wedge indentation). 


3. A GENERAL APPROACH 


We now describe a general method for deciding when certain proposed surface 
forces could under no circumstances be sustained by a body of given shape. 

Suppose that significant deformation of an element would be produced by any 
stress represented by a point outside a certain surface 2 in stress space, but not 
by a point within it. 2 is assumed to contain the origin (zero stress) and to be 
convex everywhere. Let S denote that part of the surface of the body which consists 
of the points of application of the proposed forces. Let their ratios and the sign 
of one of them be regarded as given, and denote by m the numerical magnitude 
specifying the absolute value. The surface forces and constraints elsewhere are 
of no concern. If, for some value m, of m, an equilibrium distribution of stress 
can be found, within 2 at every point of the body and compatible with the forces 
on S, then so can one for any lesser value m,: it is constructed by reducing the 


original distribution in the ratio m,/m,. On the other hand, if for some value 


m, no such stress state can be found, then neither can one for any greater value 


m,; for otherwise one could be found corresponding to m, by a reduction in 
the ratio m,/m,. It follows that there exists a unique magnitude, f say (/ for 
failure), with the property that at least one such stress state can always be found 
for any lesser value of m, but none for any greater value. We emphasize that / 
depends only on the ratios of the considered forces and on the constraining surface 
2, but not on any other material properties. 

However, the method suggested here for calculating f is such that the formal 
analytical procedure can advantageously be expressed in terms associated with 
the vield point of an ideal plastic-rigid solid (HiLt 1951).* Thus, the function 
defining 2 is regarded as the vield function of an element of the solid, and also 
as its plastic potential. The following theorem may then be enunciated : / is equal 
to the stress magnitude y at the yield point of a geometrically-similar plastic-rigid body 
when loaded by the forces on S in the given ratios and rigidly constrained over the 
remainder of its surface. For, according to the maximum work principle (HILL 
1950), valid when the yield function and plastic potential are identical, no equili- 
brium state of stress compatible with the condition 2 can do work at a greater 
rate in a yield-point deformation mode than is done by the actual state of stress 
associated with this mode; since work is done only by the forces on S and the 
ratios of these are given, we see that f is certainly not greater than y. On the 
other hand, since the actual state at the yield point is in equilibrium, satisfies the 


* The yield point of such a solid is the instant when deformation can first occur under a givenloading programme. 
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conditions on § and does not violate Z, f cannot be less than y. It is therefore 
identical with it. For the sake of underlining previous remarks, it may be men- 
tioned in passing that, for a material with these particular properties, deformation 
modes can be obtained for values of y less than f by variously relaxing the rigid 
constraints. 


As an example of the application of this theorem we re-derive equations (7) 
and (8). Consider a two-dimensional body whose shape is arbitrary except that 
its surface contains two straight segments U,V, U,V including at V an angle « 
(Fig. 4). Along U,V, U,V are applied uniform distributions of normal stresses 
Py» Pz and shearing stresses q,, g,, while the remainder of the surface is rigidly con- 
strained. We seek the relation between q,, g, and p, — p, at the yield point in 


Fig. 4. 


plane strain if any element yields when the maximum shearing stress attains the 
value k. There are two possible deformation modes, depending on the ratios and 
signs of the applied stresses. In Fig. 4(a) a stress discontinuity VQ separates two 
uniformly stressed zones bounded by slip-lines P,Q and P,Q. Regions P,QP,V 
and P,QP, slide as rigid blocks parallel to P,Q and QP, respectively ; there is a 
tangential velocity discontinuity across the slip-line QP,. In Fig. 4 (b) the uniformly 
stressed zones P, VQ, and P, VQ, are separated by the zone Q, VQ, in which the 
slip-lines are radii and circular arcs. The stream-lines coincide with slip-lines of 
the same family as P,Q,Q,P,. The same stress fields may be extended indefinitely 
throughout the remainder of the body, which is rigid (shaded in Fig. 4). 

Since these fields are exactly those discussed in connexion with Fig. 2. the 
required yield-point relation is given (implicitly) by (7) and (8). When the angle 
is bounded by curved sides the result follows from a limiting argument, U, and 
U, being allowed to approach indefinitely near to V. By the above theorem, 
equations (7) and (8) also define the * failure surface’ for other materials whose 
only common property is the restriction (2). 
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SUMMARY 


Tur equations of motion of an extensible string are obtained for transverse motions sufficiently 
large to alter the ten-ion. Examples are given to show how particular problems may be solved, 
either by the method of characteristics or by a general numerical technique. 


1. INTRODUCTION 


Tue classical theory of wave motions in strings is concerned with two distinct 
types of wave. Longitudinal clastic waves are discussed under the assumption 
that no transverse displacement occurs, and discussion of transverse waves is 
restricted to waves of amplitude so small that the tension remains constant. 
The non-lincar problem involved in the discussion of transverse waves of 
amplitude large enough to affect the tension has been treated by TayLor (1942) 
for an elastic-plastic wire and by Cote, Dovucuerty and Hutu (1953) for an 
elastic wire, but in each case only simple-wave solutions (in which the waves 
travel along the wire in only one direction) are given. In the present paper a 
general theory of waves in strings is derived in characteristic form, and a simple 


numerical technique for the solution of special problems is proposed. 


2. Tue Eevations or Morion 


Consider the plane motion of a thin, perfectly flexible string of uniform mass m 
per unit length (in the unstretched state). Suppose that initially the string is 
unstretched, but just taut, and lies along the axis y = 0, z > O in rectangular 
Cartesian coordinates. Let the displacement, at time ¢, of the point of the string 
initially at (7, 0) be (u,v), and use Lagrange-type equations of motion. 

Define r as the ratio of the stretched to the unstretched length of an clement 
of the string, and ¢ as the inclination of the string, in its strained state, to the 
axis y= 0. Then 


r cos &, (1) 
rsin #. (2) 


Let T be the local tension in the strained state, and suppose that a load-extension 


law 
T = f(r) (3) 
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is known and holds independently of rate of strain. Note that r —1 is the 
“engineering strain” and T' is proportional to the “engineering stress,’ so that (3) 
is an “engineering stress-strain curve.” 
The equations of motion of an clement are 
>»? u 


d 
(T cos #) 
).! 


Ur 


; d T si 2 
=f sin #) (5) 


c 


Differentiate these equations with respect to x, substitute for )u/dz, dv/dr from 
(1) and (2), and eliminate the trigonometric terms. Then 


my r 


Equation (6) is a quasi-linear hyperbolic equation for r or T, and has two real 
characteristic directions at every point, corresponding to stress waves with velocity 
of propagation 


| 1 + (8) 


m dr 


(7) is a similar equation for the slope, and shows that infinitesimal transverse 
waves travel with velocity 


A = (T/mr). (9) 


8. SoLuTion BY THE Metuop or CHARACTERISTICS 
Write 
U = u/d, ’ = dw/dt. p= u/dr and 
Then equations (4) and (5) may be rewritten in the forms 
U 


or 2. ow. 
-c? — cosy — A? r sin 
dot or ¥ or ¢ 


dV 


vr. dy 
= ¢c? _. sin % + A* r — cos ¥, 
ot or ¥ or 4 


where c, A are given by (8) and (9). Use of (1), (2), and (10) then leads to 


U Vv. 2 (2 wy. 
‘OS a an - Sin =c -—— COS — sin 
7 wet yee Fe e+! +) 


ww. dV . ov 
— — sind + — cos % = A? | — sin » + — cos ). 
ot =e? ot ¢ | or ¢ or ae 


Now introduce characteristic variables 2,, 8,, such that 
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Then 


ys 


sin ¢) 0, 


Om, 


ov 
+2. sin ¢) 0. 


"r= 


Then 
ov 
— COS ¢) 0 


0%, 


and 


A oat sin & > cos ¢) 0. 
dB, dB, 
A numerical method for the solution of special problems 
follows from (14), (15), (17) and (18). Suppose, forexample, 
a curve L is given in the (2, t) plane, such that it nowhere 
touches a characteristic line, and suppose U, V, y, v are 
given on L. Choose a point P near to L and draw 
characteristic arcs through P to meet L in A, B, C and D. 
Then the values of the dependent variables at P may be 
deduced from those at A, B, C and D. The extension 
of this method to other types of boundary problem, and 
the refinement of the accuracy by successive approxima- 
tions, presents no difficulty. 


4. DiscontTinvous SOLUTIONS 


The method indicated above has two drawbacks in practice. First, as Lee 
(1953) has pointed out in the case of uniaxial compression, the intersections of 
the characteristics must be calculated to a high degree of accuracy, and the com- 
putation is not easily reduced to a routine suitable for unskilled or mechanical 
computation. The second difficulty arises when the boundary or initial conditions 
of a problem involve discontinuities of velocity, tension or slope. In a non-linear 
problem such discontinuities do not necessarily propagate with the characteristic 
velocity, and the problem must be re-examined. 

Now Wuire and Grirrts (1948) have shown that, in uniaxial compression of a 
cylinder, there can be no shock wave unless the load-compression curve is concave 
upwards (or straight, as a limiting case). The corresponding result for tension 
is that a shock wave involving a discontinuity of stress can occur only if d7'/dr, 
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the so-called tangent modulus, is either constant or an increasing function of r. 
The latter possibility may be discounted in practice, but the former, that of a 
straight portion of the load-extension curve, may occur in any elastic region, 
including any region where the tension is less than a value previously reached. In 
any such case, however, the shock wave propagates with the characteristic velocity, 
so the use of the characteristics method is still possible. 

The velocity of propagation of a wave involving a discontinuity of slope may 
be obtained by using the conditions of continuity of displacement and of con- 
servation of momentum. The velocity is found to be the characteristic velocity 
for transverse waves, as might be expected since the velocity of a transverse wave 
is independent of the slope and depends only on the tension. 


It remains to show how shock waves may be fitted in to a characteristics type 
of solution. It is sufficient to show how shock waves interact with each other, as 
any continuous change of stress, for example, may be regarded as a sequence of 
small discontinuous changes. Since longitudinal shocks can arise, in general, only 
in elastic regions, and since the extension to plastic regions with linear strain- 
hardening (if such regions do exist) is easy, it suffices to consider only elastic 
strings. 


5. Exastic STRINGS 


Define an elastic string as one for which the load-extension curve is straight 
and of slope E. (This definition gives a Hookeian elastic material only when the 
strains are everywhere small.) Then all longitudinal waves travel with velocity 


% = (E/m)*. The tension is small compared to the modulus E, and the velocities 
of transverse waves are therefore very much smaller than the velocities of longi- 


tudinal waves. 


hs "a To 


Consider, for example, 
the interaction of a aoe To Wo 
longitudinal wave and a 
anaes wave, meeting . = 
head-on. Let the slope 2°”? 
behind the transverse wave 
be ¥, and in front of it ¥,. 
Let the tension behind the 
longitudinal wave be T', and 
behind it 7, (see Fig. 2a). 
After the intersection of the 
waves, longitudinal and Fig. 2. 
transverse waves may be 
expected to spread out in both directions, and since the longitudinal waves 
travel faster the configuration will be as shown in Fig. 2b, where 7, and ¥, 
are the intermediate values of the tension and slope. Let A,, A, be the wave 
velocities appropriate to tensions 7, and T,, and let U,, U,, U, be the 2-com- 
ponents of velocity reading from left to right, in the three regions of Fig. 2a. Let 
the components, reading from left to right in Fig. 2b be U,, U,, U,, U,, Uz. Then 
the equations of momentum at the various wave fronts give 
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m (U, / ( Sa A,) (cos Py cos Yo), 
m(U, . (Ty/€,) COS Uy + (Tg /Cq) COS do 


m(U, / (7, 4) cos by + (Ty /¢q) COS Hy. 
m(U, / (7, /A,) (cos %, — cosp,), 
m(U, — U,) = (T,/A,) (cos %, — cos ¥,). 


m(U, — U,) = (T4/eq) cos by — (7 /€g) COS Yo. 


Eliminate the velocity components from these six equations, and from the 
corresponding equations for the transverse velocity components (which differ only 
in having sines for cosines). Then the resulting equations for 7, and ¥, may 
be written in the symmetrical form 
=a at oe 22 . =) the 20~ 2 
Co Xo i, : . (19) 
sin (x, 7) sin (~. — op) sin (%, — ¥,) 


Similar equations may be derived for the case in which a transverse wave is over- 
taken by a longitudinal wave travelling in the same direction. Finally, consider 
the case in which two transverse waves meet in a string of tension T,. Let the 
slope between the incident waves be y,, and the slopes behind them y¥, and y,. 
Then, after the intersection, there will in general be longitudinal waves and trans- 
verse waves spreading from the point of intersection. The tension T,, between 


the longitudinal waves and the slope %, between the transverse waves are then 
given by 


= 2 
~ sin (dy — ¥,) 


a: ho 
7, in (He ~,) + i sin (Yj, — ¥,) 


0 


Consider, for example, an elastic string of length 2L, initially straight, unstretched 
and with fixed ends x = + L. Suppose the midpoint is suddenly constrained to 
move with a uniform velocity W in the direction of the y-axis. Then the initial 
motion for x > 0 consists of a longitudinal wave followed by a transverse wave. 
In Fig. 3, which shows an (2, t) plane, these waves are represented by OA, OB, 
respectively. When the longitudinal wave reaches the fixed end, it is reflected, 
the tension being doubled, and a longitudinal wave AB travels back into the 
string. At B this wave meets the transverse wave, and is partially transmitted 
(BD) and partially reflected with change of sign (BC). The transverse wave is 
also split into two waves (BE and BF). The tension between the waves BC 
and BD, and the slope between BE and BF follow from (17). In subsequent 
motion, the longitudinal waves are reflected backwards and forwards by the 
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fixed boundaries and there are also interactions whenever two waves meet, so 
that the picture becomes more and more complicated. At some stage, however, 
a serious difficulty arises. For example, as the wave BF approaches the fixed 
end, a longitudinal wave is reflected alternately from the transverse wave and 
the end; since at each intersection it 
modifies the transverse wave the 
actual instant at which the transverse 
wave reaches the wall can be obtained 
only by some sort of limiting procedure. 
The same trouble arises as two trans- 
verse waves approach each other. In 
view of this difficulty it is better, for 
any actual problem, to use the 
numerical method developed below. 


6. PLAsTIc-ELASTIC MATERIALS 


For plastic-elastic wires with strain- 
hardening, longitudinal shock waves 
can occur only in elastic regions, and 
in many problems will not appear at 
all. Transverse shocks, however, may 
still exist. The general characteristics 
method is still available, but a further 
difficulty arises. In a metal, as Ler 
has pointed out, the characteristic 
velocities for longitudinal waves differ according to whether or not the waves cause 
loading above a previously reached elastic limit. This causes considerable 
complications, and necessitates a very high order of accuracy in numerical work. 

These difficulties make it advisable to look for an entirely different method when 
numerical results are required for particular problem. The simplest technique is 
that due to RicHarpson (1910) where the equations of motion are replaced by 
difference equations, which may then be solved successively to give numerical 
values for the stresses, slopes and velocities. 

Suppose the (2, ¢) plane to be coyered by a rectangular mesh of lines, 


r=a, = idz, t=t; = jdt, 


where i, j are integers and Az, At are suitably chosen small intervals. Write 
u,; for u(x, t;) and v,; for v (2;, t;). rhen the length ratio r and the slope pata 
point 2 = 2;,, = (i + 4) Av at time ¢; are given, to a first approximation, by 


(r cos #);.4; = 1+ (uj41,; — uj)/Oe (19) 
and 
(rsin );. 55 = (Mjs1,5 — 0%,5)/ A. (20) 


The equations of motion may be replaced to the same degree of accuracy by 


(ui jen — 2M yj + Mi ja) _ (T 008 #), 4,5 — (7 08 #4, (21) 
(At)? Agr 
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a. (T sin #);.,.; — (T sin $);_, ; (22) 
Ar 


where T; , 45 Sis y,5) 

Now suppose that the values of u, v are known for all i at the values of t given 
by j, j — 1, then the values at t;, follow from equations (19) to (22). The values 
for all t can therefore be calculated successively, provided that suitable boundary 
and initial conditions are given. 

The validity of this method has been established by Courant, FrrepRIcHS and 
Lewy (1928) and his associates (see also O’Brrexn, Hyman and Kapian 1951) 
provided that At/Ar is less than the reciprocal of the greatest characteristic 
velocity in the problem, in this case cy. 

This method has one great advantage, that it puts the numerical work into a 
very simple and systematic form, which can be used by an unskilled computor, 
or put on to a machine. It has a disadvantage, that it assumes continuity of the 
stress and velocity, and smoothes out any discontinuity which may be present 
in the initial or boundary conditions. Two examples will be given showing the 
limitation and the power of the method by applying it to pure longitudinal motion. 


Example (i) 


Consider first a plastic-elastic material with modulus of elasticity E, yield 
stress 0-0250 E, and linear strain-hardening with gradient 0-04 E. Plastic shock 
waves are possible with velocity c,/5. Consider a string (— © <2 < 0) initially 
unstretched, and let an elastic wave, changing the tension from zero to the yield 
tension, move along the string from left to right, and be reflected at the end 
x =0. Then the accurate solution gives a plastic wave from right to left, with 
velocity c,/5, the tension behind the wave being 0-0300 E. The approximate 
solution, with At = Az/c, gives the following stresses at times t after the reflection, 


TABLE 1. Values of 10*T/E. 


0-05 0-15 0-25 0-35 0-45 "s 0-65 


251 250 250 
281 252 
3802 294 y 260 
297 30% 301 é 296 
297 2 296 2 301 


306 302 | 302 | 302 | 301 | 301 
201 | 294 | 204 | 292 292 


at coordinates x. It will be seen that the shape of the wavefront is fairly constant. 
At any point of the string after the wave-front has passed, the stress oscillates. 
The figures appearing in the last two lines of the table are the maximum stress 
occurring over the interval and the minimum stress occurring after the first 
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maximum. The asymmetry of these values about 300 is due to the different 
velocities of clastic and plastic waves. Note that the stress is only seriously 
overestimated in the first column, the interval in which the discontinuity first 
appears. Over the rest of the string the errors in the maximum stress are much 
smaller. 


Example (ii) 


As an example of the power of the method an example due to Lee has been 
re-computed. Consider the compressive stresses in a cylinder of finite length L 
when it is constrained to move by a varying pressure over one end, in such a manner 
that the velocity of that end is uniform. Then, according to LEE’s solution, there 
is an elastic wave, followed by a plastic wave, emanating from the constrained 
end. The elastic wave is reflected from the free end as a tension wave, and imme- 
diately behind the reflected wave the stress is below the yield value. There is, 
however, a secondary plastic region which starts at a point in the interior of the 
cylinder and causes renewed plastic flow for a short time. 

For the numerical method the length was split up into ten intervals, and the 
time interval was chosen to make At/Ar = 1/2c9. The secondary flow region 
appeared in the intervals between z = 0-2 L and 0-5 L, in agreement with LEE’s 
results. The values for the residual plastic strain (expressed as a percentage) are 
compared in the following table with the values read off from the curve in LEE’s 
paper. The first line gives 102/L, the second line the computed strain and the 
last line Lee’s value. 


TABLE 2. 


0-5 15 2°5 3°5 4°5 5-5 6-5 7:5 8&5 9-5 
0-741 0-708 0-352 0-106 0-039 0-015 0-006 0-003 0-000 0-000 
0-700 0-700 0-400 0-100 0-056 0-013 0-006 0-003 0-000 0-000 


In comparing these values two points should be borne in mind. First, because 
the computation was started from the moment of first motion, there is a dis- 
continuity in the boundary condition at z= 0, t= 0. Thus, as in the last 
example, the values in the first space interval may be expected to be somewhat 
in error. However, if the computation had been done for shorter space intervals, 
the error would still have occurred only in the first one, and a little experience 
enables one to estimate its magnitude fairly accurately. Secondly, it should be 
remembered that the computed values are averages (e.g. the value printed for 
10 2/L = 0-5 is really the mean over the interval 0 < 102/L < 1-0) so disagree- 
ment with LEE’s more accurate figures may be expected to be greatest where the 
curvature of the residual strain graph is largest. 

In spite of these effects, the computed values would probably be sufficiently 
accurate for most practical purposes. It should perhaps be emphasized that the 
work involved took only about ten hours, with no mechanical aid but a slide 
rule. 
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7. ‘TRANSVERSE Waves 


In applying the numerical method to problems involving transverse waves a 
slight difficulty was encountered. It was found that to ignore the discontinuity 
in slope at a transverse shock wave introduced gross errors in the computed values 
of the tension. The method of treating this difficulty is to calculate, in each line 
of the work, the position of the transverse shock (in most practical problems with 
plastic-elastic wires there will be only one such). Suppose at a given stage the 
shock has reached a point (i, + @) Ar,0 <@< 1. Then the values of the tension 
, may be calculated from (19), (20), 
and the load-extension curve. For the interval containing the shock wave, two 
values of r and ¥, are obtainable, ry. % to the left and r,, %, to the right of the 
shock, where, from the momentum conditions, 


and slope in all the space intervals except i, to i 


r, cos ¥, 1 + ' + (@Ar/A) (u,, 


I 


Te COS Wo 1 + (1 —@)( Aa A) (u,, ; 


r, sin y, 1 { t (P@Ar A) (v 1 , 


ie.j “i 


(1 — @) (Ar, A) (x, t v 


r, sin Ho I v;, j is,j ~1 e+ 


; 


When the wave velocity A is assumed these equations enable the values of r, ¥, 
to be calculated. In fact, it was found advisable, in view of the known continuity 
of T through the shock wave, to use a mean tension deduced from 


re=rm08+r,(1 — @) 


for the whole interval, using ¢, and ¢, for the slopes. The value of @ for a line 
was found by successive approximation. First it was assumed that the wave 
speed for the previous time interval was that appropriate to the last complete 
line of the work, then a second approximation was taken using the mean of the 
stresses at the beginning and end of the time interval. 

The method was tested by applymg it to the head-on intersection of a transverse 
wave and a longitudinal wave in an elastic wire. In the notation of equation (17) 


the values assumed were 
T, = 0-025 E, T, = 0-080 E, tan ¥, = 0-6360, tan py = 0. 


The computed values of 7, %,, just behind the shock, at successive time intervals 
with At Ar = 1c, were 


0 


w* TE 250 275 290 283 296 284 
10* tan ¢, 636 son 569 578 583 586 


which should be compared with the correct values, deduced from (17) of T, =0-0290 
and tan ¢, = 0-586. 
It will be seen that, after the passing of the longitudinal wave front, there is a 


periodic error in the tension, which shows no sign of decreasing. This is to be 
expected since with the present choice of At, Ar, the method is just stable. On 
the other hand the mean tension and the slope are in good agreement with the 
accurate values, and the method can be applied with confidence to any given 
problem. 
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HODOGRAPHS IN PROBLEMS OF PLANE 
PLASTIC STRESS 


By A. P. Green 
The British Iron and Steel Research Association, Metal Working Laboratory, Sheffield. 


(Received 20th April, 1954) 


Tue writer has recently shown that, for an ideal plastic-rigid body undergoing plane plastic 
‘eformation, there is a certain geometrical similarity between the slip-line field in the physical 
plane and the corresponding network of lines in the hodograph of the velocity distribution 
(GREEN 1951, 1954). The aim of this brief note is to show that this result can be extended to 
problems of plane plastic stress. 

The simplest proof of the property in plane strain (PraceR 1953) derives directly from the 
fact that the rate of extension is zero in a slip-line direction. It follows that a line element between 
two adjacent points P,, P,, on a slip-line is perpendicular to the vector representing the increment 
of velocity between the two points, which is in turn parallel to the corresponding line element 
P,’ Py! in the hodograph plane. That is, P, P, is perpendicular to P,’ P,’. 

In plane stress the velocity characteristics are also directions of zero rate of extension. Hence, 
the same argument applies and any line element of a velocity characteristic is perpendicular to its 
corresponding line element in the hodograph plane. The two families of velocity characteristics 


in plane stress are not in general orthogonal, as they are in plane strain, and therefore neither is 
the corresponding hodograph an orthogonal network. 
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